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THE EFFECTIVE MASS USING SKYRMEINTERACTIONSM. Abd-AllayFa
ulty of S
ien
e, Physi
s Department, Cairo University, Egypt(Re
eived May 18, 2000; revised version February 21, 2001)The e�e
tive mass 
on
ept was introdu
ed for small non-lo
al poten-tials. For Skyrme intera
tions the e�e
tive mass depends on the densityof the system. We parameterised the density by a generalised Fermi dis-tribution. The parameters of the distribution are �tted with the 
hargeroot mean square radii of spheri
al nu
lei. To test the parameters of thevelo
ity dependent term of the intera
tion at high density or temperature,we studied the behaviour of the e�e
tive mass with density and tempera-ture. The behaviour of the Landau parameter F1 was also dis
ussed. Weapplied this study to most of the well known Skyrme for
es. We re
om-mended SKM* and SKS4 as good examples of Skyrme for
es as they revealsmall non-lo
ality e�e
ts and well behaved fun
tions at high density andtemperature.PACS numbers: 21.65.+f, 21.30.Fe, 21.10.Ma1. Introdu
tionIn non-relativisti
 nu
lear physi
s, the nu
lear potential is non-lo
al(velo
ity dependent) and energy dependent. For small non-lo
al e�e
ts onemight express the velo
ity dependent potential in a power series in the mo-mentum. If the quadrati
 approximation for the momentum is 
onsidered,the S
hrodinger equation for non-lo
al potential has the same form as thelo
al one ex
ept for the nu
leon mass is repla
ed by a mass like quantitym�(r) [1�3℄. This quantity is referred to as the e�e
tive mass. Thus, thee�e
tive mass idea transforms the non-lo
al potential to a lo
al one. Solv-ing S
hrodinger equation, the equivalent lo
al potential will yield the sames
attering 
ross se
tion and the single parti
le energies as the non-lo
al one.The behaviour of the e�e
tive mass in spa
e (r) 
hara
terises the lo
alityof the potential [3℄. Also, the empiri
al value of the e�e
tive mass in they Present address: Hail Tea
hers College, P.O. Box 1818, Hail, Saudi Arabia.(2189)
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entral region of the nu
lear interior 
hara
terises the energy dependen
e ofthe potential [4℄.Applying Fermi liquid theory to nu
lear matter it was shown that [5℄:the key quantity to study the thermal properties of a nu
lear system is thelevel density parameter whi
h is dire
tly proportional to the e�e
tive mass.So, the thermal properties of a nu
lear system are re�e
ted in its e�e
tivemass.The Landau parameters for Fermi liquids represent the e�e
tive parti
le�hole intera
tion at the Fermi surfa
e. It is instru
tive to relate these Landauparameters, whi
h are important for the phenomenologi
al des
ription ofnu
lear properties, to the underlying nu
leon�nu
leon intera
tion. Withinthe framework of the Landau Fermi liquid theory, the Landau parameter F1is dire
tly related to the e�e
tive mass. This relation enables us to studythe behaviour of F1 in spa
e and also its temperature dependen
e.The parameters of Skyrme intera
tion are �tted with the ground stateproperties of �nite nu
lei. It is important to test these parameters at higherdensities and temperatures. This 
an be done by studying the behaviourof the e�e
tive mass with density and temperature. It is also importantto study the lo
ality of the potential. This 
an be done by studying thebehaviour of the e�e
tive mass in spa
e.In the present work we study the dependen
e of the e�e
tive mass (andalso the Landau parameter F1) on temperature and spa
e using Skyrmeintera
tions. A brief review of the formalism is presented in Se
tion 2. Theresults are shown and dis
ussed in Se
tion 3. Se
tion 4 is devoted to thesummary and 
on
lusions. 2. Formalism2.1. The e�e
tive mass using Skyrme intera
tionSkyrme intera
tion is one of the most 
onvenient and popular intera
-tions. It 
onsists of two-body and three-body zero-range for
es. The three-body terms simulate the density dependen
e and the velo
ity-dependenttwo-body terms simulate the �nite-range expansion of the for
e. Its zero-range nature makes the numeri
al 
al
ulations easy and fast. Vautherin andBrink [3℄ did the Hartree�Fo
k (HF) 
al
ulations with the Skyrme intera
-tion �rst. They �tted two sets of parameters (SI and SII) that di�er mainlyin the empiri
al value of the �tted e�e
tive mass, i.e. in the strength ofthe velo
ity dependent term. Later four more sets of parameters (SIII�SVI)were �tted by Beiner et al. [4℄. These sets of parameters di�er also only inthe e�e
tive mass value. Rayet et al. [12℄ parameterised Skyrme intera
tion(RATP) to take into a

ount the available information on neutron-ri
h nu-
lei (to be suitable for nu
lear and neutron matter). All the above sets of the



The E�e
tive Mass Using Skyrme Intera
tions 2191Skyrme intera
tions �t the ground state properties almost equally well forspheri
al nu
lei ranging from 16O to 208Pb. However, there are well-knownsetba
ks namely: high value of the nu
lear matter in
ompressibility [6℄, toohigh �ssion barrier [7℄ and spin instability [8℄. Two sets of parameters (SKMand SKM*) were �tted by Bra
k et al. [7℄ to give an a

epted value of thenu
lear matter in
ompressibility and �tted the �ssion barrier heights. TheSkyrme intera
tion they used is:H(r) = ~22m� + 14 t0 �(2 + x0)�2 � (2x0 + 1) ��2n + �2p��+ 124 t3�� �(2 + x3)�2 � (1 + 2x3) ��2n + �2p��+18 [t1(2 + x1) + t2(2 + x2)℄ ��+18 [t2(2x2 + 1)� t1(2x1 + 1)℄ (�n�n + �p�p)+ 132 [3t1(2 + x1)� t2(2 + x2)℄ (r�)2� 132 [3t1(1 + 2x1) + t2(2 + x2)℄ �(r�n)2 +r�p)2�+12w0 �j � r�+ jn � r�n + jp � r�p� : (1)The nu
leon e�e
tive mass is given by [7℄h22m�q = �H(r)��q(r) ; (2)where q refers to a neutron or a proton. This yields:mm�q = 1 + 2m~2 18 [�C1 + �qC2℄ ; (3)where C1 = t1(2 + x1) + t2(2 + x2)and C2 = t2(1 + 2x2)� t1(1 + 2x1) :The asymmetry parameter x is de�ned byx = �n � �p� ; (4)where � = �n + �p.



2192 M. Abd-AllaUsing equation (4), we 
an write�n = 12�(1 + x)and �p = 12�(1� x) : (5)The parti
le densities are related to their numbers byN = 43�R3n�n ; Z = 43�R3p�p and A = 43�R3� : (6)If we negle
t the neutron skin, whi
h is basi
 assumption of the liquiddrop model [9℄, we 
an write the asymmetry parameter x as: x = (N�Z)=A.This is the neutron ex
ess parameter. The nu
leon e�e
tive mass is then:mm�q = 1 + 2mh2 F1(�) ; (7)where F1(�) = �[
1 + 12
2(1� x)℄. The (+) and (�) sign 
orresponds to theneutron and proton e�e
tive mass, respe
tively.Liu et al. [10℄ proposed an extended Skyrme�Landau for
e (SL1) whi
hin
ludes velo
ity-dependent three-body for
es and a tensor for
e to over
omethe problems of the high nu
lear matter in
ompressibility and spin instabil-ity. The 
ontribution of these extra terms to the e�e
tive mass is F2(�).Thus we get mm�q = 1 + 2mh2 [F1(�) + F2(�)℄ ; (8)whereF2(�) = 196 t23�2 [(1� x)(3� x(x13 � 1))℄+ 1192 t23�2 �15 + 12x23 � 2x(1 + 2x23)� x2(5 + 4x23)� :The above Skyrme intera
tions took into a

ount only the long-rangepart of the nu
lear intera
tion and did not 
onsider the short-range part[11℄. This part re�e
ts pairing 
orrelations and is important to explain leveldensity in the low ex
itation region, whi
h is highly 
orrelated to the e�e
tivemass. Gomez et al. [11℄ extended the Skyrme intera
tion (SKS4) to des
ribeboth mean �eld and pairing properties of the nu
lear e�e
tive intera
tion.The above Skyrme for
es did not reprodu
e very well the breathing modeenergies [14℄. Re
ently, Farine et al. [14℄ over
ame this problem and pro-posed a new version of the for
e SKM� 
alled SKKM with mu
h improved



The E�e
tive Mass Using Skyrme Intera
tions 2193symmetry properties. They introdu
e a t4 term whi
h simultaneously de-pends on density and momentum. The 
ontribution of this term to thee�e
tive mass is F3(�) and the e�e
tive mass be
omesmm�q = 1 + 2mh2 [1 + F1(�) + F2(�) + F3(�)℄ ; (9)where F3(�) = 116 t4��+1 h(2 + x4)(1� x) + (1� x4)(1� x)�+1i :2.2. The dependen
e of the e�e
tive mass on the radial 
oordinateFor spheri
al nu
lei it is 
onvenient to parameterise the density distribu-tions by a Fermi fun
tion to a power [7,13℄�(r) = �0�1 + exp � r�Ra ��� ; (10)where R; a and � are the half-value radius, the di�useness parameter andthe skewness parameter, respe
tively. This parameterisation has been found[7,13℄ to �t a vast amount of experimental data with an ex
ellent a

ura
y.The density parameters R; a and � are determined by minimising the energyof the nu
leus with respe
t to these parameters. This is 
alled the restri
tedvariational method. In this method the parameters of the density dependupon the for
e parameters [7,13℄.In our 
al
ulations the parameters a and � are determined from �ttingthe 
al
ulated root mean square (r.m.s.) radius using equation (10) withthe experimental values of spheri
al nu
lei (see Appendix A). The half-valueradius R is determined from the normalisation 
ondition (see Appendix A).Here, the parameters of the density are independent of the for
e parameters(ex
ept for �0) and depend only on the nu
leus mass number.2.3. The temperature dependen
e of the e�e
tive massEquation (9) shows that the dependen
e of the e�e
tive mass on tem-perature is only through the density. The nu
lear density at temperature Tis related to that at zero temperature by the relation (15):�(T ) = �(T = 0) �1� 9�(T = 0)K �FT�� � ; (11)where K is the in
ompressibility of nu
lear matter and FT is the free energypart that depends on temperature. The free energy of the system is:F (�; T ) = E(�; T ) � TS(�; T ) ; (12)



2194 M. Abd-Allawhere S(�; T ) is the entropy of the system and E(�; T ) is the total energyof the system.The total energy of the system E(�; T ) 
an be written as [5℄:E(�; T ) = E(�; T = 0) + TZ0 ��S�T ��q T 0dT 0 : (13)Equations (12)and (13) show that the 
ontribution of temperature to thefree energy 
omes only from the entropy term. In the Thomas�Fermi model,the entropy density is given by [7℄:�(�) = 1�Xq �q �J3=2(�q)J1=2(�q) � �q� ; (14)where J�(�) are the usual Fermi integrals and the parameter � is the uniquesolution (at 
onstant temperature) of the equation:�q = 12�2 �2mh2 �3=2 T 3=2J1=2(�q) : (15)At low temperatures we 
an expand the Fermi integrals in a power seriesof temperature. This approximation, up to T 4 terms, was proved [5℄ to bereliable up to temperatures T = 15 MeV. The entropy of the system usingthis approximation is given by [5℄:S(�; T ) = 16 �2mh2 ��3�22 �1=3 ��2=3T 2�1� x29 �� 74320 �2mh2 �3 ��2T 4 �1 + x2� : (16)This givesFT (�; T ) = � 112 �2mh2 ��3�22 �1=3 ��2=3T 2�1� x29 �+ 717280 �2mh2 �3 ��2T 4(1 + x2) (17)and �(T ) = �(T = 0)"1� 12K �2mh2 ��3�22 �1=3 ��2=3T 2�1� x29 �+ 7960K �2mh2 �3 ��2T 4(1 + x2)# : (18)
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tive Mass Using Skyrme Intera
tions 21952.4. The Landau parametersThe Landau parameters of the Fermi liquids represent the e�e
tive par-ti
le�hole intera
tion at the Fermi surfa
e. Some of the Landau parametersare related dire
tly to physi
al quantities [16℄. For example, F1 is related tothe e�e
tive mass by: m�qm = 1 + 13F q1 ; (19)F0 is related to the nu
lear matter in
ompressibility K by:K = 6K2f � h22m�� (1 + F0) (20)and F 00 is related to the asymmetry energy � by:� = 13K2f � ~22m�� (1 + F 00) ; (21)where Kf = �3�2�2 �1=3.Thus the e�e
tive mass is an important quantity for the Landau param-eters. In our study, we will 
on
entrate on the Landau parameter F1. We
an write F q1 = 3�m�qm � 1� : (22)3. Results and dis
ussions3.1. Density distributionEquation (10) for the density distribution 
ontains four parameters. Thehalf-value radius (R) is determined from the normalisation 
ondition as givenin Appendix A. The nu
lear matter density (�0) is 
onsidered as a free pa-rameter 
onstrained by the Skyrme for
e type. The skewness parameter (�)and the di�useness parameter (a) are determined from �tting the r.m.s. radii(see equation (A.6)) with the experimental values of spheri
al nu
lei rangingfrom 16O to 208Pb. We have three sets of �tting parameters 
orrespondingto three di�erent values of �0 namely:For �0 = 0:15 fm�3, we gota = 0:45 + A4000 and � = 1:1 + A72we refer to this set as pw1.



2196 M. Abd-AllaFor �0 = 0:16 fm�3, we gota = 0:5 + A4000 and � = 1:0 + A93we refer to this set as pw2.For �0 = 0:17 fm�3, we gota = 0:6 + A4000 and � = 1:3 + A180we refer to this set as pw3.In our 
al
ulations we negle
t the neutron skin and this makes us to
onsider the matter r.m.s. radius equal to the 
harge r.m.s. radius [7℄.Table I 
ontains our �tting r.m.s. radii, using the above three sets, togetherwith the experimental values. For the sake of 
omparison we presented inTable I the results of HF 
al
ulations using SI and SII of Ref. [3℄, SKSC4of Ref. [19℄, SLI of Ref. [10℄ and SKKM of Ref. [14℄. We also presented theresults of the Extended Thomas�Fermi model [7℄ using SKM*. TABLE IR.m.s. 
harge radii (fm). The experimental data all 
ome from de Varies et al.[17℄. See text for notations and referen
es for Skyrme intera
tions.Exp. pw1 pw2 pw3 SI SII SKSC4 SL1 SKKM SKM*16O 2.73 2.80 2.79 2.80 2.68 2.75 � 2.68 2.78 2.7840Ca 3.45 3.44 3.43 3.45 3.41 3.49 3.45 3.44 3.50 3.4748Ca 3.45 3.60 3.59 3.60 3.46 3.54 3.54 3.48 3.50 3.5458Ni 3.77 3.79 3.77 3.78 � � 3.82 � � 3.8190Zr 4.26 4.28 4.27 4.26 4.22 4.31 4.28 4.28 4.30 4.29112Sn 4.59 4.56 4.56 4.56 � � 4.59 � 4.57 �117Sn 4.62 4.62 4.62 4.61 � � 4.62 � � 4.61120Sn 4.65 4.65 4.65 4.64 � � 4.64 � 4.64 �124Sn 4.67 4.70 4.69 4.68 � � 4.67 � � �144Sm 4.95 4.92 4.91 4.91 � � 4.93 � 4.95 �148Sm 4.99 4.96 4.95 4.95 � � 5.00 � � �156Gd 5.07 5.04 5.04 5.03 � � 5.12 � � �166Er 5.24 5.13 5.13 5.13 � � 5.23 � � �196Pt 5.38 5.39 5.39 5.40 � � 5.41 � � �196Pb 5.50 5.49 5.49 5.50 5.44 5.55 5.50 5.55 5.49 5.53



The E�e
tive Mass Using Skyrme Intera
tions 2197The density distribution Eq. (10) for 16O and 208Pb is presented in �g-ure 1. We note that the distribution is smooth inside the nu
leus where shell
orre
tions are not in
luded.
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Fig. 1. The dependen
e of the proton density �p, the neutron density �n and thetotal density � on the 16O and 208Pb nu
lei radius.3.2. The radial dependen
e of the e�e
tive massThe nu
leon e�e
tive mass is given by equation (7), for most of Skyrmeintera
tions. For symmetri
 nu
lei (N = Z) we get the so 
alled isos
alare�e
tive mass m�. Fig. 2 shows the neutron m�n, the proton m�p and theisos
alar m� e�e
tive masses (in units of m) as a fun
tion of the 208Pbradius using SKM* intera
tion. We note that m� represents the averagebetween m�n and m�p. This result is ful�lled for any nu
leus ex
ept for self-
onjugate nu
lei (su
h as 16O and 40Ca) where X = 0 and 
onsequentlym�n = m�p = m�. Sin
e the density inside the 208Pb nu
leus is very 
loseto the nu
lear matter density, the behaviour of the e�e
tive mass insidethe nu
leus determines a

urately the non-lo
ality of the intera
tion (3).Figure 3 shows the (isos
alar) e�e
tive mass m� as a fun
tion of the 208Pbradius. We have important non-lo
ality e�e
ts for SLI and RATP (withm� < 0:75m). Skyrme for
es SKM* and SKS4 (with 0:75 < m < 1) arenearly lo
al. Skyrme for
e SKSC4 (with m� = m) is lo
al (independent ofvelo
ity). Skyrme for
es SKKM and SK220 (with m� > m) are irregular.The behaviour of SK220 (also SK180 and SK200) is unexpe
ted as seen fromFig. 3 (see also Fig. 6). The behaviour of the Landau parameter F1 inside
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Fig. 2. The dependen
e of the neutron e�e
tive mass m�n=m, proton e�e
tive massm�=m on the radius of the 208Pb nu
leus using SKM* intera
tion.
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Fig. 3. The isos
alar e�e
tive mass m�=m as a fun
tion of the 208Pb radius fordi�erent Skyrme intera
tions.the nu
leus is presented in �gure 4. It has exa
tly the same behaviour asthe e�e
tive mass. There is a 
onstraint on F1, given by Ba
kman et al.[8℄, namely �0:75 < F1 < 0 with the sum rule favouring the low value.The lower value of F1 
orresponds to m� = 0:75m. This value of m� was
on�rmed by Mahaux and Sartor [20℄ in their analyses of neutron 208Pbmean �eld at the Fermi surfa
e. This suggests Skyrme for
es to be nearlylo
al (e.g. SKM* and SKS4).
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Fig. 4. The same as for �gure 3 but for the Landau parameter F1.3.3. The dependen
e of the e�e
tive mass on the densityIn �gure 5 we presented the e�e
tive mass m�=m as a fun
tion of therelative density �=�0. We noti
e that the e�e
tive mass de
reases with den-sity for Skyrme for
es RATP, SKM* and SKS4. This 
an be interpreted
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Fig. 5. The dependen
e of the isos
alar e�e
tive mass m�=m for di�erent Skyrmeintera
tions on the relative density �=�0.



2200 M. Abd-Allaas being due to the fun
tion F1(�) (see Eq. (7)) whi
h has a � term only.This de
reasing is 
ontrolled by the for
e parameters in
luded in C1 anC2 (Eq. (3)). The Skyrme for
e SKSC4 (with m� = m) is independentof the density. For the Skyrme for
e SLI the e�e
tive mass de
reases fordensities �=�0 < 1:5 and then in
reases. This 
an be seen from Eq. (8),where an extra term, F2(�), 
ontains �2 is added to F1. For Skyrme for
esSKKM and SK220 (also SK180 and SK200) the e�e
tive mass in
reases withdensity. The parameters of these for
es are adjusted to produ
e m�=m = 1:1at � = �0 and naturally m�=m = 0 at � = 0. This implies an in
reasingbehaviour of the e�e
tive mass with density. We found unexpe
ted behaviourfor SK220 and SK200 for
es as seen in �gure 6.
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Fig. 6. The same as �gure 5 using SK200 and SK220 potentials.3.4. The temperature dependen
e of the e�e
tive massAs we have a little de
reasing e�e
t of density with temperatures (see�gure 7), the e�e
tive mass has a little in
reasing e�e
t with temperatures(see �gure 8). The same behaviour was obtained by Friedman and Pandhari-pande [21℄ using variational 
al
ulations of �14 + TNI model. This meansthat as the temperature of the nu
leus in
reases the strength of the non-lo
al term of the intera
tion in
reases. This result is ful�lled for all Skyrmeintera
tions ex
ept for SKKM and SK220 as seen from �gure 9. We obtainunexpe
ted behaviour of the e�e
tive mass (again) for SKKM and SK220with temperatures.
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Fig. 7. The temperature dependen
e of the protons density �p, neutrons density�n and the total density � of 208Pb using SKM*.
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Fig. 9. The temperature dependen
e of the isos
alar e�e
tive mass m�=m of the208Pb nu
leus using di�erent Skyrme intera
tions.4. Summary and 
on
lusionsThe parameters of Skyrme intera
tions were �tted with the ground stateproperties of �nite nu
lei. The e�e
tive mass 
hara
terises the velo
ity-dependent terms of the intera
tion. The thermal properties of a nu
learsystem are summarised in its e�e
tive mass. Thus, we 
an test the param-eters of the velo
ity-dependent terms of the intera
tions by studying thebehaviour of the e�e
tive mass with density and temperature. The e�e
-tive mass depends on the density of the system. We took a general formof Fermi distribution for the density and �tted the distribution parameterswith the 
harge r.m.s. radii of spheri
al nu
lei. This �tting gives a densitydistribution whi
h rests on an experimental ground rather than on for
e pa-rameters. De�ning the density distribution (and expanding it in terms oftemperatures), we 
an study the e�e
tive mass and its 
o-related Landauparameter F1. We applied this study for most of the well-known Skyrmefor
es. Some Skyrme for
es (e.g. SLI and RATP) have high non-lo
alitye�e
ts, some for
es (e.g. SKM* and SKS4) have a small non-lo
ality e�e
tsand some for
es (e.g. SKSC4) are lo
al. Skyrme for
es SKKM, SK200 andSK220 have unexpe
ted behaviour.



The E�e
tive Mass Using Skyrme Intera
tions 2203Sin
e the e�e
tive mass 
on
ept itself was introdu
ed for small non-lo
ale�e
ts, we re
ommended SKM* and SKS4 as a good examples of Skyrmefor
es. However, SKS4 is more suitable sin
e it takes into a

ount besidethe �nite size of nu
lei and realisti
 in
ompressibility also the pairing 
orre-lations, whi
h is highly 
orrelated to the e�e
tive mass, and �ts the Landauparameters. Appendix AFor the density distribution given by equation (10) we need, to 
al
ulatethe r.m.s. radius, to evaluate integrals of the form R �pdr. Following themethod adopted by Srivastava [17℄, these integrals 
an be approximated inthe formZ �p(r)d�r = 4�3 �p0 �R3 � aR2A1(p) + 6a2RA2(p) + 6a3A3(p)� ; (A.1)where the 
oe�
ients An(p) are given by:An(p) = 1(n� 1)! Z �1� (1 + e�x)�p + (�1)n(1 + ex)�p�xn�1dx : (A.2)The normalisation 
onditionA = Z �(r)d�r = 4�3 � �R3 � aR2A1(�) + 6a2A2(�)� 6a3A3(�)� (A.3)is inverted to obtain the half-value radius R as:R = r0A1=3 + aA1(�) + a2r0 [A1(�)� 2A2(�)℄A�1=3 (A.4)with r30 = 34��0 . The r.m.s. radius is given by :hr2i = R �(r)r2d�rR �(r)d�r :Using equations (A.1) we gethr2i = 35R5 �1� 5�A1(�) + 20�2A2(�)� 60�3A3(�)�R3 (1� 3�A1(�) + 6�2A2(�)� 6�3A3(�)) (A.5)with � = a=R.
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