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o(Re
eived June 26, 2000)A well-behaved topologi
al quantum algebra stru
ture on a quantizedenveloping topologi
al algebra is given by a star produ
t on the 
orre-sponding exa
t 
ompa
t 
onne
ted Poisson�Lie group of its triangular Liebialgebra.PACS numbers: 03.65.Fd 1. Introdu
tionDeformations of di�erent groups and algebras [1, 2℄ has attra
ted greatattention during the last few years. These mathemati
al obje
ts 
alled quan-tum groups or quantum algebras originate in quantum inverse method [3℄and have found many interesting important physi
al appli
ations. The R-matrix formulation of the quantum group theory [4℄, based on the funda-mental relation of QISM (the FRT relation) has given an additional impulsefor the investigation of these deformed algebras.As it is well known, quantum groups 
an be seen as non 
ommutativegeneralization of the topologi
al spa
e whi
h have a group stru
ture. Su
ha stru
ture indu
es an abelian Hopf algebra stru
ture [5℄ on the algebra ofsmooth fun
tions on the group. Quantum groups are de�ned then as a nonabelian Hopf algebras [6℄. A way to generate them 
onsists of deformingthe abelian produ
t of the Hopf algebra of fun
tions into a non abelianone (*-produ
t), using the so 
alled quantization by deformation or star-quantization [7�9℄.The existen
e of a star produ
t has been studied by Vey [10℄, Neroslavskyand Vlassov [11℄, who proved the existen
e of a star produ
t on a symple
-ti
 manifold with a vanishing third De Rham 
ohomology group and by DeWilde and Le
opmte [12℄ in the 
ase of an arbitrary symple
ti
 manifold.From a geometri
al point of view, Omori and al [13℄ and Fedesov [14℄ also(1151)
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onstru
ted star produ
ts for arbitrary symple
ti
 manifold. The relationbetween the De Wilde and Le
ompte approa
h and the Fedesov one is estab-lished by Deligne [15℄. Re
ently Kontsevi
h [16℄, by using di�erent methodshas also 
onstru
t and 
lassify di�erential star produ
ts on an arbitraryPoisson manifold.This quantization te
hnique gives a deformed produ
t on
e it is assigneda Poisson bra
ket on the algebra of smooth fun
tions. In order to obtainthat the deformed algebra is a Hopf algebra, namely a quantum group, thestarting group G has to be endowed with a Poisson�Lie stru
ture. Finally,using the duality pro
edure, this quantization leads to the stru
ture of thequantum algebra on the quantized enveloping algebra of the Lie algebra
orresponding to the above Lie group G .Quantization deformation of Poisson�Lie group has been studied byDrinfeld [17℄ and Moreno and Valero [18℄ who proved that every exa
tPoisson�Lie group 
an be quantized. And by Etingof and Kazhdan [19, 20℄who shows that any Poisson�Lie group admits a lo
al quantization and alsoby Bonneau and al [21℄ and Pin
ezon and Bidegain [22℄ who proved re-spe
tively that a redu
tive(general) Poisson�Lie group admits a lo
al formalquantization su
h that the 
omultipli
ation is the same as in the 
lassi
al
ase. But the problem to �nd a 
on
rete star produ
t (twist) on a Poisson�Lie group is not yet solved in general. The only 
ase when it has beenperformed [23℄ 
on
erns the q-deformed Heisenberg algebra, and in [24℄ aquantization of Lie�Poisson SL(2) is given up the se
ond order in the defor-mation parameter. The star-produ
t approa
h is used also to give a quantumLie algebra in [25℄, to realise both SUq(n) and virasoro algebra in [25℄, tostudy quasi-quantum group stru
ture in [26℄ and deformed yangians in [27℄.The purpose of the present paper is to show expli
itly how the star produ
ton a 
ompa
t exa
t Poisson�Lie group leads to the stru
ture of well-behavedtopologi
al quantum algebra on the quantized enveloping algebra of the Liealgebra of the Lie group, a quantum matrix group stru
ture on the quan-tized algebra of smooth fun
tions over the Lie group and that equivalentstar-produ
ts generate isomorphi
 topologi
al quantum algebras.This paper is organized as follows, the se
ond Se
tion is devoted to a re-view of basi
 de�nitions of quantum topologi
al algebras, the third Se
tionshows expli
itly the main result whi
h states that a star produ
t on a 
om-pa
t 
onne
ted Poisson�Lie group leads to the stru
ture of a well behavedtopologi
al quantum algebra on the quantized enveloping algebra of the Liebialgebra 
orresponding to the above Poisson�Lie group, in Se
tion 4 wereview the relation between stars produ
ts and quantum groups (quantummatrix groups) and the last Se
tion shows that two equivalent star produ
tsgenerate two isomorphi
 well behaved topologi
al quantum algebras.
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al Quantum Groups 11532. Quantum topologi
al algebrasGiven a topologi
al lo
ally 
onvex Hausdor� ve
tor spa
es V1 and V2,we denote V1
̂V2 the 
omplete topologi
al ve
tor spa
e proje
tive tensorprodu
t of V1 and V2.De�nition 1 A topologi
al Hopf algebra is a Fre
het or dual Fre
het andnu
lear topologi
al ve
tor spa
e A with the following 
ontinuous and linearsmaps:� Produ
t: m : A
̂A �! A� Coprodu
t: � : A �! A
̂A� Antipode: S: A �! A� Unity: 1 : k �! A� Counity: ": A �! kSatisfying the following relations:(�
̂id)� = (id
̂�)�;m(S
̂id)� = m(id
̂S)� = 1 Æ " ;m(id
̂1) = m(1
̂id) = id ;(id
̂")� = ("
̂id)� = id : (1)De�nition 2 A pair (A;R) 
onsisting of a topologi
al Hopf algebra A andan invertible element R 2 A
̂A will be 
alled a quasi-triangular topologi
alHopf algebra if �op = R�R�1 ; (2)(�
̂id)R = R13R23 ; (3)(id
̂�)R = R13R12 : (4)Here �op = P Æ�, P is the permutation operator.A quasitriangular topologi
al Hopf algebra is 
alled triangular if R21 =R�112 .Coboundary topologi
al Hopf algebras are de�ned in the same way, butwith (3) and (4) 
hanged byR12:(�
̂id)R = R23:(id
̂�)R (5)together with the relation R21 = R�112 and ("
̂")R = 1.
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h et al.The symbols R13; R12; R23; R21 have the following meaning: if R =Pi ai
̂bithen R13 = Xi ai
̂1
̂bi ; R23 =Xi 1
̂ai
̂bi ;R12 = Xi ai
̂bi
̂1 ; R21 =Xi bi
̂ai :For a quasitriangular topologi
al Hopf algebra, we dedu
e from (2), (3)that R satis�es the quantum Yang Baxter equationR12R13R23 = R23R13R12 : (6)3. Star produ
t and quantum topologi
al algebrasLet G be a 
ompa
t 
onne
ted Lie group, and F (G) be the topologi
al al-gebra of smooth fun
tions on G. Moreover, setting the following 
ontinuousappli
ations: �(f)(x; y) = f(xy); f 2 F (G); x; y 2 G ;S(f)(x) = f(x�1) ;Æe(f)(x) = f(e) ;where Æe is the Dira
 distribution we get a well-behaved topologi
al Hopfalgebra stru
ture on F [29℄.Now let D0(G) = (F (G))� be the spa
e of 
ompa
tly supported distri-butions on G, with strong dual topology; following [29℄, the transpositionde�nes a well-behaved topologi
al Hopf algebra stru
ture on D0(G) wherethe produ
t is the 
onvolution one, the unit is the Dira
 distribution Æeand the 
ounit is the evaluation on 1. In order to 
he
k the 
oprodu
t, weintrodu
e the map: Æ : G �! D0(G); de�ned byhÆx; fi = f(x); f 2 F (G); x 2 Git is easily seen that Æ a
tually de�nes a topologi
al in
lusion of G as a subsetof D0(G), so in the sequel we identify G and Æ(G). This being done, on hasG? = 0, so ve
t(G) = D0(G) and the 
oprodu
t:�0 : D0(G) �! D0(G)
̂D0(G) = D0(G�G)is given on G by �0(x) = x
̂x; x 2 G : (7)
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al Quantum Groups 1155The 
hoi
e of spa
es F (G) and D0(G) is not any: one 
an noti
e thatsome 
lassi
s sub-spa
es of F (G) are not topologi
al Hopf algebras. Forexample, the smooth fun
tion with 
ompa
t support spa
e is not a sub-Hopfalgebra of F (G) be
ause the 
oprodu
t of a fun
tion inde�nitely di�erentialwith 
ompa
t support is not ne
essarily with 
ompa
t support (it is possibleto translate this in D0(G) by the existen
e of distribution 
ouples of whi
hthe produ
t of 
onvolution is not de�ned). Let g0 be the algebra of G,g its 
omplexi�
ation, and U(g) the 
orresponding enveloping algebra. Weidentify, as usual, U(g) and the algebra of left invariant di�erential operatorsof �nite order on G; if we de�ne a linear map:i : U(g) �! D0(G)i(A)(f) = Æ(A(f)); A 2 U(g); f 2 F (G) : (8)It is easy to 
he
k that i is a morphism, so we identify U and i(U) and
onsider in the sequel that U(g) � D0(G); and the topologi
al Hopf algebrastru
ture of D0(G) is exa
tly the extension of the usual topologi
al Hopfalgebra stru
ture of U(g).The left and right regular representations of G on F (G) are representa-tions of D0(G); de�ned by the formula:hR(T )f; Ji = hf; S0(T ):Ji ;hL(T )f; Ji = hf; J:T i 8f 2 F (G); TJ 2 D0(G) : (9)Given, X 2 U(G) � D0(G);X l(Xr) is exa
tly the left(right) invariant dif-ferential operator 
orresponding to X, then:hX l(f); Y i = hf; Y:Xi ;hXr(f); Y i = hf; S0(X):Y i (10)with S0 is the 
lassi
al antipode of U(g). We dote the 
ompa
t 
onne
tedLie group G with Poisson stru
ture, su
h that for the usual 
oprodu
t onthe Hopf Topologi
al algebara F (G), the Poisson bra
ket f; g satis�es:�ff; gg = f�(f);�(g)g; f; g 2 F (G) : (11)Equivalently we 
an 
onsider the Lie algebra g; its dual g� has a bra
ket :�� : g� ^ g� ! g� (12)su
h that its dual � is a 1-
o
y
le for the adjoint a
tion. If � is the 
obound-ary of some r 2 g ^ g (solution of the 
lassi
al Yang�Baxter equation)[[r; r℄℄ = 0 ; (13)
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h et al.where the S
houten bra
ket is de�ned as follows[[r; r℄℄ = [r12; r13℄ + [r12; r23℄ + [r13; r23℄ ;then the poisson Lie stru
ture is said triangular. In this 
ase the Poisson�Liestru
ture on G is given expli
itly by:f�;  g =Xi;j rij(Xri (�)Xrj ( )�X li(�)X lj( )) ; (14)where Xri = (Rg)�Xi and X li = (Lg)�Xi are the right and left ve
tors �eldson the group G, (Xi) is a basis of g , (Rg)�; (Lg)� are the derivatives mapping
orresponding to the right and left translation .Now we give the following de�nition [29, 30, 32℄De�nition 3 We denote F (G)[[h℄℄ the spa
e of formal power series in theparameter h with 
oe�
ients in F (G). A star produ
t on the Poisson�Liegroup is de�ned as a bilinear mapF (G)� F (G) �! F (G)[[h℄℄(�;  ) 7�! � �  =Xj hjCj(�;  ) (15)su
h that(i) when the above map is extended to F (G)[[h℄℄, it is formally asso
iative(� �  ) � � = � � ( � �) ; (16)(ii) C0(�;  ) = �: =  :� ;(iii) C1(�;  ) = f�;  g ;(iv) the two 
o
hains Ck(�;  ) are bidi�erential operators on F (G) .(i) and 
ondition (ii) express that we have an asso
iative algebra (i) and
ondition (ii) express that we have an asso
iative algebra deformation inthe sense of Gerstenhaber [31℄, while 
ondition (iii) ensures that the 
orre-sponding 
ommutator [f; g℄� = 12(f � g � g � f)is a deformation in the sense of Gerstenhaber of the Lie algebra (F (G); f; g).Equivalen
e of two Gerstenhaber deformations is the asso
iative 
ase (two
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ts and Topologi
al Quantum Groups 1157star produ
ts � and �0) is de�ned by the existen
e of formal series of (di�er-entials) operators T =Pr hrTr with T0 = id su
h thatTf � Tg = T (f � g) :By equivalen
e one may 
onsider only star-produ
ts vanishing on 
onstantsCr(f; 
) = Cr(
; f) = 0; r � 1; 
 2 R; f 2 F (G) and assume that C1 = f; g.In this de�nition the Hopf algebra F (G)[[h℄℄, with a new produ
t � andun
hanged 
oprodu
t, is 
onsidered to be a topologi
al Hopf algebra. were
all that deformations with un
hanged 
oprodu
t are 
alled preferred de-formations [29℄. This 
ondition is imposed to quantization be
ause of theinvarian
e property of the Poisson�Lie group bra
ket�(f�;  g) = f�(�);�( )g :It is therefore natural to impose the same 
ompatibility 
ondition of thestar-produ
t with respe
t to the 
oprodu
t of F (G), i.e.:�(� �  ) = (�(�) ��( )) (17)is satis�ed. The star-produ
t on the right side is 
anoni
ally de�ned onF (G)
̂F (G) by (�
̂ ) � (�0
̂ 0) = (� � �0)
̂( �  0) : (18)Remark: If all Ck are a left (right)-invariant bidi�erential operators thenthe 
orresponding star produ
t is 
alled a left (right)-invariant one.Now, using the fa
t that the enveloping algebra U(g) is isomorphi
 tothe algebra of left (right) invariant di�erential operators on G, we dedu
ethat if Ci is a left-invariant two -
o
hain then there is an element Fi 2U(g)
̂U(g) � D0(G)
̂D0(G) su
h that:C li(�;  ) = F li (�
̂ ) (19)and similarly for the right invariant two 
o
hain there exist an element Hi 2U(g)
̂U(g) � D0(G)
̂D0(G) su
h that:Crj (�;  ) = Hrj (�
̂ ) : (20)If we introdu
e the two elements of U(g)
̂U(g)[[h℄℄ � D0(G)
̂D0(G)[[h℄℄F = 1 +Xi�1 Fihi ;H = 1 +Xj�1Hjhj :Then, we obtain the following:
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h et al.Proposition 1 The asso
iativity of the left-invariant star-produ
t implies(�0
̂id)F:(F 
̂1) = (id
̂�0)F:(1
̂F ) (21)and the asso
iativity of the right-invariant star-produ
t leads to the followingequality(S
̂20 (H)
̂1):(�0
̂id)S
̂20 (H) = (1
̂S
̂20 (H)):(id
̂�0)S
̂20 (H) : (22)Proof: Writing the left-invariant star produ
t by the following expres-sion (� �l  ) = �(F l(�
̂ )) ; (23)where � is the usual multipli
ation on the algebra of smooth fun
tions overthe group and F = 1 + h2r +Pi�2 Fihi, then for any element X in theenveloping algebra, we havehX;� �l ( �l �)i= hX;�(id
̂�)((id
̂�0)F l:F l23(�
̂ 
̂�))i ;= h(id
̂�0)�0(X); (id
̂�0)F l:F l23(�
̂ 
̂�)i ;= h(id
̂�0)(F )(1
̂F )(id
̂�0)�0(X); (�
̂ 
̂�)i : (24)Similarly we found thathX; (� �l  ) �l �i = h(�0
̂id)(F )(F 
̂1)(�0
̂id)�0(X); (�
̂ 
̂�)i ; (25)so, 
omparing (24)and (25) we obtain the result (21); the same proof is validfor the right-invariant one.Proposition 2 Assume that F is a left-invariant star produ
t on the groupG, then S
̂20 (F ) is a right-invariant star produ
t on the group G.Proof: by applying the operator (S0
̂S0
̂S0) to the equation (21) and usingthe fa
t that (S0
̂S0)Æ�0 = �op0 ÆS0 we found obviously the equation (22).We de�ne in the following The star produ
t on the 
ompa
t Poisson�Liegroup by the expression� �  = �((S
̂20 )�1(F�1)r:F l(�
̂ )) : (26)
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ts and Topologi
al Quantum Groups 1159In fa
t, the produ
t de�ned in this way is asso
iative; 8X 2 U(g), we have:h(� �  ) � �;Xi= h�(S
̂20 )�1((F�1))r:F l(�((F�1)r:F l(�
̂ ))
̂�)); Xi ;= h�(�
̂id)((�0
̂1)((S
̂20 )�1((F�1))r):(�0
̂1)F l:((S
̂20 )�1((F�1))r
̂1):(F l
̂1)(�
̂ 
̂�)); Xi ;= h�(�
̂id)((�0
̂id)((S
̂20 )�1((F�1))r):((S
̂20 )�1((F�1))r
̂1):(�0
̂id)F l:(F l
̂1)(�
̂ 
̂�)); Xi ;= h(�0
̂id)((S
̂20 )�1((F�1))r):((S
̂20 )�1((F�1))r
̂1):(�0
̂id)F l:(F l
̂1)(�
̂ 
̂�)); (�0
̂id)�0(X)i ;= h(�
̂ 
̂�); ((F�1)
̂1)(�0
̂id)((F�1))(�0
̂id)�0(X)(�0
̂id)F:(F 
̂1))i ;= h(�
̂ 
̂�); (1
̂(F�1))(id
̂�0)((F�1))(id
̂�0)�0(X)(id
̂�0)F:(1
̂F ))i ;= h(id
̂�0)((S
̂20 )�1((F�1))r)(1
̂(S
̂20 )�1((F�1))r)(id
̂�0)F l:(1
̂F l))(�
̂ 
̂�); (id
̂�0)�0(X)i ;= h� � ( � �); Xi : (27)The star-produ
t de�ne a deformation of a quotient algebra F e(G) de-�ned as the set of element of F (G) in a neighbour 
ontaining the identityof G modulo the following relation of equivalen
e� �  if hX;� �  i = 0 for any X 2 U(g) � D0(G) ;where h; i is the pairing between F e(G) and U(g) � D0(G):The dual F �e(G) of F e(G) is nothing but the set of distributions on G withsupport at the unit element of G. So, if using the L. S
hwartz theoremwhi
h states That the set of distributions on G with support at the identityelement of G is the enveloping algebra of the Lie algebra of the Lie group, wededu
e that a star produ
t provide a deformation of the enveloping algebra.The quantized enveloping algebra U(g)[[h℄℄ is endowed with a stru
tureof Hopf algebra where the multipli
ation algebra is the ordinary 
onvolutionon F �e(G) and the 
oprodu
t �F is given byh�F (X); �
̂ i = hX;� �  i (28)for all �;  2 F (G), and X 2 U(g) in fa
t:h�F (X); �
̂ i = hX;� �  ifor X 2 U(g); �;  2 F (G) Expli
itly:hX;� �  i = hX;�((S
̂20 )�1(F�1))rF l(�
̂ )i= h�0(X); (S
̂20 )�1(F�1)rF l(�
̂ )i
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h et al.using the fa
t that: X l(r)=e (�) = X=e(�) = X(�)(e) ;we obtain:hX;� �  i = �((�0(X))l((S
̂20 )�1(F�1))rF l(�
̂ ))(e; e) :Then we must 
al
ulate �rst the quantity:I = ((�0X)l(S
̂20 )�1(F�1)rF l(�
̂ ))(g; g) :For this, we use the fa
t that for X 2 U(g) � D0(G) we haveX l=g(�) = X l(�)(g) = hÆg �
 X;�i ;Xr=g(�) = Xr(�)(g) = hS0(X) �
 Æg; �i ;where �
 is the 
onvolution produ
t on U(g) � D0(e) � D0(G) and Æg isthe Dira
 distribution at g 2 G so:I = h(Æg
̂Æg) �
 �0(X); (S
̂20 )�1(F�1)rF l(�
̂ )i ;= h(Æg
̂Æg) �
 �0(X); hF�1 �
 (Æg
̂Æg); h(Æg
̂Æg) �
 F; �
̂ iii :Next we use the following notation; for X 2 D0(G), its dual (denoted ~X)2 F (G), then:I = hF�1 �
 (Æg
̂Æg); h(Æg
̂Æg) �
 F; �
̂ ii:(�0(X)~)(g; g) ;= (F�1~):(�
̂ ):(F~):(�0(X)~)(g; g)and if we use the following property of the 
onvolution produ
t:(Y �
 X~) = (X~):(Y ~) ;we have: I = ((F�1~):(�
̂ ):(�0(X) �
 F~))(g; g) ;= h(Æg
̂Æg) �
 (�0(X) �
 F ); F�1~):(�
̂ )i ;= h(F�1) �
 (Æg
̂Æg) �
 (�0(X) �
 F ); (�
̂ )i :Then we have:hX;� �  i = �((�0X)l(S
̂20 )�1(F�1)rF l(�
̂ ))(e; e) ;= h(F�1) �
 (Æg
̂Æg) �
 (�0(X) �
 F ); (�
̂ )i ;= h(F�1) �
 �0(X) �
 F; (�
̂ )i ;
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ts and Topologi
al Quantum Groups 1161whi
h implies that: �F (X) = F�1 �
 �0(X) �
 F :Thus �F (X) = F�1:�0(X):F : (29)We 
an easily show that the twisted 
oprodu
t �F is 
oasso
iative, in fa
t,by using the main equation (21) and the 
oasso
iativity of the 
lassi
al
oprodu
t we obtain(�F 
̂id)�F (X) = (id
̂�F )�F (X) :For the antipode of the quantized enveloping algebra, we re
all �rst that theantipode S0 of U(g) satis�es the following equationm(S0
̂id)�0(X) = m(id
̂S0)�0(X) = "(X)1 ; (30)where m is the usual multipli
ation on the enveloping algebra U(g). F andF�1 
an be respe
tively split asF =Xk ak
̂bk; F�1 =Xk 
k
̂dkand set u = m(id
̂S0)(F�1) is an invertible element of U(g)[[h℄℄ � D0(G)[[h℄℄,then we 
an easily show that the antipode of the quantized enveloping alge-bra U(g)[[h℄℄ is given by: SF (X) = u:S0(X):u�1 ; (31)where u�1 = m(S0
̂id)F:Similarly, we 
an prove thatm(id
̂SF )�F (X) = "(X)1 : (32)In other words, by using (9), (10) we obtain that the antipode of the de-formed algebra of fun
tions on the group is given bySh(f) = S((S0(u�1))rulf) :Now if we introdu
e the following element de�ned by Drinfeld [17℄RF = F�121 :F ; (33)
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h et al.then we 
an easily show that RF de�ne a quasitriangular stru
ture on thequantized enveloping algebra U(g)[[h℄℄. In fa
t if using polynomial notation[18, 29℄, we obtain(�F 
̂id)RF = (F�1
̂1)(�
̂id)RF (F 
̂1) ;= RF (x; z)RF (y; z) : (34)So, (�F 
̂id)RF = (RF )13:(RF )23 ; (35)where we have used the de�nition(33) in the �rst, sixth and seventh equalitiesand the relation (21) writing in polynomial notation for the remaining ones.Similarly, we obtain (id
̂�F )RF = (RF )13:(RF )12 : (36)From the fa
t that � � 1 = 1 � � = � for all � 2 F e(G) we dedu
e that(id
̂")F = ("
̂id)F = 1 (37)
onsequently, ("
̂id)(RF ) = (id
̂")(RF ) = 1 (38)and from the de�nition(33)we dedu
e that(RF )21:RF = 1 : (39)Now using again the expression (33)we obtain(�F )op = P (�F ) ;= P (F�1):�0:P (F ) = P (F�1):F:�F :F�1:P (F ) (40)then (�F )op = RF :�F :(RF )�1 : (41)From (34) and (41) we show that RF satis�es the quantum Yang�Baxterequation (RF )12:(RF )13:(RF )23 = (RF )23:(RF )13:(RF )12 : (42)Now using the equations (35), (36) and (42) it is easily seen that theR-matrix RF satisfy(RF )23(id
̂�F )RF = (RF )12:(�
̂id)RF ;whi
h together with (38)and (41) implies that (U(g)[[h℄℄;�F ; RF ; SF ) is alsoa 
oboundary Hopf algebra, whi
h is an obvious result sin
e a triangularHopf algebra is a 
oboundary one.Then we have established that a star-produ
t on a 
ompa
t Poisson�Liegroup (G; r) leads to a well-behaved topologi
al quantum algebra (U(g)[[h℄℄,�F ; RF ; SF ); where F = 1 + h2r +Pi�2 Fihi and RF = 1 + hr + : : : :
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al Quantum Groups 1163Theorem 1 Let (U(g)[[h℄℄;�;R; S) be a well-behaved triangular topologi
alHopf algebra then it 
an be obtained by a star-produ
t on the 
onne
ted andsimply 
onne
ted 
ompa
t Poisson�Lie group (G; r) 
orresponding to the Liealgebra g, where R = 1 + hr + ::: :4. Star produ
ts and quantum groupsThe relevan
e of the previous pro
edure is that we 
an get many 
on
retesolutions of the QYBE by taking di�erent representations of the universalobje
t R. Thus, if we take a �nite dimensional representation � of g in thealgebra of n� n 
omplex matri
es M(n;C), we haveS = (�
̂�)(R) ; (43)whi
h satis�es the QYBES12S13S23 = S23S13S12 ; (44)and the unitary 
ondition SS21 = 1 ; (45)where S21 = �(S). We see that this quantization pro
edure leads in a naturalway to QYBE.Finally, let us 
onsider again the matrix representation � : g !M(n;C)
onsequently the group G is realized as subgroup of GL(n;C). Let T =(tij)ni;j=1 be the matrix of 
oordinate fun
tions on Gtij(g) = gij : (46)Left and right a
tions of G on matrix 
oordinates on G given by(X ltij)(g) = (gX)ij =Xk gikXkj ;(Xrtij)(g) = (Xg)ij =Xk Xikgkj : (47)for X 2 g :On the other hand, let F̂ = (�
̂�)(F ) and de�ning T1 = T 
̂1 andT2 = 1
̂T , the �-produ
t between matrix 
oordinates of G elements 
an beexpressed in a elegant manner byT1 �h T2 = F̂�1T 
̂T F̂ (48)
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h et al.applying the �ip operator to both sides of this expression we getT2 �h T1 = �(F̂�1)T 
̂T�(F̂ ) ; (49)and 
ombining the two above equations we obtain the relationST1 �h T2 = T2 �h T1S ; (50)whi
h is the well-known formula that gives the 
ommutation relations be-tween the matrix 
oordinate fun
tions of G de�ning the quantum groupFh(G) 5. Equivalent star produ
t on a Poisson�Lie groupFirst, we re
all [34,35℄, that two star produ
ts �1 and �2 on a Poisson�Liegroup are said to be equivalent if there is a seriesT = id+ 1Xr=1 hrTr ;where the Tr are linear operators on C1(G) su
h thatT (f �1 g) = Tf �2 Tg :Let F and �F be the two 
orresponding 2-
o
y
les i.e., two invertible elementof the Hopf algebra U(g)[[h℄℄ � D0(G)[[h℄℄ su
h that(�
̂id)F:F12 = (id
̂�)F:F23 ;(�
̂id) �F : �F12 = (id
̂�) �F : �F23 ;and let A = (U((g)[[h℄℄;�F ; RF ; SF ) and �A = (U(g)[[h℄℄;� �F ; R �F ; S �F ) bethe resulting well-behaved topologi
al quantum algebras, where�F = F:�0:F�1; RF = F�121 :F ; (51)� �F = �F :�0: �F�1; R �F = �F�121 : �F ; (52)then it is easily seen that �A 
an be obtained from A by applying the twistF̂ = F�1: �F . In fa
t � �F = F̂ :�F :F̂�1 (53)and R �F = F̂�121 :RF :F̂ : (54)



Star Produ
ts and Topologi
al Quantum Groups 1165If the two star produ
ts are equivalents i.e. the 
orresponding elements Fand �Fare related by the following expression�F = �0(E�1):F:(E
̂E) (55)for some invertible element E of U(g)[[h℄℄ � D0(G)[[h℄℄, then the 
oprodu
t� �F 
an be rewritten as� �F (X) = (E�1
̂E�1)�F (E:X:E�1):(E
̂E) : (56)The two twisted antipodes are related by the following expressionS �F = E�1S0(E�1):SF :S0(E):E : (57)Similarly, the triangular stru
tures are related byR �F = (E�1
̂E�1):RF :(E
̂E) : (58)So, the indu
ed isomorphism maps the triangular stru
tures as well.This say that the pro
esses of quantization-deformation 
an only give agenuinely new triangular topologi
al quantum algebra is the two 
o
y
le F
orresponding to the star-produ
t is 
ohomologi
ally(relatively to the Hopfalgebra 
ohomology, (see [37℄ ) non trivial, for example, if the se
ond groupof 
ohomology for the Hopf topologi
al algebra U(g)[[h℄℄ vanish then all star-produ
ts on the 
onne
ted and simply 
onne
ted 
ompa
t Poisson�Lie group
orresponding to the Lie bialgebra g are equivalents.REFERENCES[1℄ V.G. Drinfeld, Pro
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