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ENERGY GAP EFFECT IN THE SHELL MODEL WITHRANDOM TWO-BODY INTERACTIONS�M. Wójik and S. Dro»d»H. Niewodniza«ski Institute of Nulear PhysisRadzikowskiego 152, 31-342 Kraków, Poland(Reeived Otober 6, 2000)We investigate the nature of the low-lying spetra of many-body sys-tems with random two-body interations. Our study shows that the higherJ-ground states are more orderly and develop the larger energy gaps thanthe ones in the J = 0-setor.PACS numbers: 05.45.+b, 21.60.Cz, 24.60.LzIt is a well known fat that the outome of shell-model alulations de-pends in a very sensitive manner on a detailed form of the nuleon�nuleoninteration used. This in partiular applies to spei� loations of the or-responding eigenvalues. Typially, a small hange of values of some nulearHamiltonian parameters leads to a sizable redistribution of its eigenvalues.Thus, as far as suh �ne struture e�ets are onerned, this property, anal-ogous to lassial haos, sets a signi�ant limitation on the preditive powerof the orresponding methodology. At the same time, however, ertain moreglobal harateristis like the eigenvalue density distribution or the spetral�utuations are largely generi, i.e., they do not depend on the detailedform of the Hamiltonian. The above fats imply the suess of the Ran-dom Matrix Theory (RMT) in modeling suh more global harateristis.The Gaussian Orthogonal Ensemble (GOE) version of the RMT respetssome global symmetries of realisti nulear systems and is frequently usedin modeling the strongly interating Fermi systems.The GOE does not however aount for the fat that nulear intera-tions are predominantly two-body in nature. In this respet the more pre-ise and adequate frame is presribed by the Two-Body Random Ensemble(TBRE) [1℄. Its reent re�nement termed Random Quasipartile Ensemble(RQE) [2℄ seems most appropriate sine it properly respets the relation� Presented at the XXXV Zakopane Shool of Physis �Trends in Nulear Physis�,Zakopane, Poland, September 5�13, 2000.(911)



912 M. Wójik, S. Dro»d»between the partile�partile and partile�hole interation hannels, as ex-pressed by the Pandya relation. Deviations from pure GOE of the resultsbased on suh ensembles are of great interest beause they may identify somesystem spei� properties that do not depend on details of the interation.They may also shed light on the general mehanism generating the relatede�ets.From this perspetive, in the present study we address the question of apossible emergene of the pairing-like e�ets in the two-body random ensem-bles of random matries. One prinipal diretly observable harateristis ofsuh e�ets is the appearane of energy gaps at the edges of the spetrum.The model to be quantitatively explored here in this onnetion onsists,similarly as in Ref. [2℄, of six idential partiles (all single partile energiesare set to zero) operating in the sd-shell. From the nulear spetrosopypoint of view this orresponds to the 22O nuleus. The statistis is olletedfrom one thousand of RQE samples of two-body matrix elements.
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Fig. 1. Distributions of ground state energy gaps for suessive J 's as de�ned bythe Eq. (1).



Energy Gap E�et in the Shell Model with . . . 913The resulting entral result of our related investigations is shown inFig. 1. Here the distribution of the ground state (EJ1 ) energy gapssJ = �EJ2 �EJ1 �DJ ; (1)for di�erent J -setors is shown. In this expression DJ denotes the averageglobal level spaing among the remaining states, harateristi for a given J :DJ = hEJMJ �EJ1 iMJ : (2)It seems quite natural to see that there is a signi�ant probability ofnonzero ground state energy gaps relative to DJ . This an easily be traedbak to the di�erent distributions of states orresponding to the RQE rela-tive to GOE (Gaussian-like versus semiirular). However, and this is veryinteresting, there is a nonzero probability for appearane of even very large(� 10) gaps. What however is even more amazing is that the large groundstate energy gaps are more probable in the higher J -setors (J = 2�4) thanin the J = 0-setor.That this indiates more orderly ground states in the J = 2�4 setorsturns out onsistent with their loalization length whih an be quanti�edin terms of the information entropyKJl = � MJX�=1 ��aJl;���2 ln ��aJl;���2 (3)of an eigenstate labeled by l from the J -setor. The oe�ients aJl;� denotethe eigenvetor omponents in the basis j�j. Eah KJl is normalised to itsGOE limit [3℄ KJGOE =  �MJ2 + 1��  �32� ; (4)where  is the digamma funtion. Within our model the so-alulated andRQE ensemble averaged quantity for all the states versus their orrespondingenergies EJl is illustrated in Fig. 2.As antiipated, it is not J = 0 whose lowest eigenstate omes out mostloalised, i.e., most regular. The lowest states for several higher J valuesdeviate muh more from GOE. This in partiular applies to J = 2 and,espeially, to J = 4. This thus indiates more favorable onditions for theemergene of energy gaps for larger J than for J = 0.
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Fig. 2. The information entropy normalised to its GOE limit (KJl =KJGOE) for allthe states l from various J-setors (all positive parity) versus the energies (EJl ) ofthose states. Cirles orrespond to J = 0, squares to J = 1, diamonds to J = 2,upwards oriented triangles to J = 3, left oriented triangles to J = 4, downwardsoriented triangles to J = 5 and right oriented triangles to J = 6. Lines are drawnto guide the eye.The above numerial results an also be understood on a more formallevel. The point is that in statistial ensembles of matries the ruial fatordetermining the struture of eigenspetrum is the probability distributionPV (v) of matrix elements [4℄. Espeially relevant are the tails of suh dis-tributions sine they presribe the probability of appearane of the largematrix elements. From the point of view of the mehanism produing theenergy gaps they are most e�etive in generating a loal redution of di-mensionality responsible for suh e�ets. In the shell-model basis j�i theinteration matrix elements vJ�;�0 of good total angular momentum J an beexpressed as follows [5℄: vJ�;�0 =XJ 0 Xii0 J��0J 0ii0 gJ 0ii0 : (5)



Energy Gap E�et in the Shell Model with . . . 915The summation runs over all ombinations of the two-partile states jiioupled to the angular momentum J 0 and onneted by the two-body inter-ation g. gJ 0ii0 denote the radial parts of the orresponding two-body matrixelements and are Gaussian distributed by onstrution. The fators J��0J 0ii0represent elements of the angular momentum reoupling geometry. The om-pliated quasi-random oupling of individual spins is believed [6℄ to resultin the so-alled geometri haotiity [7℄ whih for a global estimate allowsto assume that J��0J 0ii0 are also Gaussian distributed. An expliit veri�ationshows [8℄ that this assumption does indeed apply for all J -setors exeptfor J = 0. In this seond ase a uniform distribution over a ertain �niteinterval is more appropriate.Under the above assumptions one an analytially derive [8℄ the distri-butions of the o�-diagonal matrix elements in both ases. For J 6= 0 oneobtains PV (v) = jvj(N�1)=2K(N�1)=2(jvj)2(N�1)=2� (N2 )p� ; (6)whereK stands for the modi�ed Bessel funtion. Asymptotially, for large v,this leads to PV (v) � exp(� jvj) jvjN=2�1 : (7)The J = 0 ase results inPV (v) = 1p2� 1Z0 "erf(0!=p2)0! #N os(!v)d! ; (8)whih for large v behaves likePV (v) � exp(�v2): (9)These expressions indiate that the distribution of o�-diagonal matrixelements in the J = 0 setor resembles more a Gaussian, and the tails of thisdistribution drop down faster relative to the J 6= 0-setors, where the large vtails drop down is onsistent with an exponential asymptotis of Eq. (6). Atthe same time the J 6= 0 setors are dominated by very small matrix elementsto a larger degree than J = 0. The probability of appearane of a largeo�-diagonal matrix element whih in magnitude overwhelms the remainingones is thus greater for J 6= 0 than for J = 0. Suh an e�etive redution ofthe rank in the former ase is expeted to result in a stronger tendeny toloalization as ompared to GOE [4℄. These onsiderations thus provide aformal explanation of the above numerial results. From this perspetive apredominane of J = 0 ground states in RQE, as laimed in Ref. [2℄, turnsout to be the result of putting on together states with di�erent harateristi
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