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GRADIENT TERMS IN THE MICROSCOPICDESCRIPTION OF K ATOMSMatthias LutzGesells
haft für S
hwerionenfors
hung GSIPostfa
h 110552, 64220 Darmstadt, Germanyand Woj
ie
h FlorkowskiH. Niewodni
za«ski Institute of Nu
lear Physi
sRadzikowskiego 152, 31�342 Kraków, Poland(Re
eived January 9, 2001; Revised version re
eived Mar
h 20, 2001)We analyze the spe
tra of kaoni
 atoms using opti
al potentials withnon-lo
al (gradient) terms. The magnitude of the non-lo
al terms followsfrom a self 
onsistent many-body 
al
ulation of the kaon self energy in nu-
lear matter, whi
h is based on s-wave kaon nu
leon intera
tions. The opti-
al potentials exhibit strong non-linearities in the nu
leon density and size-able non-lo
al terms. We �nd that the non-lo
al terms are quantitativelyimportant in the analysis of the spe
tra and that a phenomenologi
allysu

essful des
ription 
an be obtained for p-wave like opti
al potentials.It is suggested that the mi
ros
opi
 form of the non-lo
al intera
tion termsis obtained systemati
ally by means of a semi-
lassi
al expansion of thenu
leus stru
ture. The resulting opti
al potential leads to less pronoun
ednon-lo
al e�e
ts.PACS numbers: 13.75.Jz, 36.10.�k1. Introdu
tionKaoni
 atom data provide a valuable 
onsisten
y 
he
k on any mi
ro-s
opi
 theory of the K� nu
leon intera
tion in nu
lear matter. We thereforeapply the mi
ros
opi
 approa
h, developed by one of the authors in [1℄, tokaoni
 atoms. The des
ription of the nu
lear level shifts in K� atoms hasa long history. For a re
ent review see [2℄. We re
all here the most strik-ing puzzle. In the extreme low-density limit the nu
lear part of the opti
alpotential, Uopt, is determined by the s-wave K�N s
attering length:2� Uopt (~r ) = �4��1 + mKmN � aKN �(r) ; (1)(2081)



2082 M. Lutz, W. Florkowskiwith aKN = 14 a(I=0)KN + 34 a(I=1)KN ' (�0:18 + 0:67 i) fm, the nu
leus densitypro�le �(r) and the redu
ed kaon mass � of the K� nu
leus system. Asshown by Friedman, Gal and Batty [3℄ kaoni
 atom data 
an be des
ribedwith a large attra
tive e�e
tive s
attering length ae� ' (0:63 + 0:89 i) fm,whi
h is in dire
t 
ontradi
tion to the low-density opti
al potential (1). Thepresent data set on kaoni
 level shifts in
lude typi
ally the 3d! 2p transitionfor light nu
lei and the 4f! 3d transition for heavy nu
lei. Deeply boundkaoni
 states in an s-wave have not been observed so far. Sin
e a K� boundin a p-wave at a nu
leus probes dominantly the low-density tail of the nu
leuspro�le, one may 
on
lude that the opti
al potential must exhibit a strongnon-linear density 
hara
teristi
 at rather low density.A further 
ompli
ation was pointed out for example by Thies [4℄, whodemonstrated that in the kaoni
 126C system non-lo
al e�e
ts may be im-portant. The importan
e of non-lo
al e�e
ts was also emphasized in [5, 6℄.In fa
t a reasonable des
ription of kaoni
 atom level shifts was a
hieved byMizogu
hi, Hirenzaki and Toki [7℄ with a phenomenologi
al non-lo
al opti
alpotential of the form2� Uopt �~r; ~r� = �4��1 + mKmN ��aKN �(r)� b ~r �(r) � ~r� ; (2)where the parameter b ' (0:47 + i 0:30) fm3.Though it has been long anti
ipated that the �(1405) resonan
e playsa key role [5�8℄, a mi
ros
opi
 des
ription of kaoni
 atom data remainsa 
hallenge. Obviously an important ingredient of any su
h attempt mustbe a proper many-body treatment of the �(1405) resonan
e stru
ture innu
lear matter.2. Kaon self energy in nu
lear matterIn this se
tion we prepare the ground for our study of kaoni
 atoms. Of
entral importan
e is the kaon self energy, �K(!; ~q ; �), evaluated in nu
learmatter. Here we introdu
e the self energy relative to all va
uum polarizatione�e
ts, i.e. �K(!; ~q ; 0) = 0.First we re
all results for the kaon self energy as obtained in a self 
on-sistent many-body 
al
ulation based on mi
ros
opi
 s-wave kaon�nu
leonintera
tions. For the details of this mi
ros
opi
 approa
h we refer to [1℄.We identify the K� nu
leus opti
al potential Vopt(~q ) by2EK(~q )Vopt(~q ) = �K(! = EK(~q ); ~q ) ; (3)where EK(~q ) = (m2K + ~q 2)1=2 is the free-spa
e kaon energy. In Fig. 1 wepresent the result of [1℄ at nu
lear saturation density. We point out thatthe real part of our opti
al potential exhibits rather moderate attra
tion of
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lear opti
al potential, Vopt(~q ), plotted as a fun
tion of the kaonthree momentum. The nu
lear density is � = 0:17 fm�3.less than 40 MeV. On the other hand we �nd a rather strong absorptivepart of the opti
al potential. This is in disagreement with re
ent work byFriedman, Gal, Mares and Cieply [9℄. We re
all that in [1℄ the quasi-parti
leenergy for a K� at rest was found to be 380 MeV at nu
lear saturationdensity and that the large attra
tion in the quasi-parti
le energy is 
onsistentwith the moderate attra
tion in the opti
al potential. It merely re�e
ts thestrong energy dependen
e of the kaon self energy indu
ed by the �(1405)resonan
e. Su
h important energy variations are typi
ally missed in a mean�eld approa
h. Hen
e, a proper treatment of the pertinent many-body e�e
tsis mandatory.We analyze the self energy as probed in kaoni
 atoms in more detail.Before we pro
eed it is important to straighten out the relevant s
ales. Sin
ethe typi
al binding energy of a K� bound at a nu
leus in a p-wave is of theorder of 0.5 MeV the typi
al kaon momentum is estimated to be roughly20 MeV. We then expe
t the relevant nu
lear Fermi momentum kF to belarger than the kaon momentum j~q j < kF . For the study of kaoni
 level shiftsit is therefore useful to introdu
e the e�e
tive s
attering length ae�(kF) andthe e�e
tive slope parameters be�(kF) and 
e�(kF)�K(!; ~q ) = � 83� �1 + mKmN ��ae�(kF) k3F + be�(kF) k2F ~q 2�+ 83� �1 + mKmN � 
e�(kF) k2F (! �mK)+ O �~q 4; (! �mK)2 ; ~q 2 (! �mK)� ; (4)
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tive s
attering length ae�(kF) and e�e
tive slope parametersbe�(kF) and 
e�(kF) as de�ned in (4). The solid and dashed lines represent thereal and imaginary parts, respe
tively.where we expanded the kaon self energy for small momenta ~q and energies
lose to mK 1. The rationale behind the expansion (4) will be dis
ussed inmore detail in the subsequent se
tion when 
onstru
ting the opti
al poten-tial. It is instru
tive to derive the model independent low-density limit ofthe slope parameters:be�(kF = 0) = 18� � 21� � + 7� 3�21� �2 log j�j1� �� �a(I=0)KN �2 + 3�a(I=1)KN �2!;
e�(kF = 0) = 3mK4� log j�j1� �  �a(I=0)KN �2 + 3�a(I=1)KN �2!; (5)whi
h is given in terms of the kaon�nu
leon s
attering lengths and the ratio� = mK=mN . As demonstrated in the Appendix these limits are deter-mined by the Pauli blo
king e�e
t whi
h 
hara
terizes the leading medium1 We emphasize that expressions (4,5) do not 
ontradi
t the low-density theorem. Tak-ing for instan
e the derivative of �(!; ~q ) with respe
t to q assumes impli
itly q < kFif the self energy shows a 
ontribution depending on the ratio q2=k2F . Pauli blo
kingdoes lead to su
h a 
ontribution as shown in the Appendix. Consequently, our opti
alpotential is ne
essarily in
orre
t for kF < q � 20 MeV where we re
all the typi
al3-momentum of the kaon probed in K atoms. We anti
ipate that the systemati
 errorwe en
ounter with our expansion in (4) is insigni�
ant sin
e the opti
al potential isalready tiny by itself in the region 0 < kF < 20 MeV. The main 
ontribution to thekaoni
 level shifts is expe
ted for kF � q.
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ation of the kaon�nu
leon s
attering pro
ess. Using the values forthe s
attering lengths we obtain be�(0) ' (�2:45 + i 0:95) fm GeV�1 and
e�(0) ' (�1:35 + i 0:53) fm.In Fig. 2 the e�e
tive s
attering length and the slope parameters are pre-sented as extra
ted numeri
ally from the self 
onsistent 
al
ulation of [1℄.The real part of the e�e
tive s
attering length ae�(kF) 
hanges sign as thedensity is in
reased. At large densities we �nd an attra
tive e�e
tive s
at-tering length in qualitative agreement with the previous work [10℄. Notethat the quantitative di�eren
es of the works [10℄ and [1℄ are most 
learlyseen in the imaginary part of the e�e
tive s
attering length in parti
ular atsmall density. A more re
ent 
al
ulation by Ramos and Oset [17℄ 
on�rmsthe results of [1℄ at the qualitative level. The quantitative di�eren
es willbe dis
ussed in the next se
tion. Most dramati
 are the non-linear densitye�e
ts in the e�e
tive slope parameters be�(kF) and 
e�(kF), not 
onsideredin [10, 11, 17℄.The non-trivial 
hanges in the e�e
tive s
attering length and e�e
tiveslope parameters are the key elements of our mi
ros
opi
 approa
h to thekaoni
 atom level shifts.3. Non-lo
al opti
al potential: phenomenologyIn this se
tion, in order to make an estimate of non-lo
al e�e
ts in kaoni
atoms, we 
al
ulate the spe
tra with an opti
al potential Uopt(r; ~r) dedu
edfrom the kaon self energy (4) but use a phenomenologi
al Ansatz for its non-lo
al stru
ture. Our starting point is the Klein�Gordon equation~r2�(r)+"���E� i �2 �Vem(r)�2��2#�(r) = 2�Uopt(r; ~r)�(r); (6)where E and � are the binding energy and width of the kaoni
 atom, whereas� is the redu
ed kaon mass in the K� nu
leus system. The ele
tromagneti
potential Vem is the sum of the Coulomb potential and the Uehling andKällen�Sabry va
uum polarization potentials [12℄ folded with the nu
leusdensity pro�le. The nu
lear densities are taken from [3℄, where they areobtained by unfolding a Gaussian proton 
harge distribution from the tabu-lated nu
lear 
harge distributions [13℄. We solve the Klein�Gordon equation(6) using the 
omputational pro
edure of Krell and Eri
son [14℄.For the opti
al potential Uopt(r; ~r), appearing on the right-hand sideof (6), we make the following Ansatz:
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U (i)opt = U (0)opt + Vi ; 2�U (0)opt = �4��1 + mKmN � a [�(r)℄ �(r) ;2�V1 = 4��1 + mKmN � b[�(r)℄�(r)~r2;2�V2 = 4��1 + mKmN � b[�(r)℄~r�(r) � ~r;2�V3 = 4��1 + mKmN � b[�(r)℄[~r2�(r)℄ : (7)In 
ontrast to the approa
h of [7℄ we do not �t the spe
trum. The ef-fe
tive s
attering length a[�℄ and the e�e
tive slope parameter b[�℄ in (7)are determined by the expansion of the K� self energy at small momenta(see (4)): we identify a = ae� and b = be�=kF . The opti
al potentials (7)follow from (4) with ~q repla
ed by the momentum operator �i~r. Of 
ourse,this heuristi
 pro
edure is not unique and may lead to di�erent ways of or-dering the gradients. For this reason we study the three di�erent 
ases in (7)separately. Although our pro
edure of 
onstru
ting the opti
al potential isnot stri
t, it allows us to make an estimate of the magnitude of the non-lo
ale�e
ts, usually negle
ted in other approa
hes. A more systemati
 derivationof the non-lo
al part of the opti
al potential is presented in the subsequentse
tion.Here we wish to emphasize an important aspe
t related to the expansionsuggested in (4). In the previous se
tion we argued that the typi
al kaonmomentum q above whi
h (4) should represent the kaon self energy is rathersmall with q � 20 MeV. This observation is evidently true if the gradientin (7) is a
ting on the kaon wave fun
tion. However, if the proper gradientordering asks for a sizeable 
ontribution in whi
h the gradient is a
ting onthe nu
leus density pro�le this 
annot be true anymore. Su
h terms probethe surfa
e thi
kness of the nu
leus whi
h in turn would require that theexpansion in (4) represents the kaon self energy up to mu
h larger momentaq�200 MeV. This leads to a severe 
on�i
t, be
ause the expansion in (4) 
anonly be performed for the typi
al momentum q smaller than the typi
al Fermimomentum: if the non-lo
al Pauli blo
king 
ontribution is to be expandedone must either assume q < kF or q > kF (see Appendix). We 
on
lude thatgiven the e�e
tive fun
tions ae� and be� only, we 
an at the most expe
t toderive terms in the opti
al potential linear in r�. A term as given in the lastline of (7) is outside the s
ope of this work, be
ause its systemati
 derivationrequires a more general input. Note that an analogous 
onsideration appliesto the expansion of the self energy in powers of ! �mK .
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lear energy shift �E and the width � of the 3d! 2p transition(105B,126C) and the 4f ! 3d transition (2713Al,3216S) are presented in Table I.In the se
ond 
olumn (LDT) we re
all the results obtained with the op-ti
al potential determined by the low-density theorem (1). In the next
olumn we present the results obtained with the e�e
tive s
attering lengtha = ae� , as shown in Fig. 2. The use of the density dependent s
atter-ing length improves the agreement with the empiri
al data as 
ompared tothe density independent s
attering length. In parti
ular the level widthsin
rease towards the empiri
al values. In the next three 
olumns we showthe results obtained with the non-lo
al potentials of (7) with b = be�=kF .For all 
onsidered nu
lei we observe the same type of the 
hange in thespe
trum. In 
ontrast to U (1)opt, the e�e
ts of U (2)opt are large. Whereas thelevel energies are a�e
ted only moderately by U (2)opt the widths of the kaoni
atom levels are in
reased signi�
antly by hundreds of eV. This is an e�e
tleading towards the proper spe
trum. However, in our 
ase the strength ofb is too small to obtain a 
ompletely su

essful agreement with data thougha semi-quantitative des
ription is a
hieved. An improved phenomenologi
aldes
ription of the sele
ted 
ases follows if the e�e
tive s
attering length ae�of Ramos and Oset [17℄ is 
ombined with the e�e
tive slope parameter be�of Fig. 2. The results, shown in the one before last row of Table I, agreeTABLE IColle
tion of our results for di�erent nu
lei. The energy level shifts �E and widthsare all given in eV. LDT denotes the results obtained with the use of the low-densitytheorem with aKN = (�0:18+i 0:67) fm. The last 
olumn gives the empiri
al valueof [15℄ (for 105B, 126C and 3216S) and [16℄ (for 2713Al). The results obtained with the opti-
al potentials (7) are listed in the 
olumns denoted by U (0)opt, U (1)opt, U (2)opt and U (3)opt,respe
tively. RO+L is the result obtained with a[�℄ given by Ramos and Oset [17℄,and b[�℄ given in [1℄.Nu
leus LDT U (0)opt U (1)opt U (2)opt U (3)opt RO+L Experiment105B ��E 174 222 238 236 �128 237 208 � 35� 322 441 405 569 11 713 810 � 100126C ��E 475 603 638 638 �218 674 590 � 80� 761 1022 926 1342 �38 1694 1730 � 1502713Al ��E 92 115 130 141 �128 135 130 � 50� 220 293 282 395 �52 478 490 � 1603216S ��E 497 625 683 729 �378 748 550 � 60� 1023 1324 1264 1748 �41 2105 2330 � 200



2088 M. Lutz, W. Florkowskiremarkably well with the data. Of 
ourse, it is not 
onsistent to 
ombinethe two di�erent 
al
ulations [1, 17℄. The last 
olumn is in
luded only todemonstrate that there may be many di�erent ways to des
ribe the K atomdata in a phenomenologi
al approa
h.From our previous dis
ussion it should not be a surprise that U (3)opt leadsto unphysi
al results as 
learly proven in Table I. The huge e�e
ts foundfor that form of the opti
al potential are an indi
ation that one should alsoinvestigate non-lo
al e�e
ts involving terms liker2� or (r�)2 systemati
ally.Su
h e�e
ts are outside the s
ope of the present study be
ause they are
learly not determined by the e�e
tive slope parameter be� . They will be
arefully investigated in a separate work.We stress that we do not advo
ate that either of the three phenomeno-logi
al gradient orderings is realisti
. Table I is in
luded in this work todemonstrate that non-lo
al e�e
ts are important and in parti
ular that it is
ru
ial to derive the proper gradient ordering systemati
ally. Furthermorewe point out that the expansion of the kaon self energy in small momentaq in (4) requires that the 
ontribution of the region 0 < kF < q ' 20 MeVto the kaoni
 level shifts is insigni�
ant. In order to verify this assumptionwe arti�
ially modi�ed the slope fun
tion su
h that it is zero at kF = 0 butagrees to good a

ura
y with be�(kF) for kF > 50 MeV. This is a
hieved withbe�(kF)!s k2F(20MeV)2 + k2F be�(kF) : (8)We 
onsidered the impli
ation of the modi�ed slope fun
tion (8) for the levelshift of the 126C K� system. The opti
al potentials U (1)opt and U (2)opt are foundrather insensitive to the modi�
ation of be�(kF) a

ording to (8), the levelshift and width 
hange by less than 2%.It is instru
tive to 
ompare our results with the analysis of Ramos andOset [17℄. In their approa
h the real part a[�℄ be
omes positive at somewhatsmaller densities, as 
ompared to the 
al
ulation [1℄. A more rapid 
hange ofRe a[�℄ leads to a stronger attra
tion of the opti
al potential U (0)opt and bet-ter agreement with empiri
al level shifts [18℄2. We point out that the re
ent
al
ulations [18,19℄ are not 
on
lusive sin
e, �rst, they ignore the importantnon-lo
al stru
ture of the opti
al potential and, se
ond, the opti
al potentialis still subje
t to sizeable un
ertainties from the mi
ros
opi
 kaon�nu
leon2 Note that in [19℄ an unrealisti
 density pro�le is used for light nu
lei. If the e�e
tives
attering length of [17℄ and the density pro�le (24) is used for the 126 C K� systemthe nu
lear level shift is �E = �623 eV and � = 1290 eV.
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tion. Strong non-lo
al e�e
ts are an immediate 
onsequen
e of the�(1405) resonan
e stru
ture and an important part of any mi
ros
opi
 de-s
ription of kaoni
 atom data. The un
ertainties in the opti
al potentialre�e
t the poorly determined subthreshold kaon�nu
leon s
attering ampli-tudes. The isospin zero amplitude of [17℄ and [1℄ di�er by almost a fa
torof two in the vi
inity of the �(1405) resonan
e. Naively one might expe
tthat the amplitudes of [1℄ are more reliable sin
e they are 
onstru
ted toreprodu
e the amplitudes of [10℄ whi
h are based on a 
hiral SU(3) analy-sis of the kaon�nu
leon s
attering data to 
hiral order Q2 as 
ompared tothe analysis of Ramos and Oset, whi
h 
onsiders only the leading order Q.On the other hand the amplitudes of [17℄ in
lude further 
hannels impliedby SU(3)-symmetry but not in
luded in the amplitudes of [10℄. Also thework by Ramos and Oset in
ludes the e�e
t of an in-medium modi�ed pionpropagation not in
luded in [1℄. Note, however, that su
h e�e
ts are not toolarge at small density. Clearly a reanalysis of the s
attering data and theself 
onsistent many-body approa
h in an improved 
hiral SU(3) s
heme ishighly desirable [20℄. 4. Semi-
lassi
al expansionIn this se
tion we suggest to systemati
ally 
onstru
t the non-lo
al partof the opti
al potential by a semi-
lassi
al expansion of the nu
leus stru
ture.In the previous se
tion we have demonstrated that the ordering of the gradi-ent terms has dramati
 in�uen
e on the kaoni
 level shifts. Naively one may
onje
ture that the gradient ordering should be s-wave like sin
e the va
uumkaon�nu
leon intera
tion is s-wave dominated. A perturbative s-wave inter-a
tion would give rise to the gradient ordering suggested in [1℄ in 
ontrastto the phenomenologi
al su

essful Kisslinger potential [21℄ employed in [7℄.However, sin
e the kaon self energy is obtained in a non-perturbative many-body approa
h it is not obvious as to whi
h gradient ordering to 
hoose. Inparti
ular it is un
lear to what extent the gradients are supposed to a
t onthe fun
tion be�(kF) in (4). Sin
e be�(kF) is a rapidly varying fun
tion inthe nu
lear density su
h e�e
ts have to be 
onsidered.The starting point of our semi-
lassi
al approa
h is the Klein�Gordonequationh~r2 � �2 + �! � Vem(r)�2i�(~r ) = 2� Z d3r0 Uopt(!;~r; ~r 0)�(~r 0)0 (9)with the non-lo
al K� nu
lear opti
al potential Uopt(~r; ~r 0) and ! = � �E � i �=2. Sin
e the binding energy E of a kaoni
 atom is of the order ofhundreds of keV it will be justi�ed to expand the nu
lear opti
al potential



2090 M. Lutz, W. Florkowskiin the kaon energy ! around the redu
ed kaon mass �. Here we exploit theobvious fa
t that the nu
lear part of the potential varies extremely smoothlyat that s
ale.In order to derive the form of the non-lo
ality in the nu
lear opti
al po-tential it is useful to 
onsider the in-medium kaon�nu
leon s
attering pro-
ess. The s-wave K� nu
leon intera
tion of [1℄ implies that the s
atteringamplitude, TKN (!; ~q ), depends ex
lusively on the sum of initial kaon andnu
leon momenta ~q, and energies !. Close to the kaon�nu
leon thresholdthe former 
an therefore be represented by the density dependent 
oe�
ientsaKN (�); bKN (�) and 
KN (�)TKN (!; ~q ; �) = 4� �1 + mKmN � aKN (�) + bKN(�) ~q 2� 
KN(�)�! �mN �mK�+ � � �! ; (10)where we suppress higher order terms for simpli
ity. We note that at vanish-ing baryon density one expe
ts from 
ovarian
e 2 (mN +mK) bKN = 
KN .In the nu
lear medium, however, the fun
tions bKN (�) and 
KN (�) are in-dependent quantities. The model independent low-density 
hara
teristi
 isderived in the Appendix:bKN (�) = � 16� 3�� 1(1 + �)2 1kF  �a(I=0)KN �2 + 3�a(I=1)KN �2!+O �k0F� ;
KN (�) = � 1� mK1 + � 1kF  �a(I=0)KN �2 + 3�a(I=1)KN �2!+O �k0F� : (11)It should not 
ome as a surprise that we �nd bKN � 1=kF and 
KN � 1=kFat small density. The leading term follows upon expansion of the s
atteringamplitude in powers of small momenta followed by the low density expansion.For details we refer to the Appendix. In fa
t the expansion in (10) stops to
onverge at kF < q. Sin
e the s
attering amplitude leads to the kaon selfenergy via�K(!; ~q ) = �4 kFZ0 d3p(2�)3 TKN �! +mN + ~p 22mN ; ~q + ~p� ; (12)we 
on
lude that at small density (with kF < 50 MeV ) an a

urate rep-resentation of the kaon self energy requires an in�nite number of termsin (10). A manifestation of this fa
t is that 
e� 6= kF 
KN and be� 6= kF bKN
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ros
opi
 Des
ription of K Atoms 2091at small density. We observe that at somewhat larger density with50MeV < kF <300MeV, one obtains a faithful representation of the self en-ergy keeping only a few terms in (10). In any 
ase our �nal opti
al potential(23) will be expressed dire
tly in terms of ae�(kF), be� (kF) and 
e� (kF) de-�ned in (4) and extra
ted numeri
ally form the kaon self energy of [1℄ (seedis
ussion below (20)).In order to pro
eed and derive the non-lo
al kaon opti
al potential wegeneralize (12), whi
h holds for in�nite homogeneous nu
lear matter, to thenon-lo
al system of a nu
leus (see e.g. [4℄):2�Uopt(!;~r; ~r 0) =�Xn �yn(~r )T�! � Vem(~r 0) +En; ~r; ~r 0 ��n(~r 0): (13)Here we introdu
ed the non-lo
al amplitude T (!;~r; ~r 0) and the nu
leon wavefun
tion �n(~r ) for a given nu
leus in a shell model des
ription. En is theenergy of the single parti
le wave fun
tion and the index n sums all o

upiedshell model states of the nu
leus.To make 
onta
t with the formalism for homogeneous nu
lear matter itis useful to transform the amplitude T (!; ~q; ~R ) to momentum spa
eT (!;~r; ~r 0) = Z d3q(2�)3 e i ~q �(~r�~r 0) T (!; ~q ; ~R ) (14)with ~R = (~r+~r 0)=2. In the limit of in�nite and homogeneous nu
lear matterthe amplitude T (!; ~q; ~R) does not depend on ~R and equals the previouslyanalyzed amplitude of (10). For the non-lo
al system we identify:TKN(!; ~q; �(~R)) = T (!; ~q; ~R) ; (15)where �(~R) is the density pro�le of the nu
leus. We emphasize that the iden-ti�
ation (15) negle
ts an expli
it dependen
e of the in-medium s
atteringamplitude on r2�. This is of no further 
on
ern here, be
ause su
h e�e
tsare not addressed in this work.We now aim at a shell model independent representation of the non-lo
al opti
al potential by rewriting it in terms of the nu
lear density pro�leof the nu
leus. Consider �rst the term proportional to bKN ~q 2 in (10). Werewrite its 
ontribution to the opti
al potential by means of the semi-
lassi
alexpansionbKN(~R )Xn �yn(~r )�n(~r 0) ~r~r 0 � ~r~r 0 Æ3(~r � ~r 0)= �14 ��(r) bKN (r)� 35 bKN(r) k2F(r) �(r)� 112 bKN(r)��(r)� bKN(r) (~r�(r))236 �(r) +~r~r bKN(r) �(r) �~r~r� Æ3(~r�~r 0)+O �~4� ; (16)



2092 M. Lutz, W. Florkowskiwhere we did not in
lude a spin�orbit for
e for simpli
ity (see e.g. [22℄).We emphasize that we have to drop all terms in (16) whi
h involve morethan one gradient a
ting on the density pro�le. For su
h terms the expan-sion in (4) does not make any sense. On the other hand, the last term in(16) is well established and leads to a mi
ros
opi
 interpretation of the gra-dient ordering for V2 in (7). We turn to 
KN in (10). This term appearsmost sus
eptible to shell e�e
ts sin
e it probes the shell model energies Enexpli
itly. Again we perform the semi-
lassi
al expansionXn En �yn(~r)�n(~r) =  mN + ��� �18mN � k2F(r)5mN ! �(r) +O �~4� ; (17)with �� ' �8 MeV being the one-nu
leon separation energy of the nu
leus.Again one needs to realize that, for instan
e, the term with ���k2F=(5mN ) in(17) is not determined reliably and therefore must be dropped. This follows,be
ause the expansion of the self energy in powers of ! �mK is appli
ableonly for ! �mK � 1 MeV of the order of the K atom binding energy.We summarize the results of the semi-
lassi
al expansion. It leads toa des
ription of K� atoms in terms of the empiri
al nu
lear density pro�le.Upon 
olle
ting the various 
ontributions we present the opti
al potentialas implied by (10):2�Uopt(!;~r; ~r) = � 4��1 + mKmN ���aKN [�(r)℄ �(r) + sKN [�(r)℄�+4��1 + mKmN � ~r bKN [�(r)℄ �(r) � ~r+4��1 + mKmN ��!�Vem(r)�mK�
KN [�(r)℄ �(r) ; (18)where we present the non-lo
al opti
al potential, Uopt(~r; ~r 0), in terms of thedi�erential operator, Uopt(~r; ~r), withUopt(!;~r; ~r)�(~r ) = Z d3r0 Uopt(!;~r; ~r 0)�(~r 0) : (19)We further introdu
e the renormalized e�e
tive s
attering length �aKN [�℄ anda term sKN [�℄ responsible for binding and surfa
e e�e
ts�aKN [�℄ = aKN (�) + 35 k2F �bKN(�)� 12mN 
KN (�)� ;sKN [�℄ = 112 bKN (�)  ��+ (~r�)23 � !� 14 �bKN(�) �� 
KN (�) ��� k2F2mN � �18mN ! � : (20)
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ros
opi
 Des
ription of K Atoms 2093Equation (20) is instru
tive sin
e it suggests to identify �aKN(�) with thee�e
tive s
attering length ae�(kF) introdu
ed when analyzing the kaon selfenergy. It also gives a 
lear separation of e�e
ts we have under 
ontrol fromthose whi
h are beyond the s
ope of this work. A

ording to our previousdis
ussions all terms 
olle
ted in sKN should be dropped. We arrive at our�nal form of the opti
al potential by repla
ing�aKN(�)! ae�(kF) ; bKN(kF)! be�(kF)=kF ;
KN (�)! 
e�(kF)=kF ; sKN(�)! 0 ; (21)in (18) with the fun
tions ae�(kF); be�(kF) and 
e� (kF) as extra
ted from thekaon self energy of the self 
onsistent 
al
ulation in [1℄. We point out thatthis pro
edure re
overs higher order terms in the expanded amplitude (10).Note for instan
e that (20) is written in su
h a way that �aKN in
ludes thetrivial renormalization of the s
attering length implied by (12). This justi�esthe identi�
ation of �aKN with ae�(kF), be
ause it avoids the double in
lusionof su
h e�e
ts.We present the �nal radial di�erential equation for the kaon wave fun
-tion �(~r ) = �(r)Ylm(�; �)=r as it follows from (18),(20) and (21):Z(r)� d2d r2 � l(l + 1)r2 ��(r) = �Z(r)"�2����E� i2 ��Vem(r)�2#�(r)+ 2�V (r)�(r) + 2�S(r) � dd r �(r)� ; (22)with2�V (r) = � 83� �1 + mKmN �"ae� (kF(r)) k3F(r) + dr d r be� (kF(r)) k2F(r)#;Z(r) = 1� 83� �1 + mKmN � k2F(r) be� (kF(r)) ;2�S(r) = 83� �1 + mKmN � dd r k2F(r) be� (kF(r)) ;�Z(r) = 1� 83� �1 + mKmN � k2F(r)2mK 
e� (kF(r)) : (23)The e�e
tive Klein�Gordon equation (22) shows a wave fun
tion renor-malization Z(r), a mass renormalization �Z(r) and a surfa
e intera
tionstrength S(r). Note that in (22) we approximated the linear energy de-penden
e of (18) by a quadrati
 one.
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uss the e�e
t of the semi-
lassi
al opti
al potential (22) at handof a K� bound at the 126C-
ore and 5828Ni-
ore. We use the unfolded densitypro�les of [3, 13℄:�[126C℄(r) = �0�1 + 2:234� r1:516 fm�2� exp��� r1:516 fm�2� ;�[5828Ni℄(r) = �0�1 + exp�r � 4:134 fm0:500 fm ���1 ; (24)with �0 determined by 4� R dr r2�(r)=12 for 
arbon and 4� R dr r2�(r)=58for ni
kel. In Fig. 3 the e�e
tive potential V (r), the e�e
tive surfa
e fun
-tion S(r) and the renormalization fun
tions Z(r); �Z(r) de�ned in (23) areshown for the 5828Ni density pro�le of (24). We point out that for the wavefun
tion and mass renormalization fun
tions Z(r) and �Z(r) we �nd quitelarge deviations of about 50% from the asymptoti
 value 1. Also the fun
tionS(r) shows sizeable strength 
lose to the nu
leus surfa
e.
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Fig. 3. The e�e
tive potential V (r), the e�e
tive surfa
e fun
tion S(r) andthe e�e
tive renormalization fun
tions Z(r); �Z(r) as introdu
ed in (23) for the5828Ni K� system. The solid and dashed lines represent the real and imaginaryparts, respe
tively.
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ros
opi
 Des
ription of K Atoms 2095We introdu
e the nu
lear level shift, �E, in terms of the measured tran-sition energy, �Eemp = �Eem + �E, and the theoreti
al ele
tromagneti
transition energy, �Eem. For the 126CK� system we 
onsider the 3d ! 2ptransition with Eem(2p) = 0.113763 MeV and Eem(3d) = 0.050458 MeV.For the 5828Ni K� system we 
onsider the 5g ! 4f transition with Eem(4f)= 0.641572 MeV and Eem(5g) = 0.409951 MeV. Here the Coulomb po-tential and the va
uum polarization potentials [12℄ are folded with thenu
leus density pro�le (24). We use mK� = 493:677 MeV and 1=� =137:035989. The empiri
al transition energy is �Eemp = 62:73 � 0:08 keVwith � = 1:73� 0:15 keV [15℄ for 
arbon and �Eemp = 231:408� 0:052 keVwith � = 1:230� 0:140 keV for ni
kel. Note that the resulting empiri
al nu-
lear level shifts �E = �573� 80 keV for 
arbon and �E = �213� 52 keVfor ni
kel di�er slightly from the values given in [15, 23℄ and shown inTable II. The reason for whi
h is an old value for the kaon mass, a slightlydi�erent nu
leus pro�le and the in
lusion of further small 
orre
tion terms.In Table II we 
ompare the results from the low-density opti
al poten-tial (1) with the result of the semi-
lassi
al opti
al potential. The full semi-
lassi
al potential represents the empiri
al level shifts quantitatively butunderestimates the empiri
al widths systemati
ally. As 
an be seen fromTable II the non-lo
al e�e
ts in
rease the level widths by only a small amounttowards the empiri
al values. The results obtained with the semi-
lassi
alTABLE IIResults for the 126C K� and 5828Ni K� systems. The �rst two rows show theresults from the opti
al potential (1) with (i) the empiri
al repulsive s
atteringlength aKN = (�0:18+ i 0:67) fm and (ii) the e�e
tive attra
tive s
attering lengtha(e�)KN = (0:63 + i 0:89) fm. The remaining rows show the result with the semi-
lassi
al opti
al potential (23) with (iii) be� = 0 = 
e� , (iv) with 
e� = 0 and(v) with ae� ; be� and 
e� from Fig. 2.126C (3d! 2p) 5828Ni (5g ! 4f)��E [eV℄ � [eV℄ ��E [eV℄ � [eV℄aKN 475 761 199 476a(e�)KN 593 1362 143 932be� = 0 & 
e� = 0 603 1022 248 627
e� = 0 589 1109 278 759full theory 569 1098 233 701experiment [15, 23℄ 590� 80 1730� 150 246� 52 1230� 140



2096 M. Lutz, W. Florkowskipotential di�er signi�
antly from the results obtained with phenomenologi-
al potential V2 in (7) with an ad ho
 gradient ordering. We emphasize thatthe 
ru
ial assumption of our approa
h, namely that the results are insen-sitive to the pre
ise form of the slope fun
tions be�(kF) and 
e�(kF) in theextreme surfa
e region kF < q ' 20 MeV, whi
h justi�es the expansion (4),is ful�lled. The size of the level shifts and widths, using be�(kF) and 
e�(kF)fun
tions modi�ed a

ording to (8), are a�e
ted by less than 3% for the126C K� and 5828Ni K� systems. Note that this un
ertainty is 
ertainly notresolved by the a

ura
y of the available empiri
al level shifts and widths.5. SummaryWe summarize the �ndings of our work. The kaon self energy showsa rapid density, energy and momentum dependen
e in nu
lear matter. Thisri
h stru
ture is a 
onsequen
e of a proper many-body treatment of the�(1405) resonan
e stru
ture in nu
lear matter invalidating any mean �eldtype approa
h to kaon propagation in nu
lear matter at moderate densities.Thus non-lo
al terms in the opti
al potential are large and quantitativelyimportant. If in
luded phenomenologi
ally in the 
al
ulation of the kaoni
atom spe
tra they 
ause substantial additional shifts of the binding energiesand level widths. Sin
e the kaon self energy must be obtained in a non-perturbative many-body approa
h it is not immediate as to whi
h gradientordering to 
hoose. A phenomenologi
al p-wave like ordering of gradientterms with the strength taken from the many-body 
al
ulation of [1, 17℄leads to a satisfa
tory des
ription of the kaoni
 atom level shifts. How-ever, a proper mi
ros
opi
 des
ription of K� atom data requires a 
arefulderivation of the non-lo
al part of the opti
al potential. Given the kaon selfenergy as evaluated for in�nite nu
lear matter, one 
an at the most establishnon-lo
al terms where a gradient is a
ting on the kaon wave fun
tion. Thisfollows, in parti
ular, be
ause the low-momentum expansion of the self en-ergy 
onverges only for q < kF on
e the important Pauli blo
king e�e
ts are
onsidered. In this work we established that for su
h non-lo
al e�e
ts thetypi
al kaon momentum is indeed smaller than the typi
al Fermi momentumas probed in K atoms. This justi�es an expansion of the kaon self energy insmall momenta. We reiterate that given only the kaon self energy of in�nitenu
lear matter any 
ontribution 
onsidered for the opti
al potential whi
hinvolves r2 � is not 
ontrolled and therefore must be dropped.We derived the mi
ros
opi
 stru
ture of the opti
al potential by meansof the semi
lassi
al expansion in the se
ond part of this work systemati
ally.At present this approa
h reprodu
es the empiri
al level shifts quantitativelybut underestimates the empiri
al widths systemati
ally. The mi
ros
opi
opti
al potential leads to less pronoun
ed non-lo
al e�e
ts as 
ompared to
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ros
opi
 Des
ription of K Atoms 2097the phenomenologi
al opti
al potential with p-wave like gradient ordering.Further improvements are 
on
eivable. For instan
e the non-lo
al e�e
tsinvolving r2� should be studied and also p-wave intera
tion terms shouldbe 
onsidered. Moreover, the kaoni
 atom data appear very sensitive to thepre
ise mi
ros
opi
 intera
tion of the kaon�nu
leon system. An improvedmi
ros
opi
 input for the many-body 
al
ulation of the kaon self energyis desirable. This is supported by the re
ent 
hiral SU(3) analysis of thekaon�nu
leon s
attering data whi
h in
ludes for the �rst time also p-wavee�e
ts systemati
ally [20℄. It is found that the subthreshold kaon�nu
leons
attering amplitudes di�er strongly from those of [10, 17℄ and that p-wavee�e
ts in the isospin one 
hannel are strong. An evaluation of the many-bodye�e
ts based on the improved 
hiral SU(3)-dynami
s is in progress [24℄.W.F. thanks the members of the Theory Group at GSI for very warmhospitality. M.L. a
knowledges partial support by the Polish State Commit-tee for S
ienti�
 Resear
h (KBN) grant 2P03B00814.AppendixIn this appendix we derive the 
ontribution from Pauli Blo
king (PB)to the in-medium kaon�nu
leon s
attering pro
ess and the kaon self energy.Pauli blo
king indu
es a model independent term in the s
attering amplitudeT (PB)KN (! +mN ; ~q ) and self energy �(PB)K (!; ~q ) proportional to the squareds-wave s
attering lengths:T (PB)KN (! +mN ; ~q ) = � (1 + �)��a(0)KN�2 + 3 �a(1)KN�2� I(!; ~q ) ;�(PB)K (!; ~q) = �4 kFZ0 d3p(2�)3 T (PB)KN (! +mN + p2(2mN ) ; ~p+ ~q ) ; (25)with � = mK=mN andI(!; ~q ) = i p
:m:[!; ~q ℄� kFZ0 d3l(2�)3 4�(1 + �)m2K+�m2K�!2+(1+!=mN )~l2 � 2~l � ~q + ~q2 � i" ;p(!+mN )2�~q 2= qm2N + p2
:m:[!; ~q ℄ +qm2K +�m2K + p2
:m:[!; ~q ℄ : (26)



2098 M. Lutz, W. FlorkowskiNote that in the denominator of (26) we negle
ted relativisti
 
orre
tionterms of the form (l2)n+1=m2nN or ! (l2)n+1=m2n+1N with n � 1 but keptthe 
orre
tion term !=mN . The latter term is important sin
e it renders thederivatives �!�(mK ; 0) and �q2�(mK ; 0) �nite and well de�ned at ! = mKand q2 = 0. We emphasize that the in
lusion of the kaon mass modi�
ation�m2K � k3F as required in a self-
onsistent 
al
ulation [1℄ leads to a wellde�ned behavior of I(!; ~q ) 
lose to ! ' mK and ~q ' 0. Similarly, assuggested in [25℄, one may in
lude nu
lear binding e�e
ts in I(!; ~q ) by re-pla
ing mN ! mN + �mN and ! ! ! � �mN in the r.h.s of (26). Thisleads to identi
al results for the low-density limits �! T (mK +mN ; 0) and�q2 T (mK +mN ; 0) sin
e only the 
ombination �mK + �mN is a
tive atleading order and will 
an
el identi
ally. It is straightforward to derive:�� ! I(mK ; 0) = 4� mKkF 11 + � +O �k0F� ;�� q2 I(mK ; 0) = � 23� 1kF 3�� 1(1 + �)2 +O �k0F� ; (27)leading to our result (11). Note that the two terms in I(!; ~q ) lead to 
on-tributions proportional to 1=p�mK +�mN in (27) whi
h, however, 
an
elidenti
ally. Similarly one may expandkFZ0 d3p(2�)3 I(mK + p2(2mN ) ; ~p ) = � k4F4�3 1� �2 + �2 ln�2(1� �)2 (1 + �) +O �k5F� ;dd ! �����!=mK kFZ0 d3p(2�)3 I(! + p2(2mN ) ; ~p ) = �k2F mK2�3 ln j�j1 + � +O �k3F� ;dd q2 �����q2=0 kFZ0 d3p(2�)3 I(mK + p2(2mN ) ; ~p+ ~q )= k2F4�3 73 ln j�j1 + � + 23 1� �2 + 2�2 ln j�j(1 + �) (1 � �)2 !+O �k3F� ; (28)and arrive at the low-density limit of be�(0) and 
e�(0) as given in (5). For
ompleteness we in
luded in (28) the integral leading to the k4F -term in theself energy given in [1℄. Its limit for small � was derived in [26℄.
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