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It is shown that among four models of the Nijmegen baryon—baryon
interaction, only model F is consistent both with the analysis of X'~ atoms
and (K, ) reactions. Simple estimates of the strong-interaction shifts and
widths of the lowest observed levels of X~ atoms are applied for model F
with satisfying results. It is concluded that model F is favored as a realistic
representation of the Y’ N interaction.
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1. Introduction

Observed properties of X~ atoms, i.e., strong-interaction shifts ¢ and
widths I" of the lowest observed levels, provide us with valuable information
on the strong interaction between X'~ and the nucleons, as well as on the
nucleon density distribution in the nucleus of the X~ atom. In a recent
comprehensive phenomenological analysis of the existing X'~ data Batty,
Friedman, and Gal [1] found the following striking property of the single
particle (s.p.) strong-interaction potential of X'~: it is repulsive inside the
nucleus and attractive outside. The need for the repulsion arose when new
data were included into the analysis, namely the results of Powers at al. [2],
especially their precise data on the X~ Pb atom.
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This behavior of X~ s.p. potential found in the analysis of ¥'~ atoms
is consistent with the analysis of the pion spectra! measured in (K, )
reactions, which suggests a ¥ s.p. potential repulsive inside nuclei [3, 4]
(with a substantial positive Lane potential V; [5]).

In the present paper we consider the Nijmegen models of the baryon-
baryon interaction: models D [6], F [7], Soft-Core (SC) model [8], and the
New Soft-Core (NSC) model [9], and want to find out whether any of them
leads to the observed properties of Y~ atoms. In our analysis, we apply
the effective X'~ N interaction in nuclear matter, IC, obtained within the
Low Order Brueckner (LOB) theory with the above interaction models by
Yamamoto, Motoba, Himeno, Tkeda, and Nagata [10], and by Rijken, Stoks,
and Yamamoto [9] (the so called YNG interactions).

The single-particle (s.p.) potential V' of the ¥~ moving with momen-
tum hAky in nuclear matter with nucleon density p and neutron excess
a = (N — Z)/A has the form [5]:

1
V(ks,p,a) = Volks,p) + 50Vr (k. p) (1)

Here, we ignore terms connected with spin excess, considered in [11], which
are usually negligibly small.

Expressions for the isoscalar potential V; and for the Lane potential
V; in terms of the effective ¥ N interaction K are given in [5]. When we
apply the expression for V4 to the YNG effective ' N interactions, we get
the results shown in Fig. 1. (Because of the relatively small magnitude of X
momenta in X~ atoms, the value ky = 0 is used in Fig. 1.) We see that only
model F of the Nijmegen baryon—baryon interaction leads to repulsive Vg at

nucleon densities p % 0.05 fm 3 encountered inside nuclei, and to attractive
Vo at lower densities encountered in the nuclear surface. All the remaining
models lead to attractive Vy at all densities. This means that only model
F leads to the X s.p. potential which is in qualitative agreement with the
phenomenological analysis [1] of X~ atoms? and also with the pion spectra
measured in the (K, ) reactions.

The important question is whether model F can explain quantitatively
the measured properties of X~ atoms. It is the purpose of the present paper
to show that this is indeed the case. We start with model F of the hyperon—
nucleon interaction, estimate the energy shifts ¢ and widths I' of the %~
atomic levels, and show that they are reasonably close to experimental data.

! The shift of the pion spectrum toward higher X energies, compared with the quasi-free
model, obviously suggests repulsion.

2 The behavior of V; is irrelevant here, because the analysis in [1] was applied also to
the ¥~ atoms with NV = Z in which V; plays a negligible role.
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Fig.1. The isoscalar X potential in nuclear matter V4 as function of nucleon density
pfor kx =0.

The paper is organized as follows. Our computational procedure is pre-
sented in Sec. 2. In Sec. 2.1 the expression for I' is derived. In Sec. 2.2
our approximate expression for € is presented. Our choice of the proton and
the neutron densities is discussed in Sec. 2.3. Our results are presented,
compared with experimental data, and discussed in Sec. 3.

2. The computational procedure

In our calculations, we apply the local density approximation: the X~
atom is treated at each point as Y~ moving in nuclear matter with the local
nuclear density of the ¥~ atom. Since the strong interaction of X~ occurs
in the tail of the nuclear density distribution (where the derivative of the
density tends to zero), gradient corrections should not be important.

2.1. Expression for I’

Here we follow the procedure applied in [12] in explaining the early data
on X atomic widths. Our expression (2) for I" in terms of the ¥4 conversion
cross section was used before in [13]. In the context of X' nuclear interaction
it was first discussed by Gal and Dover [14].

We consider a X~ hyperon moving with momentum Ak y in nuclear mat-
ter with proton density p,. The probability in unit time, w, that the hyperon
collides with a proton and undergoes the conversion X "p — Anis w = p,vo,
where ¢ is the total cross section for the conversion process and v is the X ™p
relative velocity. The ¥~ life time 7 = 1/w is connected with I" through
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the relation 71" = h. Thus we get:

ﬁ2
I'= Ty, ks) = pyhlvo) = pp——(kspo) . (2)
Hxp

where ( ) denotes averaging over proton momenta, fiky, is the ¥~ p relative
momentum, and p ), is the Y 7p reduced mass.

A justification of semi-classical expression (2) may be found in [12| and
[13], where a more precise expression for I' was obtained by applying the
optical theorem to the Brueckner reaction matrix K. This more precise
expression differs from expression (2) by containing corrections caused by
the exclusion principle and dispersive effects. The crucial point is that at the
very small nucleon densities relevant in X¥'~ atoms, both these corrections
are negligibly small.

When applying expression (2) to X'~ atoms, we insert for p, the average
proton density p, in X~ atom:

po= [ dry(r)| s (P (3)

where Uy (r) is the wave function of ¥~ and pp(r) is the proton density
distribution in the X'~ atom.

Similarly, we insert for ky in (2) the average ¥ momentum of ¥~ in
the rest frame of nuclear medium, ky, connected with the average rela-
tive ¥ "-nucleus momentum kx4 by: ky = MEEEA/;@A, where pupa =
MxMa/(Ms + My) is the ¥~ -nucleus (of mass M4) reduced mass. We
determine kx4 from: _

PR

ot = (F5IT| 7). (@)

where T is the operator of the kinetic energy of the relative X~ -nucleus
motion.

In the observed states of X~ atoms the X'~ hyperon moves on a circular
orbit. We describe the circular orbit (I = n—1, where [ and n are the orbital
and principal quantum numbers) around a nucleus (A nucleons, Z protons)
by the hydrogen wave function:

vo() = My,

Ry = <2ﬂ>" [exp(—'nr/an) -

an (2n — 1)la,]'/2”’

where a, = (n%/Ze?)h?/ux 4 is the radius of the orbit.
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With form (5) of ¥ the integration in expression (3) for p, for a general
form of py(r) has to be performed numerically. On the other hand, expression
(4) does not require any computation, since the virial theorem leads to the
known result: (Uy|T|¥s) = Ze?/2ay,.

For the total YA conversion cross section o we shall use two parametriza-
tions. The first one, adjusted by Gal, Toker, and Alexander [15] to the X'~
low energy regime up to 300 MeV /c in the laboratory frame, has the form

U vy 1 9
Ea_(1+13z) 5.1 fm?. (6)

Expression (6) gives for (v/c)o results very close to the results obtained
with model F (see [7]). Consequently, using expression (2) with vo given
by expression (6) is equivalent to (and much simpler than) calculating I’
starting with model F of the hyperon-nucleon interaction?.

The second one, suggested by Oset et al. [16] and adjusted to the ¥~

low energy regime up to 160 MeV /¢, has the form:

Vo~ 1.7 fm?. (7)
c

This form follows from the assumption that the transition matrix for the
Y ~p — An process is constant, and only the phase space factor introduces
the energy dependence of o. The effect of this factor on (v/c)o is negligible
in the low energy range relevant in X'~ atoms and is not indicated in Eq. (7).

The two parametrizations differ. This is possible because the experimen-
tal points to which both of them are adjusted have big error bars. Further-
more, we need in expression (2) for I" the cross section o at the average X~
momentum px = hky which varies from 13 MeV /c for the upper level in '2C
to 80 MeV /c for the lower level in 2%Pb. Now, the experimental points start
at 110 MeV /¢, and thus we use the two parametrizations to extrapolate the
values of 0 to ¥~ momenta smaller than 110 MeV /c. This leads to a big
uncertainty in ¢ and consequently in our calculated values of I'.

Whereas the extrapolation of ¢ to small 3 momenta with parametriza-
tion (6) is consistent with model F, this is not the case with parametrization
(7). Thus the results for I" obtained with parametrization (7) go beyond
the discussion of model F. Nevertheless we include this parametrization in
our estimate of I' to indicate that a more precise measurement of the XA
conversion cross section is essential for discussing widths of %~ atoms and
YN interaction.

3 Notice that at very small nucleon densities the  matrix is identical with the free
scattering matrix whose imaginary part — via the optical theorem — is proportional
to vo.
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2.2. Estimate of €

Let us consider a X'~ atom with proton and neutron density distributions
pp(r) and p,(r) respectively. At any distance r, we treat the system as
nuclear matter with total nucleon density p(r) = pp(r) + pn(r) and with
neutron excess a(r) = [pn(r) — pp(r)]/p(r), and with a ¥~ hyperon with
momentum ky & 0. [The last approximation is justified by the very weak
dependence of the X' s.p. potential in nuclear matter on kjx found in [5], and
by the relatively small magnitude of X momenta in ¥~ atoms (see values
of ky presented in Sec. 3).] To get the value of the ¥~ s.p. potential in 5~
atom at a distance r, we calculate Vo -(ks, p(r)) at ks = 0 by applying the
expressions given in [5] with the YNG effective interactions of [10] (and [9]).
In this way we obtain the isoscalar and the Lane potentials in X'~ atom at
a distance r,

Vo(r) = Vo(ksz = 0,p(r)), Vi(r) = Vr(ks = 0,p(r)), (8)

and the total nuclear s.p. 3~ potential,

1
V() = Volr) + 2alr)Vi (r). Q
With this V/(r), we estimate ¢ in the first order perturbation approxima-
tion:

e = —(Wy|V|Fy) = —/drV(r)R(r)Q. (10)
0

Notice the negative sign which makes € positive for downward shift of the
level. The measured energy of v transition to the level is then increased
by €. Thus ¢ defined in (10) is equal to this increase in 7y energy.

2.3. Proton and neutron density distributions

The proton and neutron density distributions, p,(r) and p,(r) used in
our calculation have been obtained from the Isomorphic Shell Model (ISM).

The ISM model differs from the conventional shell model by the state
dependence of the s.p. Hamiltonian: the s.p. potential is different in each
shell — in each of them it is assumed to have the shape of a harmonic
oscillator [17]. The way of determining the parameters of these harmonic
oscillator potentials is explained in [18] (see also [19] and references therein).
The important point is that the ISM model reproduces reasonably well the
total nuclear binding, and — what is particularly important in our calcula-
tions — the proton and neutron separation energies and the empirical charge
distributions.
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The final version of the ISM neutron densities in the case of "W and
208Ph are not available, and in these two cases we assumed that the neutron
density has the same shape as the proton density, i.e., we put p,(r) =
(N/Z)pp(r). We checked that this procedure when applied in cases of all
other nuclei considered here would have only a very small effect on the
calculated values of ¢.

3. Results and discussion

Our results are presented in Table I together with the existing experi-
mental data. The two calculated values of I' were obtained by applying the
two parametrizations of the YA conversion cross section o: the greater value
was obtained with parametrization (6) of Gal et al. [15], and the lower value
with parametrization (7) of Oset et al. [16].

TABLE 1

Energy shifts ¢ of the lower level calculated with model F of the XN interaction,
and widths I and I'* calculated respectively for the lower and upper level of the
indicated X'~ atoms together with the corresponding experimental results. All
energies are in eV.

Nucl. n+l1—n ¢ Eexp r Texp r I
2@ 4—3 865 — 17-43 — 0.007-0.019 0.031 £+ 0.012?
160 4-53  52.0 320 +230° 178425 — 0.14-0.36 1.0£0.7°

Mg  5—4 321 25+40° 2865 < 70" 0.05-0.13  0.11 £ 0.09°
Al 5—4  66.7 6828 65-149 43+ 75"  0.15-0.36  0.24 +0.06°
g 5—4 138.6 159 +36° 136-306 220=+110> 0.37-0.88  0.41 +0.10°
32g 5—4  440.6 360 =+ 220° 501-1086 870 + 700" 1.87-4.30 1.54+0.8"

Ca 65 266 — 24-52 — 0.08-0.18  0.41 40.22*
BT 65 472 — 74-155 — 0.31-0.68  0.65 £ 0.42%
1¥Ba 958 333 — 55-99 — 0.88-1.65 2.9 + 3.5%
184y 10—9 126.2 2144+60° 121-203 18 £149°  2.66-4.67 242°
208pL  10—9  457.0 422 4+56° 539-903 4304 160° 15.9-26.7 17 + 3¢

2 Data taken from Ref. [20].
b Data taken from Ref. [21].
¢ Data taken from Ref. [2].

Now let us discuss the accuracy of our results.

Our estimate of I' is based on the assumption that I' is equal to the
width of X moving with an average momentum in nuclear matter of an
average density. This procedure was applied successfully in nuclear physics
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(in estimating the width of nucleon hole states) a long time ago by Kohler
[22]. We introduce an additional approximation by calculating the average
momentum and density with the help of the hydrogenlike function. In most
of the atoms, the calculated widths I' and I'* consistent with model F,
1.€., the greater values listed in Table I, are in reasonable agreement with
experimental data. However in some cases, including the case of Pb, the
agreement is better for our results obtained with parametrization (7) of the
conversion cross section o. A definite conclusion is difficult because of the
insufficient knowledge of the cross section ¢ and the poor accuracy of the
measured widths, I'ex, and Fg(p.

In our estimate of ¢, we apply the first order perturbation approximation
in the nuclear s.p. X~ potential V', and the problem arises whether pertur-
bative treatment of the nuclear interaction in X'~ atoms is justified. This
problem in other hadronic atoms has been investigated in a number of pub-
lications (see, e.g., [1,23-25]). It appears that the Zel’dovich effect [26,27]
plays a crucial role here. When V alone is sufficiently attractive to provide
binding, then just at the onset of such binding (when the nuclear binding
energy is comparable to to the atomic binding energy), a drastic change of
the atomic spectrum occurs, and perturbation theory no longer holds. Now,
our V derived from model F of the ' N interaction is repulsive inside of the
nucleus and has only a relatively shallow attractive pocket in the nuclear
periphery (see Fig. 2). This interaction is too weak to provide binding,
and the argument against the applicability of perturbation theory does not

apply.
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Fig.2. Potential Vx— in 20%Pb.

To get an idea about the accuracy of the first order perturbation approx-
imation in our estimate of €, we have applied our approximation in the case
of the ¥~Pb atom, and the best fit X'~ nuclear potential obtained in [1]
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with the macroscopic (MAC) parametrization of nuclear densities. In this
case our result for ¢ is smaller* than the exact result obtained in [1] (by
solving the wave equation with the ¥~ nuclear potential) and the error is
equal to 22% of the exact result. This error includes also the effect of the
finite size of the nuclear charge distribution, neglected in our estimate.

Even if we take into account the possibility of an error in ¢ of an order
of 20%, our results collected in Table I appear reasonably close to the ex-
perimental results. Thus our simple estimate of ¢ and I' demonstrates the
consistency of model F with X~ atomic data.

The potential Vy-(r) in the Pb atom with and without the Lane term is
shown in Fig. 2. If we calculated ¢ with Vj only, we would get for € the value
of 689 eV, much bigger than the experimental result. This demonstrates that
a substantial Lane potential is essential in the description of X~ atoms.

The YNG X N interaction was applied before in the theory of X~ atoms
by Yamada and Yamamoto [28] in an attempt to explain the early X'~ atomic
data. These authors calculated the energy shift ¢ and the width I' of the
lowest state in 60, 24Mg, 28Si and 32S X~ atoms. They went beyond our
local density approximation and solved the Schrodinger equation for X~
with a complex s.p. potential obtained with the YNG interaction with the
help of the Hartree—Fock nuclear wave functions calculated with the Skyrme
interaction. Their F model results for both ¢ and I' are much bigger than
our results, and clearly disagree with the experimental data. The reason
might be the nuclear wave functions used in [28] which do not reproduce the
empirical charge distribution.

We conclude that among the Nijmegen baryon-baryon interactions,
model F is best suited to represent the X N interaction both in X hypernu-
clear states and in X'~ atoms.

Part of this work was accomplished during the visit of one of the authors
(JD) at the National Centre for Scientific Research “Democritos”, and he ex-
presses his gratitude to G.S. Anagnostatos for his invitation and hospitality.
He also is indebted to S. Wycech for several illuminating discussions, and
to A. Gal and E. Friedman for sending him their Pb results. This research
was partly supported by the Polish State Committee for Scientific Research
(KBN) under Grant No. PB 2-0956-91-01 and by NATO Fellowship Pro-
gramme.

4 In the case of point Coulomb potential and pure real strong interaction, our expression
(10), would give a lower bound for e.
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