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STOCHASTIC RESONANCE IN A CHAIN OFTHRESHOLD ELEMENTS WITH UNIDIRECTIONALCOUPLING AND SPATIOTEMPORAL SIGNAL�A. Krawiekia, A. Sukiennikia;b and R.A. Kosi«skia;aFaulty of Physis, Warsaw University of TehnologyKoszykowa 75, 00-662 Warsaw, PolandbDepartment of Solid State Physis, University of �ód¹Pomorska 149/153, 90-283 �ód¹, PolandCentral Institute for Labour ProtetionCzerniakowska 16, 00-701 Warsaw, Poland(Reeived September 25, 2000)Stohasti resonane is investigated in a hain of unidiretionally ou-pled threshold elements driven by independent noises and a plane travel-ling wave. Both stohasti resonane in an individual element embeddedin the hain, haraterized by a maximum of the signal-to-noise ratio fornonzero noise intensity, and stohasti resonane with spatiotemporal sig-nal, haraterized by a maximum of a spatiotemporal input�output orre-lation funtion, are observed. Both kinds of stohasti resonane an beenhaned due to proper oupling, although this e�et is weaker than forbidiretional oupling and ours for a smaller range of wavelengths of theplane wave. The enhanement is related to a maximum spatiotemporalsynhronization among elements with the same phase of the periodi signalat input.PACS numbers: 05.40.�a, 05.45.Ra1. IntrodutionStohasti Resonane (SR) [1℄ is a phenomenon in whih noise plays aonstrutive role by inreasing the degree of periodiity of a properly de-�ned output signal in a system driven by a ombination of a periodi in-put signal and noise (for review see [2, 3℄). A ommonly used measure ofSR is the output Signal-to-Noise Ratio (SNR) whih shows a maximum asa funtion of the input noise intensity. Most models of SR are based on� Presented at the XIII Marian Smoluhowski Symposium on Statistial Physis,Zakopane, Poland September 10�17, 2000.(1475)



1476 A. Krawieki, A. Sukienniki, R.A. Kosi«skibistable dynamial systems [4-6℄ and both dynamial [7℄ and non-dynamial[8-11℄ threshold-rossing systems. SR has been also investigated in spa-tially extended systems [12-26℄ (for review see [12℄), usually in systems ofoupled elements with noise unorrelated in spae and time and the inputsignal uniform in spae and periodi in time, e.g. hains of di�usively ou-pled stohasti bistable osillators [13,14℄, oupled map latties [15℄ and theIsing model [19-22℄. In suh systems it was found that an optimum value ofoupling and optimum noise strength exist suh that the maximum of theSNR in every element is signi�antly enhaned over that in an unoupledelement. This phenomenon is alled array enhaned SR [13℄ and it is relatedto maximum spatiotemporal synhronization of the elements with the inputperiodi signal and among themselves.Reently, SR in spatially extended systems has been also studied with theinput signal periodi in spae [22, 23℄ and both in spae and time[23-26℄. In partiular, we investigated a hain of oupled threshold ele-ments with bidiretional symmetri oupling, driven by a plane travellingwave and spatiotemporal noise [26℄. Suh elements are known to exhibitSR [8-11℄ and an be used for qualitative simulations of SR in biologialneuron models [11℄. Apart from the enhanement of SR in an individualelement embedded in the hain we demonstrated SR with spatiotemporalsignal, haraterized by a maximum of a spatiotemporal input�output or-relation funtion, and its enhanement due to proper oupling for a widerange of the spatial wavelengths of the input signal. We also showed thatfor large wavelengths the enhanement of both kinds of SR oinides withthe maximum of spatiotemporal synhronization among elements with thesame phase of the periodi signal at input. In this paper we report on similarphenomena in a hain of threshold elements with unidiretional oupling.2. The system and methods of analysisWe investigate a hain of N oupled threshold elements denoted as i,i = 0; 1; 2 : : : N � 1 with two-state output 0 or 1. The oupling is typial ofarti�ial neural networks, unidiretional and onstrained to nearest neigh-bours. The time steps n = 0; 1; 2 : : : are disrete. The hain is driven by aplane travelling wave with amplitude A, frequeny !s, period Ts = 2�=!s,wave vetor k and wavelength � = 2�=k. Besides, the elements are drivenby independent white Gaussian noises �(i)n with variane D. The systemdynamis is given byx(i)n+1 = � hA sin (!sn� ki+ �) + �(i)n + wx(i�1)n � bi ;x(0)n = x(N�1)n ; (1)



Stohasti Resonane in a Chain of Threshold Elements with . . . 1477where x(i)n is the output of the element i at time n, � (�) is the Heavisidestep funtion, � is the initial phase, w is the oupling strength and b isthe threshold. The periodi signal is assumed as subthreshold with A < b,and the length of the hain N is an integer multiple of the wavelength,i.e. N = N 0�.In this paper SR in an individual element embedded in the hain, SRwith spatiotemporal signal and the spatiotemporal synhronization betweenequivalent elements are investigated. As a measure of SR in an individ-ual element we take the SNR in the middle element of the hain, obtainedfrom the power spetral density S (!) of its output signal and de�ned asSNR = 10 log [SP (!s) =SN (!s)℄. Here SP (!s) = S (!s) � SN (!s) is theheight of the peak at ! = !s and SN (!s) is the noise bakground in theviinity of !s. In our numerial simulations the SNR is normalized to thefrequeny bandwidth �f = 2�12Hz.As a measure of SR with spatiotemporal signal we take the orrelationfuntion between the spatiotemporal periodi input signal and the outputsignal C = 1N N�1Xi=0 C(i); C(i) = Dx(i)n A sin (!sn� ki+ �)Es�A22 � ���x(i)n �2�� Dx(i)n E2� ; (2)where the angular brakets denote the time average. The funtions C(i) areobtained under the assumption that the mean value of the periodi signalat the input of every element is zero and the mean value of the square ofthis signal is A2=2.As a measure of spatiotemporal synhronization in the hain we takethe mutual orrelation funtion between elements, averaged over all pairs ofelements with the same phase of the periodi signal at inputsCmut = 1NN 0 Xfi;jgC(i;j)mut ;C(i;j)mut = Dx(i)n x(j)n E� Dx(i)n E Dx(j)n Es���x(i)n �2�� Dx(i)n E2� ���x(j)n �2�� Dx(j)n E2� ; (3)where in the ase k 6= 0 the sum extends over all pairs of elements suh thatji� jj = m�, m = 0; 1; 2 : : : N 0, and in the ase k = 0 � over all pairs.Cmut is at a maximum when the harater of the plane travelling wave isbest re�eted in the ativity of the elements of the hain [26℄.



1478 A. Krawieki, A. Sukienniki, R.A. Kosi«ski3. Simpli�ed adiabati theoryIn this setion, in a manner analogous to our previous studies [24-26℄,an extension of the theory of SR in threshold elements with disrete time [10℄to the ase of a hain of unidiretionally oupled elements is presented.From this theory, the quantities SNR and C an be evaluated semi-analytially provided the time-dependent probability that x(i)n = 1, denotedas Pr�x(i)n = 1�, is known. This probability is obtained here under ertainsimplifying assumptions.The starting point is the equation for the omplete probability thatx(i)n =1. Then:Pr�x(i)n+1 = 1� = Pr�x(i)n+1 = 1 ���x(i�1)n = 1�Pr�x(i�1)n = 1�+Pr�x(i)n+1 = 1 ���x(i�1)n = 0�Pr�x(i�1)n = 0� : (4)The onditional probabilities an be evaluated analytially asPr�x(i)n+1=1 ���x(i�1)n =��=0:5�1�erf �b�wÆ�;1�A sin (!sn�ki+�)p2D2 �� ;(5)where � 2 f0; 1g and Æ�;1 is the Kroneker delta. In order to solve Eq. (4)for Pr�x(i)n = 1� the following assumptions are made. First, only the adia-bati limit !s �! 0 is onsidered. Then it is possible to assume on thelhs of Eq. (4) Pr�x(i)n+1 = 1� = Pr�x(i)n = 1�. Seond, sine the inputsignal is periodi both in spae and time it is also possible to assumethat Pr�x(i�1)n = 1� = Pr�x(i)n+k=!s = 1�. Taking also into aount thatPr�x(i)n = 0� = 1� Pr�x(i)n = 1� Eq. (4) an be then rewritten as:Pr�x(i)n = 1� = X� Pr�x(i)n+1 = 1 ���x(i�1)n = ��� hÆ�;0 � (�1)� Pr�x(i)n+k=!s = 1�i : (6)The above di�erene equation an be e�iently solved numerially using theiterative method of Ref. [26℄. At a �rst step the solution is assumed as foran unoupled element,Pr�x(i)n = 1� = 0:5�1� erf �b�A sin (!sn� ki+ �)p2D2 �� ;



Stohasti Resonane in a Chain of Threshold Elements with . . . 1479then it is inserted on the rhs of Eq. (6) whih yields a new approximatesolution and a whole proedure is repeated up to a moment when the on-seutive iterated solutions do not hange signi�antly. The solution, andwhat follows the SNR and C(i), do not depend on i.Aording to Ref. [10℄ the SNR an be evaluated from Pr�x(i)n = 1� asSNR = 10 log jP1j2�Pr�x(i)n = 1�� Pr2 �x(i)n = 1���f ; (7)where P1 is the �rst Fourier oe�ient of Pr�x(i)n = 1� with respet to timeP1 = T�1s Ts�1Xn=0 Pr�x(i)n = 1� exp (�i!sn) ; (8)and the bar denotes the time average over Ts. However, it should be pointedout that Eq. (7) is exat only in the ase of an unoupled threshold elementdriven by a sum of a periodi signal and white noise [10℄. Thus in our aseEq. (7) is only approximate sine the total random input to element i inEq. (1) onsists of a sum of white noise �(i)n and non-white noise wx(i�1)n .The orrelation funtion C=C(i) an be also evaluated using Pr�x(i)n =1�sine hx(i)n i = h�x(i)n �2i = Pr�x(i)n = 1� ;hx(i)n A sin (!sn� ki+ �)i = A sin (!sn� ki+ �) Pr�x(i)n = 1� : (9)4. Results and disussionThe numerial (obtained for the n = 63 element) and theoretial resultsfor the SNR in an individual element embedded in the hain are shown inFig. 1. The numerial results show that for 0 � k � �=4 an optimum valueof oupling wopt > 0 exists for whih the maximum of the SNR reahes itshighest possible value, i.e. SR in an individual element is enhaned due toproper oupling (Fig. 1(a),(b)). For k = �=2 the SNR dereases for any ou-pling (Fig. 1()). For k = � the SNR inreases for w �! �1 and D �! 1,however, without the inrease of the maximum of the SNR (Fig. 1(d)). Theseresults qualitatively resemble the ones obtained for bidiretionally oupledelements and an be understood using similar arguments onerning the in-rease of probability of the two oupled elements being in the same state for



1480 A. Krawieki, A. Sukienniki, R.A. Kosi«skiw > 0 and in the opposite states for w < 0 [24-26℄. In partiular, the e�etof array enhaned SR is present in the model (1), although a signi�ant in-rease of the SNR due to proper oupling is obtained only for k = 0 and inother ases this e�et is weak. Taking into aount the approximate hara-ter of Eq. (7) the quantitative agreement between theoretial and numerialresults in Fig. 1 is good, and for all k the theory qualitatively predits thedependene of the SNR on w. The agreement is better than in the aseof bidiretional oupling [25, 26℄. E.g., for D �! 0, ontrary to the latterase, the theoretial urves never diverge so that the presene of maxima ofthe urves SNR vs D is orretly predited for any k and w. Hene if forsome k the e�et of array enhaned SR ours it is also orretly predited.This is beause for unidiretional oupling Eq. (6) is strit, apart from theadiabati approximation, while the orresponding equation for a hain withbidiretional oupling is only approximate [26℄. Also the deterministi dy-namis of Eq. (1), whih beomes important for small noise, is simpler thanfor a hain with bidiretional oupling and does not ause a disagreementwith the theory of Se. 3 based only on the stohasti approah.
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Fig. 1. The SNR vs D for various wave vetors k and oupling onstants w, andfor the length of the hain N = 128 and period Ts = 128: (a) k = 0, (b) k = �=4,() k = �=2, (d) k = �. Numerial results are shown with symbols: (2) w = �1:5,(4) w = �0:1, (+) w = 1:0, (�) w = 1:5. Theoretial results are shown withnumbered solid lines: (1) w = �1:5, (2) w = �0:1, (3) w = 1:0, (4) w = 1:5.



Stohasti Resonane in a Chain of Threshold Elements with . . . 1481The numerial and theoretial results for C are shown in Fig. 2. Thenumerial results show that for any k and w SR with spatiotemporal signalours, haraterized by the presene of the maximum of the urve C vs D.For k = 0 this kind of SR an be signi�antly enhaned due to properoupling wopt > 0 (Fig. 1(a)), while for k = �=4 and k = �=2 the quality ofSR is deteriorated by any oupling (Fig. 1(b),()) and for k = � SR is mostenhaned for w �! �1. These results are similar to the ones obtainedin a hain with bidiretional oupling apart from the fat that SR withspatiotemporal signal is not enhaned due to proper positive oupling for0 < k � �=2 [26℄. Comparison of Fig. 1(b) and Fig. 2(b) shows that in thesystem (1) the enhanement of C due to oupling need not our althoughthe SNR is improved. The agreement between theoretial and numerialresults is very good and again better than in Ref. [25,26℄. In partiular, thetheoretial urves C vs D for any k and w do not diverge for D �! 0 butshow maxima, hene if the enhanement of SR with spatiotemporal signalfor w = wopt ours it is orretly predited (Fig. 2(a)).
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Fig. 2. C vs D for various wave vetors k and oupling onstants w, and for thelength of the hain N = 128 and period Ts = 128: (a) k = 0, (b) k = �=4,() k = �=2, (d) k = �. Numerial results are shown with symbols: (2) w = �1:5,(4) w = �0:1, (+) w = 1:0, (�) w = 1:5. Theoretial results are shown withnumbered solid lines: (1) w = �1:5, (2) w = �0:1, (3) w = 1:0, (4) w = 1:5.



1482 A. Krawieki, A. Sukienniki, R.A. Kosi«skiThe numerial urves Cmut vs D are shown in Fig. 3. It an be seen thatthese urves for all k exhibit maxima for nonzero noise intensity. The pres-ene of these maxima provides evidene for the noise-indued order whihemerges in the system due to the ooperative in�uene of the spatiotemporalsubthreshold periodi signal and noise. This order results in the maximumspatiotemporal synhronization among elements with the same phase of theperiodi signal at inputs. In the most ordered state the harater of theplane travelling wave is best re�eted in the ativity of the elements of thehain [26℄. For 0 � k � �=4 an optimum value of oupling exists for whihthe maximum of Cmut reahes the highest possible value (Fig. 3(a),(b)), whilefor k = �=2 the maximum of Cmut dereases with any oupling (Fig. 3())and for k = � the values of Cmut inrease for w �! 0, but with no visi-ble inrease of the maximum (Fig. 3(d)). For longwave input signals with
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Fig. 3. Numerial urves Cmut vs D for various wave vetors k and oupling on-stants w, and for the length of the hain N = 128 and period Ts = 128: (a) k = 0,(b) k = �=4, () k = �=2, (d) k = �; (2) w = �1:5, (4) w = �0:1, (+) w = 1:0,(�) w = 1:5.0 � k � �=4 the values of the optimum oupling oinide with the ones forwhih SR in an individual element is most pronouned, but the loationsof the maxima of the urves Cmut vs D and SNR vs D for w = wopt donot oinide (f. Fig. 3(a),(b) and Fig. 1(a),(b)).This situation is slightly



Stohasti Resonane in a Chain of Threshold Elements with . . . 1483di�erent from what is observed in the ase of array enhaned SR with theinput signal uniform in spae [13-15℄ or longwave signal periodi in spae andtime in a hain of oupled threshold elements with bidiretional oupling [26℄.In these ases the enhanement of SR in an individual element is alwaysonneted with the maximum spatiotemporal synhronization in the systemand thus also the loations of the maxima of the two above-mentioned urvesoinide. Also for shortwave input signals with k = �=2 the loations of themaxima of the urves C vs D and Cmut vs D do not perfetly oinide(f. Fig. 3() and Fig. 2()), while for a hain with bidiretional oupling themaximum spatiotemporal synhronization in suh a ase is onneted withthe enhanement of SR with spatiotemporal signal [26℄.5. Summary and onlusionsIn this paper we investigated SR in a hain of unidiretionally oupledthreshold elements driven by a plane travelling wave and independent noises.Two kinds of SR were studied: SR in an individual element embedded inthe hain and SR with spatiotemporal signal, haraterized by a loal andglobal measure of periodiity of the output signal, respetively. It was shownthat both kinds of SR an be enhaned due to proper oupling, i.e. a oun-terpart of the array enhaned SR e�et for spatiotemporal periodi signalswas observed. However, this enhanement is in general weaker and oursfor a smaller range of wavelengths of the input signal than in a hain withbidiretional oupling. It was also shown that the enhanement of SR in anindividual element is related to maximum synhronization among elementswith the same phase of the periodi signal at inputs. Although the di�er-enes between the results of this paper and the ones of Refs [13-15,26℄ seem tobe of minor importane they suggest that in the systems with asymmetrioupling the relationship between the onept of spatiotemporal synhro-nization and the two kinds of SR an be more omplex than in the systemswith symmetri oupling.The results of this paper and our reent works [23-26℄ prove that hainsof oupled threshold elements an be used e�iently for investigation of var-ious aspets of SR in spatially extended systems. The present results showthat the possibility of the ourrene of SR with spatiotemporal signal or ar-ray enhaned SR is independent of the symmetry of onnetions between theneighbouring elements in the hain, though quantitative di�erenes in thesephenomena an appear depending on this symmetry. This independeneopens a way to investigate these phenomena in systems with the strutureof onnetions loser to that in typial arti�ial neural networks. Besides,hains of unidiretionally oupled elements are more often employed for thesignal transmission along the hain than for the signal detetion. In a hain
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