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NUCLEON�NUCLEON AMPLITUDE PHASEVARIATIONMohamed Ahmed HassanMathemati
s Department, Fa
ulty of S
ien
e, Ain Shams UniversityCairo, Egypt(Re
eived De
ember 4, 2000; revised version re
eived February 26, 2001)A te
hnique to 
al
ulate the rate of 
hange of the nu
leon�nu
leonamplitude phase is given. The results for the nu
leon�nu
leon potential inthe Gaussian form are 
onsistent with the previous values of phase variationparameter 
.PACS numbers: 25.40.Cm, 25.40.Dn, 25.60.Bx, 25.60.Dz1. Introdu
tionAt 1 GeV energy, Ahmed and Alvi [1℄ obtained values of the order of1 (GeV=
)�2 for the nu
leon�nu
leon amplitude phase variation parame-ter 
 [2℄. The authors used an e�e
tive nu
leon�nu
leon potential in theGaussian form. They obtained the same results in the 
ase of Yukawa po-tential form. Thus, the authors 
on
luded that the value of 
 must bepositive and it was not as large as required for �tting �-parti
le s
atteringat 7 GeV/
, where 
 was in the range 7.5�11.51 (GeV/
)�2 [3℄. Therefore,the phase variation of nu
leon�nu
leon amplitude alone is not su�
ient tobring the Glauber model 
al
ulations 
loser to the �-parti
le s
attering ex-periment.In fa
t, Ahmed and Alvi [1℄ used in
orre
t mathemati
al te
hnique toobtain the values of the parameter 
, see Se
tion 2. Therefore, their resultsand 
on
lusions 
annot be a

epted. In this work we try to present a 
or-re
t mathemati
al te
hnique to obtain the range of the values of 
. TheGaussian form of nu
leon�nu
leon e�e
tive potential is used to 
al
ulate thenu
leon�nu
leon elasti
 s
attering amplitude. The momentum transfer de-penden
e of the nu
leon�nu
leon amplitude phase and the dependen
e ofthe ratio of the real to the imaginary part of the amplitude are presentedand dis
ussed. The obtained model amplitude is 
ompared to the spin in-dependent nu
leon�nu
leon amplitude obtained from experiments on thenu
leon�nu
leon s
attering. (2221)



2222 M.A. Hassan2. Ahmed and Alvi te
hniqueComparing the 
oe�
ients of expansions in powers of q2 of the integralrepresentation of nu
leon�nu
leon amplitude [4℄f(~q) = ik2� Z d2~b ei~q�~b(1� ei�(~b)) ; (1)and these of the form [2℄f(~q) = k�4� (i+ �) e�(�2+i
)q2=2 ; (2)Ahmed and Alvi [1℄ obtained the following relation for 

 = 12Im1R0 db b3� (~b)1R0 db b� (~b) ; (3)where k is the in
ident parti
le momentum, ~q is the momentum transfer ve
-tor, � is the nu
leon�nu
leon total 
ross se
tion, � is the ratio of the real partto the imaginary part of the forward s
attering amplitude and � is the slopeparameter. The phase shift fun
tion in the high-energy approximation [4℄ isgiven by �(~b) = � 1~v 1Z�1 V (~r) dz ; (4)where V (~r) is the nu
leon�nu
leon potential, ~b is the impa
t parameterve
tor, ~r = ~b + ~kz, where ~k is the unit ve
tor in the z-dire
tion whi
h isusually taken in the in
ident dire
tion, v is the in
ident nu
leon velo
ity and� (~b) = 1� ei�(~b).At �rst, we note that, the nu
leon�nu
leon amplitude obtained fromequation (1) using an e�e
tive nu
leon�nu
leon potential � in general �has a phase of a variable rate of 
hange. At the same time, the phaseof the nu
leon�nu
leon amplitude of equation (2) has a 
onstant rate of
hange �
=2. Therefore, the authors of Ref. [1℄ 
ompared the expansionsof two mathemati
ally di�erent fun
tions whi
h were given by equations (1)and (2). Se
ondly, the 
oe�
ients of the expansion of the right-hand sideof equation (1) were 
al
ulated at q2 = 0. Therefore, the right-hand sideof equation (3), after dividing it by �2, represents the rate of 
hange ofnu
leon�nu
leon amplitude phase with respe
t to q2 at q2 = 0 only. Thus,the obtained result whi
h is represented by equation (3), is 
orre
t only at



Nu
leon�Nu
leon Amplitude Phase Variation 2223q2 = 0. At the same time, �
=2 in equation (2) gives the rate of 
hange ofthe phase at any q2. Thus, the obtained value for 
 from the relation (3) isnot 
orre
t. 3. The 
orre
t te
hniquePra
ti
ally, we 
an 
onsider the nu
leon�nu
leon elasti
 s
attering am-plitude f(~q) as a 
omplex fun
tion of q2. Thus, the phase �(q2) of thisfun
tion is �(q2) = Im ln f(~q) : (5)Then, the rate of 
hange of �(q2) with respe
t to q2 isd�dq2 = Im ddq2 ln f(~q) = Im� 1f(~q) df(~q)dq2 � : (6)To 
al
ulate the 
orre
t values of the rate of phase variation we must useequation (6). For 
onvenien
e we de�ne the phase variation fun
tion Pv asfollows Pv = �2 d�dq2 : (7)From (1), integrating with respe
t to the angular part of d2~b, we getf(~q)jq2=0 = ik 1Z0 db b � (~b) : (8)Using the integral representation of zero-order Bessel fun
tion of the �rstkind J0 J0(qb) = 12� 2�Z0 d� eiqb 
os� ;and the expansion J0(qb) = 1Xm=0 (�1)m � qb2 �2m(m!)2 ;we 
an show that df(~q)dq2 ����q2=0 = � ik4 1Z0 db b3 � (~b) : (9)



2224 M.A. HassanThus, from (6)�(8) and (9), we obtainPvjq2=0 = 12Im1R0 db b3 � (~b)1R0 db b � (~b) (10)whi
h is in agreement with our point of view about the right-hand side ofequation (3). 4. Gaussian potential 
al
ulationsAs an example, we will 
onsider the e�e
tive nu
leon�nu
leon potential,as in Ref. [1℄, in the Gaussian formV (~r) = (V0 � iW0)e��2r2 ; (11)where V0;W0 and �2 are the potential parameters. From equation (1), usingequation (4), we getf(~q) = ik2� Z d2~b ei~q�~b�1� ei�0e��2b2�= ik2� Z d2~b ei~q�~b 1� 1Xn=0 (i�0)n e�n�2b2n! != � ik2� 1Xn=1 in�n0n! Z d2~b e�n�2b2+i~q�~b= � ik2�2 1Xn=1 in�n0n!n e�q2=4n�2 ; (12)where �0 = � 1~vp ��2 (V0 � iW0). It is easily seen thatdfdq2 = ik8�4 1Xn=1 in�n0n!n2 e�q2=4n�2 : (13)In equation (12) the s
attering amplitude is a 
ombination of 
onstant phaseterms and the interferen
e between these terms leads to a variable rate of
hange of the s
attering amplitude phase.



Nu
leon�Nu
leon Amplitude Phase Variation 2225Using equations (6), (12) and (13) we 
an, easily, 
al
ulate the phasevariation fun
tion Pv at any q2 for the Gaussian potential. To 
al
ulate theresults of Ref. [1℄, we 
al
ulate Pv at q2 = 0. Although the amplitude ofequation (2) is a �tting form, and the value of 
 is an e�e
tive value whi
hgives a good �t with the data, the range of Pv values gives some indi
ationabout the possible values of 
. Equation (2) 
orresponds to the spe
ial 
ase,where Pv(q2)=
onstant=
.From equation (12) we 
an obtain the nu
leon�nu
leon total 
ross se
tion� = (4�=k) Imf(0) and the ratio of the real part to the imaginary part ofthe elasti
 s
attering amplitude in the forward dire
tion � = Ref(0)=Imf(0)in terms of �0 and �2. The mean values of proton�proton and proton�neutron experimental data, at 1.75 GeV/
, for � and � are 44 mb and �0.23,respe
tively [3℄. These values 
orrespond to �0 = �0:272 + i0:896 and�2 = 0:041 (GeV=
)2 with �2 value (of �2 method ) equal to 0:15� 10�3.Our values of �0 and �2 are 
learly di�erent from the previously obtainedvalues [1℄, where �0 = 0:514 + i 0:71 and �2 = 0:14 (GeV=
)2 at the sameenergy and for the same values of � and �. Firstly, we believe that thepositive sign of Re �0 is a written mistake. Se
ondly, these values give � =11:23 mb and � = �0:566, whi
h are di�erent from the experimental data.Finally, with these values of �0 and �2 we get Pv(0) = 0:213 (GeV=
)�2,while the given value of 
 = Pv(0) in [1℄ is 0.8 (GeV/
)�2.From equation (7), using equations (12) and (13), the quantity Pv is
al
ulated using our values of �0 and �2 at 1.75 GeV/
. The results arepresented in �gure 1 (solid 
urve) in the region 0 < q2 < 2 (GeV=
)2, whereequation (1) 
an be used as a good approximation. Firstly, the value ofPv at q2 = 0 is equal to 0.376 (GeV/
)�2. Se
ondly, the quantity Pv hasa general os
illating behaviour with very sharp peak at q2 � 0:6 (GeV=
)2,where Pv = 27:34 (GeV=
)�2. This os
illating 
hara
ter of Pv is 
onsistentwith the variation of phase variation e�e
t on nu
leon�nu
leus and nu
leus�nu
leus s
attering with q2 values. For example, in p�d elasti
 s
atteringat 1.75 GeV/
, this e�e
t 
an be negle
ted for q2 < 0:2 (GeV=
)2 [5℄. Thefun
tion Pv has the smaller values in this region. Also, the role of the phasevariation in the region of the �rst minimum, 0:2 < q2 < 0:6 (GeV=
)2 is im-portant. In this region the arithmeti
 mean value of Pv is 7:32 (GeV=
)�2.Taking 
 = 8 (GeV=
)�2 a good �t with p�d elasti
 s
attering experimen-tal data at 1.75 GeV/
 is obtained [5℄. For 1.27 GeV/
 in
ident momen-tum per nu
leon the authors of [3℄ used approximately the same value(
 = 7:5 (GeV=
)�2) to obtain a good agreement with the ��4He elasti
s
attering data. Also, they used the value 10GeV=
)�2 for 
 to obtain agood �t with the data of ��1H, ��2H, ��3He, and ��4He at 1.75 GeV/
 pernu
leon. For the data of ��4He at 1.08 GeV/
 per nu
leon, the used valueof 
 is 11:5 (GeV=
)�2 [3℄. Finally, the arithmeti
 mean of Pv in the range



2226 M.A. Hassan0:2 < q2 < 1:75 (GeV=
)2, where the most experimental nu
leon�nu
leusand nu
leus�nu
leus elasti
 s
attering di�erential 
ross se
tions are avail-able, is 4:44 (GeV=
)�2. Approximately the same value for 
 is used by [6℄to obtain an agreement with p�4He elasti
 s
attering experimental data at1.75 GeV/
.
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Fig. 1. Pv(q2) fun
tion. Solid and dashed 
urves 
orrespond to the two setsof potential parameters (�0 = �0:272 + i0:896; �2 = 0:041 (GeV=
)2) and(�0 = �0:514+ i0:71; �2 = 0:0357 (GeV=
)2), respe
tively. The dot-dashed 
urve
orresponds to Pv(q2) = 
 = 10 (GeV=
)�2 [3℄.At 1 GeV energy there is an un
ertainty in the values of the parameters �,see for example [2,7,8℄. The di�erent values of � lead to di�erent values ofthe potential parameters �0 and �2. The values of Pv(q2) are di�erentfor di�erent values of the parameters �0 and �2. However, in any 
asewe have the same os
illating behaviour. Also, the range of Pv(q2) valuesleads to the same 
on
lusion. For example, see �gure 1 dashed 
urve, where�0 = �0:514 + i 0:71 and �2 = 0:0357 (GeV=
)2. These values 
orrespondto � = 44mb and � = �0:566. In this 
ase Pv(0) = 0:84 (GeV=
)�2 and themaximum value is equal to 14 (GeV/
)�2 at q2 = 0:5 (GeV=
)2.



Nu
leon�Nu
leon Amplitude Phase Variation 2227Thus, all used values for 
 in the previous works are in the range of Pvvalues at the used energy. Consequently, the values of the phase variationparameter 
 are 
onsistent with the range of Pv values for the nu
leon�nu
leon potential in the Gaussian form. These results 
ontradi
t with thoseobtained in [1℄.The momentum transfer dependen
e of the phase �(q2) of the modelamplitude (12) is presented in �gure 2. Also, the results for the ampli-tude (2) are presented in two 
ases, where 
 = 0 and 
 = 10 (GeV=
)�2. Forq2 < 0:5 (GeV=
)2, the results of the model amplitude (12) are 
lose to thatof the amplitude (2) with 
 = 0. This amplitude with 
 = 0 was obtainedfrom nu
leon�nu
leon s
attering experiments. With 
 = 10 (GeV=
)�2 theresults of �(q2) is relatively small. However, we obtained the same order ofvalues of �(q2) for both amplitudes (12) and (2) using 
 = 4:4 (GeV=
)�2 inthe last amplitude. This value of 
 is equal to the mean value of Pv(q2) inthe range 0:2 � q2 � 1:75 (GeV=
)2 and it was used before in [6℄ to obtainan agreement with p�4He s
attering data at 1.75 GeV/
.
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Fig. 2. The phase �(q2) of nu
leon�nu
leon amplitude. The solid, dashed, dot-dashed and double dot-dashed 
urves 
orrespond to the amplitude (12) with �0 =�0:272 + i 0:896 and �2 = 0:041(GeV=
)2, amplitude (2) with 
 = 10; 0; and 4.44(GeV/
)�2, respe
tively.



2228 M.A. HassanThe ratio �(q2) = Ref(~q)=Imf(~q) is presented in �gure 3. In the range0 � q2 � 1:8 (GeV=
)2 ex
ept at the singular point, where q2 � 0:6 (GeV=
)2the results of the model amplitude (12) and of the amplitude (2) with 
=0is approximately of the same order. With 
 = 10 (GeV=
)�2 the ratio�(q2) for the amplitude (2) takes absolutely di�erent values and di�erentbehaviours. For the model amplitude (12), the singular point of �(q2) atq2 � 0:6 (GeV=
)2 is related to the maximum point of Pv(q2) at the samevalue of q2, see �gures 1 and 3.
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Fig. 3. The ratio �(q2) = Ref(~q)=Imf(~q). The solid 
urve represents the resultsof amplitude (12) with �0 = �0:272 + i0:896 and �2 = 0:041 (GeV=
)2. Dashedand dot-dashed 
urves represent the results of amplitude (2) with 
=10 and 0(GeV/
)�2, respe
tively.Finally, the quantity jf(~q)j2 in the two 
ases of equations (12) and (2)is presented in �gure 4. The absolute value of f(~q) means that the phasevariation of amplitude (2) is meaningless in the nu
leon�nu
leon elasti
 s
at-tering di�erential 
ross se
tion 
al
ulations. The model amplitude (12) givesa 
orre
t representation of the di�ra
tive 
hara
ter of high-energy nu
leon�nu
leon elasti
 s
attering di�erential 
ross se
tion. The quantity ln jf(~q)j2,for the amplitude (2), represents a straight line with 
onstant slope ��2.For the model amplitude (12) the 
ombinations of di�erent Gaussian termslead to sequen
e of maxima and minima.
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Fig. 4. Nu
leon�nu
leon elasti
 s
attering di�erential 
ross se
tion jf(~q)j2. Thesolid and dashed 
urves represent the results of amplitude (12) with �0 =�0:272 + i0:896; �2 = 0:041 (GeV=
)2 and amplitude (2), respe
tively. �2 =5:6 (GeV=
)�2 [3℄.Thus, using nu
leon�nu
leon potential in Gaussian form, the nu
leon�nu
leon elasti
 s
attering amplitude is obtained. For this amplitude, thephase �(q2), the phase variation rate, the ratio �(q2) and jf(~q)j2 are 
al
u-lated at 1.75 GeV/
. The results are 
ompared to the 
ase of empiri
al formof nu
leon�nu
leon amplitude. Some 
onsisten
e 
an be observed betweenthe results in the two 
ases. REFERENCES[1℄ I. Ahmed, M.A. Alvi, Phys. Rev. C48, 3126 (1993).[2℄ R.H. Bassel, C. Wilkin, Phys. Rev. 174, 1179 (1968).[3℄ V. Fran
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s, W.E. Brittin, University ofColorado Press, Boulder 1959, p. 315.
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