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CONFIGURATION MIXING OF MEAN-FIELDWAVE-FUNCTIONS PROJECTED ON ANGULARMOMENTUM AND PARTICLE NUMBER;APPLICATION TO 24Mg�P.-H. Heenen, A. ValorServi
e de Physique Nu
léaire Théorique et de Physique MathématiqueULB, CP 229, 1050 Brussels, Belgiumand P. Bon
heServi
e de Physique Théorique, CEA Sa
lay91191 Gif sur Yvette CEDEX, Fran
e(Re
eived May 3, 2001)We present in this talk the general framework of a method whi
h per-mits to restore the rotational and parti
le number symmetries of wavefun
tions obtained in Skyrme HF+BCS 
al
ulations. This restoration isnothing but a proje
tion of mean-�eld intrinsi
 wave fun
tions onto goodparti
le number and good angular momentum. The method allows alsoto mix proje
ted wave fun
tions. Su
h a 
on�guration mixing is dis
ussedfor sets of HF+BCS intrinsi
 states generated in 
onstrained 
al
ulationswith suitable 
olle
tive variables. This pro
edure gives 
olle
tive stateswhi
h are eigenstates of the parti
le number and the angular momentumoperators and between whi
h transition probabilities are 
al
ulated. A testappli
ation to 24Mg is presented with mean-�eld wave fun
tions generatedby axial quadrupole 
onstraints. Theoreti
al spe
tra and transition prob-abilities are 
ompared to the experiment. Some preliminary results for32Mg and 16O are also reported.PACS numbers: 21.10.Ky, 21.30.�n, 21.60.Jz, 27.30+t1. Introdu
tionThe 
ranking method is widely used in nu
lear stru
ture 
al
ulations todes
ribe high spin states [1℄. In this method, a rotational band is gener-ated by the rotation of a deformed intrinsi
 state. The aim of the method� Invited talk presented at the High Spin Physi
s 2001 NATO Advan
ed Resear
hWorkshop, dedi
ated to the memory of Zdzisªaw Szyma«ski, Warsaw, Poland,February 6�10, 2001 (2375)
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hepresented in this talk is to 
ure two of the main de�
ien
ies of this intrin-si
ally semi 
lassi
al approa
h. First, 
ranking states are not eigenstates ofangular momentum, and it is not straightforward to determine transitionrates in nu
lei whi
h are not very well deformed. Approximations have beendeveloped for transitions within a band, but they are only valid when thestru
ture of the nu
lear states are not a�e
ted by rotation.A se
ond limitation of the 
ranking model o

urs in nu
lei soft withrespe
t to the variation of a 
olle
tive variable. In this 
ase, one expe
tsthat the interferen
e of the zero-point vibrational mode with the rotationalmotion will lead to variations in the nu
lear stru
ture along the yrast line.Our aim is to introdu
e a method in whi
h rotations and vibrations aretaken into a

ount simultaneously in a general and 
onsistent way.The starting point of the approa
h is a set of many-body wave fun
tionsgenerated by 
onstrained Skyrme HF+BCS 
al
ulations [2℄. The dis
retiza-tion of these wave fun
tions on a 3-dimensional Cartesian mesh enables todes
ribe very general shapes of the nu
lear density and to easily write thee�e
t of a spatial rotation on the mean-�eld wave fun
tions. This propertypermits to restore symmetries with respe
t to angular momentum [3℄ and tothe proton and neutron parti
le numbers [4℄ in a systemati
 way.We present below the general framework of our method together witha test on a light nu
leus for whi
h extensive 
al
ulations 
an be performed.In the �rst part, we show how to implement the proje
tion on ~J , N and Z,simultaneously. In the se
ond part, we present a test appli
ation to the 24Mgnu
leus and 
ompare our results with experimental data. We then show �rstresults on 32Mg and on the ex
ited states of 16O.2. Angular momentum and parti
le number proje
tions2.1. Prin
iple of the methodA detailed presentation of the method has already been presented in [5℄.We re
all here its main features.The starting point of our method is a set of wave fun
tions j��i generatedby mean-�eld 
al
ulations with a 
onstraint on a 
olle
tive 
oordinate �.Wave fun
tions with good angular momentum and parti
le numbers areobtained by restorations of symmetry on j��i:j�; JM�i = 1N XK gJK P̂ JMK P̂ZP̂N j��i ; (1)where N is a normalization fa
tor, P̂ JMK , P̂N , P̂Z are, respe
tively, pro-je
tors onto angular momentum J with proje
tion M along the laboratoryz-axis, neutron number N and proton number Z.



Con�guration Mixing of Mean-Field Wave-Fun
tions : : : 2377In the appli
ations shown in this paper, axial symmetry and time reversalinvarian
e are imposed. Therefore, K 
an only be 0 and we shall omit the
oe�
ient gJK .A 
on�guration mixing on the 
olle
tive variable � is then performed forea
h angular momentum:j	; JMi =X� fJM� j�; JM�i : (2)The weight fun
tions fJM� are found by requiring that the expe
tation valueof the energy: EJM = h	; JM jĤj	; JM ih	; JM j	; JM i ; (3)is stationary with respe
t to an arbitrary variation ÆfJM� . This pres
riptionleads to the dis
retized Hill�Wheeler equation [6℄:X� (HJM�;�0 �EJMk IJM�;�0)fJM;k�0 = 0 ; (4)in whi
h the Hamiltonian kernelHJM and the overlap kernel IJM are de�nedas HJM�;�0 = h�JM�jĤ j�JM�0i ; IJM�;�0 = h�JM�j�JM�0i : (5)Sin
e the Hamiltonian is rotationally invariant and 
onserves the numberof parti
les, one has to restore the symmetries on only one of the two wavefun
tions entering in ea
h matrix element like Eq. (5). The kernels areobtained by integration on a single Euler angle, be
ause of axial symmetry,and two gauge angles of the matrix elements between rotated wave fun
tions.Besides these kernels, we will 
al
ulate transition probabilities betweendi�erent eigenstates of the Hill�Wheeler equation. This requires the 
al
u-lation of the matrix elements of a tensor of order L; T̂ML , between proje
tedstates.Su
h a se
ular problem based on the 
on�guration mixing de�ned byEq. (2) amounts to a variation after proje
tion in a many-body Hilbertspa
e built on a limited set of states obtained for di�erent values of the
olle
tive variables �'s.2.2. Cal
ulation of multipole moments and transition probabilitiesThe determination of transition probabilities requires the 
al
ulation ofthe matrix element of a tensor of order L; T̂ML , between eigenstates of theangular momentum operator.
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heIn the 
ase of ele
tri
 quadrupole transitions, the diagonal matrix ele-ment takes the form:hJM = 0; �jQ̂20jJM = 0; �i= hJ020jJ0i2 � hR sin� d� dJ00(�)h�jei�ĴyQ̂20j�iihR sin� d� dJ00(�)h�jei�Ĵy j�ii= (J + 1)J(2J + 3)(2J � 1) � hR sin� d� dJ00(�)h�jei�ĴyQ̂20j�iihR sin� d� dJ00(�)h�jei�Ĵy j�ii : (6)The transition matrix elements between GCM states are obtained as theweighted sums of the 
ontributions of the di�erent basis states.3. Appli
ation to 24MgThe results shown in this se
tion have been obtained using the HF+BCSwave fun
tions generated with an axial quadrupole 
onstraint. The Lipkin�Nogami pres
ription has been used to improve the treatment of pairing 
or-relations. It has indeed been shown that this pres
ription permits to gen-erate wave fun
tions whi
h give reasonable approximations of the energiesobtained by a variation after proje
tion on the good parti
le number [7℄.In this way, the la
k of a 
omplete variation after proje
tion should bepartly 
ompensated. The mean-�eld results, whi
h we will present below,
orrespond to these HF+BCS+LN 
al
ulations.We have performed 
al
ulations with the Sly4 Skyrme parameterizationwhi
h has given satisfa
tory results in the des
ription of rotational bands inwell deformed nu
lei [8℄. The pairing intera
tion is a zero range intera
tionsimilar to the ones used in previous studies of nu
lei far from stability [9℄. Wehave slightly de
reased the strength of the density-dependent pairing for
efrom G = 1250MeV fm3 to G = 1000MeV fm3 to take into a

ount thatmore 
orrelations are in
luded in the wave fun
tions by the 
on�gurationmixing and the symmetry restorations.The variation of the energy as a fun
tion of prolate and oblate defor-mations is plotted in Fig. 1. The mean-�eld 
urve presents a well deformedprolate minimum 
orresponding to a mass quadrupole moment of approxi-mately 1b and a shoulder at an oblate deformation around 0.5 b.The energies obtained by proje
ting ea
h of the mean-�eld wave fun
-tions on good parti
le number and angular momentum are also shown inthe left part of Fig. 1. The abs
issa of the proje
ted energies 
orrespond tothe quadrupole moment of the intrinsi
 wave fun
tion. The spheri
al 
on-�guration is a pure 0+ state and 
ontributes only to the 0+ proje
ted 
urve.
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Fig. 1. (a) Proje
ted energies for 24Mg as a fun
tion of the axial quadrupole mo-ment. The thi
k line with asterisks 
orresponds to the HF+BCS+LN energies. Theenergies obtained by proje
ting on angular momentum (from 0+ to 10+) intrinsi
wave fun
tions are plotted in full line as a fun
tion of the quadrupole momentof the intrinsi
 wave fun
tion. The �rst three energies obtained for ea
h angularmomentum in the 
on�guration mixing 
al
ulation are represented by horizontalbars 
entered at the value of q0 where the respe
tive 
olle
tive wave fun
tions aremaximum. (b) B(E2) transition probabilities (in e2fm4) for 24Mg. Transition prob-abilities between the 
on�gurations 
orresponding to the minimum of the proje
tedenergy 
urves of Fig. 3 are shown on the left-hand-side of this �gure and betweenthe yrast 
olle
tive states obtained in the GCM 
al
ulation (right-hand-side). Inthe 
entral part are shown the experimental values [10℄.The energy gained by proje
tion in this 
ase is due to the di�eren
e betweenthe Lipkin�Nogami approximation of the energy gain due to proje
tion onparti
le number, ��2�N2, and the exa
t gain. It is of the order of 1MeV.The proje
tion on angular momentum in
reases the energy di�eren
ebetween the spheri
al 
on�guration and the minimum of the J = 0+ 
urveby 3 to 4MeV. The intrinsi
 wave fun
tion leading to the minimum of this
urve has a quadrupole moment slightly larger than the one 
orrespondingto the mean-�eld minimum. For higher angular momenta, the minima areshifted to higher quadrupole moments.
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heThe full proje
tion 
reates an oblate minimum at the position of thatshoulder for J values ranging from 0+ to 6+. For greater values of J ,the weights of the intrinsi
 wave fun
tions for deformations below �2 b arevery small. Consequently, the proje
ted energy 
urves do not exhibit anyoblate minima. However, the J=0+ to 6+ minima are probably not stableagainst triaxial deformations, sin
e a 
al
ulation in
luding triaxial deforma-tions indi
ates that the shoulder in the intrinsi
 
urve is a maximum withrespe
t to 
.One of the main interests of a restoration of rotational symmetry is thepossibility to 
al
ulate transition probabilities without the approximationinvolved in a 
ranking 
al
ulation. On the right part of Fig. 1, the tran-sition probabilities along the yrast line obtained in the GCM 
al
ulationand by 
onsidering only the minima of proje
ted energy 
urves are 
om-pared to the experimental data [10℄. The transition probability betweenthe 
on�gurations minimizing the proje
ted energy 
urves is very 
lose tothe experimental value. The 
on�guration mixing 
auses a spreading of the
olle
tive wave fun
tion on the quadrupole moment and de
reases slightlythe value of the B(E2). This e�e
t is similar to the e�e
t of quadrupolevibrations that is sometimes in
luded phenomenologi
ally [11℄ in the deter-mination of transition probabilities from intrinsi
 wave fun
tions. Sin
e forspin di�erent from 0, the wave fun
tions do not have 
omponents at lowquadrupole moment, the 
on�guration mixing does not a�e
t signi�
antlythe transition probabilities. The agreement between both the 
al
ulationsand experimental data is ex
ellent in these 
ases.4. Appli
ations to 32Mg and 16OExperimentally, it is now well established that 32Mg is a well deformednu
leus: the energy of the �rst 2+ state is mu
h lower than in heavierN = 20 isotones and the B(E2) transition probability to the ground state isvery large and 
ompatible with a strong deformation. The des
ription of thedisappearan
e of the N = 20 shell 
losure is a major 
hallenge for theory,the di�
ulty being to a

ount for the 
hanging behavior of this shell 
losureas a fun
tion of the proton number.In Fig. 2 are shown the results obtained with the same mean �eld andpairing intera
tions as for 24Mg. The proje
tion and the 
on�guration mix-ing are 
learly not su�
ient to 
ure the de�
ien
ies of the pure mean �eld
al
ulation. The ex
itation energy of the �rst 2+ state is largely overes-timated. However, the dynami
al deformations of both the 0+ and the 2+are large and lead to a B(E2) value whi
h is around 40% of the experimentalone.
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Fig. 2. Same as Fig. 1, but for 32Mg. The experimental values are from [10℄.The spe
trum of 32Mg is very sensitive to the details of the intera
tionsthat are used in both the mean �eld and the pairing 
hannel. In Fig. 3, weshow the results obtained with the Skyrme Skm� [12℄ parametrization anda volume pairing leading to pairing energies similar to the surfa
e pairing.The ex
itation energy of the 2+ state is now mu
h more realisti
 (1.2MeV)and the B(E2) value is around 75% of the experimental one. This resultis en
ouraging and gives hope that the study of this mass region will helpto improve our knowledge on the nu
lear intera
tion. However, mu
h workstill remains to be done, the Skm� intera
tion having a very bad behaviouras a fun
tion of the isospin.In Fig. 4 is plotted the HF+BCS and the J = 0 
urve obtained for 16O.As expe
ted, the mean �eld 
urve shows a very steep minimum at the spher-i
al point, with a shoulder around 15MeV at a mass quadrupole momentaround 100 fm2. The 
urve proje
ted on J = 0 is not more stru
tured anddoes not give any indi
ations on ex
ited 0+ states. The interesting result isobtained when a mixing on the axial quadrupole moment is performed. Theground state is dominated by the spheri
al 
on�guration, but two ex
itedstates appear with dominant 
ontributions from very deformed state. Theenergy and the quadrupole moment of the dominant intrinsi
 
on�guration
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Fig. 3. Same as the left part of Fig. 1, but for 32Mg and the Skm� intera
tion anda volume pairing.
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Fig. 4. HF+BCS and J = 0 energy 
urves obtained for 16O. The three �rst 0+states obtained in the 
on�guration mixing 
al
ulation are indi
ated by bars.of the �rst state agrees very well with the �rst ex
ited 0+ state, lo
atedat 6.05MeV and to whi
h a dominant 4p�4h 
on�guration is generally at-tributed. The 
hara
teristi
s of our se
ond ex
ited 0+ state makes it a good
andidate for a linear alpha 
hain 
on�guration. These results obtained for16O indi
ate that our method seems to be well adapted to des
ribe ex
ited
on�gurations whose stru
ture is very di�erent from the ground state.
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lusionIn this paper, we have presented and tested a method to introdu
e 
orre-lations beyond mean-�eld on HF+BCS wave fun
tions. The tests performedon the 24Mg nu
leus show that the method works with reasonable 
omputingtime.The �rst and natural generalization from BCS to full Bogoliubov�Valatintransformations is under progress. It will allow a better treatment for pairing
orrelations. If no signi�
ant improvements for even�even nu
lei 
lose to thestability line are to be expe
ted, HFB is essential to treat 
orre
tly nu
leinear the drip lines.The generalization to many-body wave fun
tions breaking time reversalinvarian
e is a ne
essary next step towards a des
ription of odd nu
lei. It willalso make possible to proje
t wave fun
tions generated for ea
h spin by
ranking 
al
ulations. As it has already been shown theoreti
ally [1℄, theuse of 
ranking wave fun
tions is the �rst order of a variation after proje
tionon angular momentum. Numeri
al appli
ations [3℄ have 
on�rmed that theproje
tion of 
ranking wave fun
tions improves the energy obtained for ea
hangular momentum and 
ompresses the spe
tra. Su
h an e�e
t would 
orre
tthe too spread spe
tra obtained in the present study.This resear
h was supported in part by the PAI-P3-043 of the BelgianO�
e for S
ienti�
 Poli
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