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TOWARDS THE MATRIX MODEL OF M-THEORYON A LATTICER.A. Janika;b and J. WosiekbaServie de Physique Theorique CEA-SalayF-91191 Gif-sur-Yvette Cedex, FranebM. Smoluhowski Institute of Physis, Jagellonian UniversityReymonta 4, 30-059 Craow, Poland(Reeived May 15, 2001)The Wilson disretization of the dimensionally redued supersymmetriYang�Mills theory is onstruted. This gives a lattie version of the matrixmodel of M-theory. An SU(2) model is studied numerially in the quenhedapproximation for D = 4. The system shows anonial saling in theontinuum limit. A lear signal for a prototype of the �blak hole to strings�phase transition is found. The pseudoritial temperature is determinedand the temperature dependene of the total size of the system is measuredin both phases. Further appliations are outlined.PACS numbers: 11.15.Ha, 11.25.Sq1. Introdution and lattie formulationAording to the elebrated Banks, Fishler, Shenker and Susskund(BFSS) hypothesis [1℄, the matrix quantum mehanis [2℄ desribes qual-itatively many properties of the �nal unifying theory (the M-theory). Inpartiular, onfronting its thermodynamis with the preditions of the su-pergravity models is onsidered as an important quantitative test of theBFSS hypothesis and more generally the SYM/supergravity duality [3, 4℄.The omplete solution of the matrix quantum mehanis is not knowneven though it is muh simpler than a onventional �eld theory. In thispaper we onstrut the Wilson disretization of the model, and study itsyet simpler version with the lattie methods. In partiular, we �nd theonset of a prototype blak hole to strings phase transition and determinequantitatively some of its properties. Of ourse, the true blak hole phaseof the full D0 brane system is muh more omplex. It is, therefore, quiteappealing that the simpli�ed model onsidered in this exploratory studyreveals an important part of the phase struture.(2143)



2144 R.A. Janik, J. WosiekMany other problems an be attaked within the present approah open-ing a new area of exiting appliations. To our knowledge, this is the �rststudy of the M-theory related quantum mehanis and its thermodynamison a lattie. At the same time we emphasize that the idea of the nonper-turbative, numerial or partly analyti, study of the string related matrixmodels is not new. Several groups have formulated and studied, following theEguhi and Kawai [5℄, the zero dimensional (e.g. dimensionally redued to apoint) supersymmetri IIB string model [6℄. Interestingly, supersymmetry isnot broken in this formulation providing one of the attrative features of thewhole sheme as opposed to the lattie disretization. The main, impres-sive goal of the above approah is an attempt to understand the dynamialmehanism of the ompati�ation of higher dimensions (see Refs. [7, 8℄ fora review, omplete referenes and reent developments). Independently, theMonte Carlo and analytial study of the non-ompat SU(N) integrals, rele-vant for the supersymmetri matrix models, have been reported in Refs. [9℄.We begin with the BFSS proposition to use the dimensionally reduedSUSY YM theory in D=10 dimensions as a model for the relevant degreesof freedom of M-theory. For general D the ation reads [10℄S = Z dt�12TrF��(t)2 + �	a(t)D	a(t)� : (1)In the proess of dimensional redution all �elds are assumed to be indepen-dent of the spae variables xi, i = 1 : : : D�1 . Consequently all spae deriva-tives in the �eld tensor F�� and in the Dira operator D vanish (�i ! 0), andthe ation (1) desribes supersymmetri quantum mehanis of D�1 bosonsand their fermioni partners. The temporal omponents of the gauge �eldsare nondynamial and serve to impose Gauss law onstraints. The orig-inal D dimensional theory is supersymmetri at the lassial level only inD = 2, 4, 6 and 10 dimensions, where appropriate (Majorana, Weyl or both)onditions are imposed [11℄. Fermioni �elds 	a(t) belong to the adjoint rep-resentation of the gauge group SU(N), a = 1 : : : N2 � 1. Finally, the BFSSproposal requires N ! 1 sine this variable orresponds to the eleventhomponent of the momentum in the in�nite momentum frame where theoriginal theory is onsidered.We propose to study the above system with methods of the Lattie FieldTheory. To this end onsider D dimensional hyperubi lattie N1�� � ��NDredued in all spae diretions to Ni = 1, i = 1 : : : D � 1. Gauge andfermioni variables are assigned to links and sites of the new elongated lattiein the standard manner. The gauge part of the ation reads
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SG = �� NtXm=1X�>� 1NRe (TrU��(m)); (2)with � = 2Na3g2 ; (3)and U��(m) = U y�(m)U y�(m+ �)U�(m+ �)U�(m) ;U�(m) = exp (iagA�(am)) ;where a denotes the lattie onstant and g is the gauge oupling in onedimension. The integer time oordinate along the lattie is m. Periodiboundary onditions U�(m + �) = U�(m), � = 1 : : : D � 1, guarantee thatWilson plaquettes U�� tend, in the lassial ontinuum limit, to the appro-priate omponents F�� with spae derivatives absent. In this formulationthe projetion on gauge invariant states is naturally implemented.Disretization of the Dira operator is analogous to the now standardonstrution of the supersymmetri Yang�Mills theories on a lattie [12℄.We do not address here important, and spei� for D=10, questions of Eu-lidean formulation for the fermioni degrees of freedom already disussedin [9℄ and Weyl projetion on the lattie [13℄. Due to the Ni = 1 periodiityall hopping terms along the spae diretions ollapse into the diagonal bloksof the fermioni matrix whih e�etively beomes three-diagonal. This sig-ni�antly simpli�es evaluation of its determinant or pfa�an for Majoranaonstraint. For example, we have developed an algorithm whih reduesthe omputational e�ort of the exat evaluation of the pfa�an of the anti-symmetri fermioni matrix from O(V 3) to O(V ), V being the volume ofthe system. Even with this improvement, however, lattie simulations withdynamial fermions are muh more time onsuming than the pure gaugeomputations.Therefore, as a �rst step, we simulate the ation (2) in the quenhed ap-proximation, with the SU(2) gauge group, and for D = 4. The reader maywell wonder if suh a severely redued system an retain some resemblaneto the original one. We follow here the standard pragmati approah widelyaepted for exploratory studies of new onstrutions [14℄, also in the super-symmetri models [15℄. Instead of dwelling now into arguments [17,18,22,23℄,we shall disuss these problems together with our results sine we belive thatthey are enouraging even with the assumed simpli�ations. Needless to say,one should gradually remove the above approximations in the forthomingomputations. This is espeially important for studying the low temperaturephase where the supersymmetry restoration may be essential.



2146 R.A. Janik, J. WosiekOne of the most exiting features of the new theory is the explanation ofthe Bekenstein�Hawking entropy puzzle in terms of the mirosopi degreesof freedom of the elementary strings/branes [20℄. In partiular the theorypredits existene of a phase transition at whih a blak hole �dissolves� intoits elementary onstituents [3, 21℄. Therefore, as a �rst appliation of ouronstrution, we study the phase struture of the system (2). Moreover,lattie results on QCD at �nite temperature show that the very fat of theexistene of the phase transition is not sensitive to quenhing. Obviously,the sharp transition ould our only at in�nite N for this one dimensionalsystem with loal interations. However, similarly to the �nite volume e�etsin statistial physis, we expet a broad rossover for �nite and even smallN 1. Subsequent simulations for larger N should provide more informationfor the quantitative (e.g. �nite size saling) analysis.2. ResultsAs an order parameter we hoose the distribution of the Polyakov lineP = 1N Tr NtYm=1UD(m)! : (4)Similarly to lattie QCD, symmetri onentration of the eigenvalues around0 indiates a low temperature phase (whih would have the interpretationof a blak hole phase in the full model) where hP i � 0, while lusteringaround �1 (for SU(2)) is harateristi of the high temperature (elementaryexitations) phase.A sample of results for di�erent Nt(� ND) and � is shown in Fig. 1.Indeed, for eah Nt, we see a de�nite hange of the shape with �. This isthe �rst result: the system (2) shows unambiguously the onset of the phasehange, even in the quenhed approximation and for N = 2.Seond, the dependene of the pseudoritial temperature � on the timeextent Nt is onsistent with the ontinuum limit expetations T � (g2N)1=3[19℄. Indeed, the temperature of a system is given by T = 1=(aNt) . Togetherwith Eq. (3) these relations imply � � N3t . The estimates for � intervalswhere the hange of phases our are presented in Table I for several lattiesizes Nt. Results of the power law �t are also quoted. A good quality of the�t and the agreement with the anonial exponent,  = 3, is enouraging.Simultaneously, we obtain the proportionality oe�ient � whih translates1 In the exatly soluble, for �nite V = L2, Ising2 model, a broad enhanement in thespei� heat exists already for L = 2; 3 : : :, and turns smoothly into a singular peakfor L!1.
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NtFig. 1. Distribution of the Polyakov line (4), �1 < P < 1, for di�erent � and Nt.Note di�erent � range for di�erent Nt.into T = � �2N2�1=3 (g2N)1=3 = (0:28 � 0:03)(g2N)1=3: (5)To summarize this point: the observed dependene of � on Nt agrees withthe anonial saling expetations for the one dimensional system, and indi-ates the �nite value of the transition temperature in the ontinuum. More-over, the oe�ient in the ontinuum relation (5) has been determined forthe �rst time. Only proportionality of the two sales has been onsidereduntil now [3, 19, 21℄. Sine both, the pseudoritial temperature and �, de-pend in general on N , it is important to repeat similar analysis for highergauge groups. TABLE IEstimated loation of the transition region � 2 (�low; �up) for di�erent lattie sizesNt and results of the power �t.Nt �low �up2 1.25 1.53 3.5 5.04 8.0 16.05 15.0 40.0�t: � = �Nt�2/NDF � 0:55=2 0:17� 0:05 3:02� 0:33Conerning the relevane of the small N results, lattie simulations forQCD strongly suggest that indeed 't Hooft hoie of the oupling onstant,� = g2N , takes into aount main large N e�ets. In fat it was found that



2148 R.A. Janik, J. Wosiekeven results for SU(2) are not far from those with higher N [17℄. This isonsidered as a hint that even small N alulations may ontain useful in-formation [18℄. Similar piture follows from the exat solution of the Gross�Witten model for �nite N 2. Of ourse, other large N features may show uplater. Hene the systemati study of the N dependene, augmented by the�nite size saling analysis, should follow present exploratory estimates.Next we study the temperature dependene of the total size of the systemR2 = g2Pa(Aai )2 [19℄. We de�ne for SU(2)
R2� � 4� 
(TrUs)2�a2 ; (6)where Us is any spae link. Due to the periodiity (Ns = 1) in spae (6) isgauge invariant.One dimensional Yang�Mills oupling g provides a single sale for allontinuum observables similarly to �QCD in four dimensions. In the fol-lowing all dimensional quantities quoted in units of g2=3 are denoted by atilde.Even though the quantum mehanial system (2) is muh simpler thanthe full D-dimensional �eld theory, extrating the ontinuum limit of thelattie formulation (2) may be a nontrivial task. For example, the abovelimit ontains the omplete information about both the perturbative weakoupling and nonperturbative strong oupling regimes in the ontinuum.Tehnially, relation (3) implies that a reasonably small lattie onstant,a requires simulation with a very large oupling �. In addition, the onedimensional systems are harder to thermalize. All this poses an interestinghallenge in onstruting new algorithms suitable for this problem. Someof suh algorithms are under development and will be disussed elsewhere.Here we use mostly the standard loal Metropolis update. To overomethe ritial slowing down we simply inrease the number of thermalizationand deorrelation sweeps with �, until results beome independent of thestarting on�guration. This turned out to be in aord with the dynamialexponent z = 2. For example when running at ~a = 1:0 we used 5000thermalization and 50 deorrelation sweeps, while for ~a = 0:1 about 106thermalization and 5000 deorrelation sweeps were required. One of thenew algorithms mentioned above is the SU(2) heat bath designed for anupdate of the spae�spae plaquettes in the ation (2) whih ontain twiethe same link. Current version is e�etive only for � < 64. Results obtainedwith the new heat bath and the standard Metropolis agree within statistialerrors. To hek independently the performane of the Metropolis algorithm2 For example, the ritial oupling � an be reprodued within 25% from the �rst�ve N 's.



Towards the Matrix Model of M-Theory on a Lattie 2149for higher � we have also monitored the orrelation length in the torelonhannel at zero (i.e. low) temperature. It reveals the expeted anonialsaling with a.Fig. 2 shows the dependene of ~R2 on ~a, for several values of the temper-ature ~T . MC results depend smoothly on a, at �xed T , whih on�rms theexistene of the ontinuum limit (6). The a dependene is learly di�erentin low and high temperature regions. For 0:1 < ~T < 0:3, h ~R2i is pratiallyindependent of ~a and points for di�erent (but small) ~T ollapse on the sameline. For higher ~T quadrati minimum at ~a = 0 develops and shrinks withthe further inrease of the temperature. For ~T > 1:5 simulations for smaller~a are required in order to see this struture and determine the ontinuumlimit. We have also extrated hR2i from another lattie observable jTr(Us)jwith pratially the same results.
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~aFig. 2. Dependene of the total size of the system on a, for ~T = 0:1; 0:3; 0:6; 0:9;1.2 and 1:5 (upwards) in units of g2=3. Quarti �ts are represented by the solidlines.Fig. 3 shows the size of the system extrapolated to a = 0 as a funtionof the temperature. Both quadrati and quarti �ts of a dependene wereused to perform the extrapolation. We have also heked the stability ofquadrati �ts with respet to removing one or two data points with smallesta (highest �). Results of the extrapolation were stable with respet to allthese variations. Small systemati shifts are inluded in the errors displayedin Fig. 3. It is known that a typial quantum mehanial system of �nitenumber of degrees of freedom does not generate any nontrivial anomalous



2150 R.A. Janik, J. Wosiekdimensions or running oupling [23℄. This is on�rmed, within the availablepreision, by the quality of our �ts whih were hosen only on a basis of asimple dimensional onsiderations.
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TFig. 3. Size of the system (6) extrapolated to the ontinuum, as a funtion of thetemperature.This point is also relevant to the important question of the restorationof the supersymmetry broken by lattie disretization. In fat the problemredues again to the ability to ontrol the ontinuum limit where the su-persymmetry should be restored [16℄. Fortunately, as just explained, thesituation is simpler than in the full D dimensional quantum theory within�nite number of degrees of freedom. Both our �experimental� results (i.e.,on , and suessful quadrati extrapolations in Fig. 2) on�rm that indeedthe ontinuum limit an be extrated with some on�dene. With dynamialfermions the system still remains �nite and one does not expet fundamentaldi�erene at least in this respet3.The loation of the transition region in Fig. 3 is in a rough agreementwith the estimate (5) of the pseudoritial temperature ~T = 0:35 � 0:04 4.Again, it is evident that the system is indeed di�erent in the two regimes.Moreover, our results agree qualitatively with the analytial predition ob-tained by solving a gap equation in the in�nite N limit [19℄. The latter gives3 At the same time other interesting issues (e.g., of the hiral limit) emerge whih makeunquenhed simulations even more hallenging, f. the disussion in Conlusions.4 The pseudoritial temperatures determined from di�erent observables an be di�er-ent.



Towards the Matrix Model of M-Theory on a Lattie 2151a temperature independent onstant at low temperatures and the lassialT 1=2 growth for high temperatures. We have also found a reasonable agree-ment with a simple mean �eld model for SU(2) with the gauge projetion5.As expeted the model does not have a phase transition, but shows a smoothrossover loated as in Fig. 3. The onstant value for 
R2� is satisfatorilyreprodued in the low temperature, vauum driven region. At higher tem-peratures the model predits intermediate linear, albeit weaker than MC,behavior whih asymptotially turns over into T 1=2 as in the in�nite N ase.3. ConlusionsWe have onstruted the matrix model of M-theory on a lattie in D =2; 4; 6 and 10 dimensions. The resulting system orresponds to the super-symmetri formulation of Yang�Mills theory on the asymmetri D-dimen-sional lattie with all D� 1 spae extensions Ns = 1. The new onstrutionwas tested in the quenhed approximation for D=4 and N = 2. In partiu-lar, we have found the onset of a blak hole to strings transition even for theSU(2) gauge group. The pseudoritial temperature was determined. Thesize of the system was also measured at di�erent temperatures and lattieut-o�s. It shows the expeted anonial saling. After extrapolation tothe ontinuum limit it on�rms the existene of the two phases and agreesqualitatively with the mean �eld alulations.A host of new appliations an follow. On the tehnial side, new algo-rithms are required to redue the ritial slowing down at very large valuesof the lattie oupling. Suh studies have already begun. Inluding dy-namial fermions is failitated by the linear nature of the system and maylead to more e�ient fermioni algorithms. Certainly the issue of dynami-al fermions is very important espeially in the low temperature phase sineone expets that supersymmetry should be broken only in a minimal fashionthere. With dynamial fermions in D = 10 one may have to use the reentlyproposed hiral formulation [13℄. On the other hand for the redued systemthe task may be simpler than e.g. for QCD. It would also be very interestingto apply analytial methods developed in [24,25℄. Inidentally, a merit of thepresent approah is the possibility to draw from the expertise, tehniquesand algorithms developed in the lattie ommunity.A systemati study of the model for higher N would allow �nite sizeanalysis and determine more detailed harateristis of the transition. Inpartiular, it would be interesting to hek if the �soft� dependene on Nobserved for D = 3 and D = 4 SU(N) lattie YM [17℄, persists in the SYMquantum mehanial model.5 To be disussed in detail elsewhere.
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