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EFFECTIVE FIELD THEORY FOR ROTATIONALBANDS IN DEFORMED AND SUPERDEFORMEDNUCLEI�P. RingPhysikdepartment der Te
hnis
hen Universität Mün
hen85748 Gar
hing, Germanyand A.V. AfanasjevyPhysi
s Division, Argonne National LaboratoryArgonne, IL 60439, USA(Re
eived August 10, 2001)An overview is given on the des
ription of rotational bands in normallydeformed and superdeformed nu
lei in the framework of e�e
tive �eld theo-ries su
h as the Relativisti
 Mean Field (RMF) theory and the Relativisti
Hartree�Bogoliubov (RHB) theory. In parti
ular we dis
uss re
ent investi-gations for the des
ription of superdeformed bands in the A � 60, 140�150and 190 mass regions and 
ompare them brie�y with the results obtainedin non-relativisti
 mean �eld theories.PACS numbers: 21.60.Cs, 21.60.Jz, 27.80.+w1. Introdu
tionIn re
ent years is has be
ome very popular to des
ribe the stru
ture ofnu
lei in the framework of relativisti
 �eld theories based on e�e
tive La-grangians. Relativisti
 Mean Field (RMF) theory i.e. the extension of theWale
ka model to non-linear meson 
ouplings is one of the most prominentexamples. It is 
on
eptually similar to density dependent Hartree-Fo
k the-ory with Skyrme for
es, whi
h is nowadays standard for the mi
ros
opi
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2470 P. Ring, A.V. Afanasjevdes
ription of nu
lear properties over the entire periodi
 table. It shareswith this theory, that it 
ontains only a few parameters whi
h are adjustedto data of nu
lear matter and a few 
losed shell nu
lei. All the other nu
leiare des
ribed with one parameter set. In 
ontrast to the non-relativisti
density fun
tional theories it has the advantage, that it fully in
orporatesrelativity. This leads to large attra
tive s
alar and large repulsive ve
tor�elds, whi
h 
an
el to a large extent in the normal nu
lear potential leadingto relatively small Fermi momenta and non-relativisti
 kinemati
s. Howeverthey add up in the potentials for the small 
omponents leading to a largespin-orbit splitting and to pseudospin-symmetry. In this way 
ovariant den-sity fun
tional theories in
orporate essential e�e
ts in a fully self-
onsistentway with a small number of parameters.In this 
ontribution we summarize a number of investigations within therelativisti
 framework devoted to rotating nu
lei, in parti
ular those withsuperdeformed shapes.2. Relativisti
 Mean Field theory in rotating frameRMF theory des
ribes the nu
leus as a system of nu
leons (Dira
 spinors)whi
h intera
t in a relativisti
 
ovariant manner through the ex
hange of vir-tual mesons [1℄: the isos
alar s
alar � meson responsible for the large s
alarattra
tion at intermediate distan
es, the isos
alar ve
tor ! meson respon-sible for the ve
tor repulsion at short distan
es and the isove
tor ve
tor �meson whi
h takes 
are for the asymmetry properties of nu
lei with largeneutron or proton ex
ess. In addition, the photon �eld (A) a

ounts for theele
tromagneti
 intera
tion.RMF theory has been extended for the des
ription of rotating nu
lei to
ranked relativisti
 mean �eld (CRMF) theory by employing the 
rankingidea in Refs. [2�4℄. In the �rst appli
ations pairing 
orrelations were ne-gle
ted and 
ranking was performed for a �xed axis perpendi
ular to thesymmetry axis. The CRMF equations in
lude the Dira
 equation in theHartree-approximation for fermionsn�(�ir� V (r)) + V0(r) + �(m+ S(r))� 
xĴxo i = "i i ; (1)where V0(r) represents a repulsive ve
tor potential, S(r) an attra
tive s
alarpotential, V (r) the magneti
 potential, and the term 
xĴx the Coriolis �eld.The time-independent inhomogeneous Klein�Gordon equations for mesoni
�elds are given by
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xL̂x)2 +m2�o �(r) = �g��s(r)� g2�2(r)� g3�3(r) ;n��� (
xL̂x)2 +m2!o!0(r) = g!�v(r) ;n��� (
x(L̂x + Ŝx))2 +m2!o !(r) = g!j(r) ; (2)with sour
e terms involving the various nu
leoni
 densities and 
urrents
al
ulated by summing over the levels in the Fermi sea only (no-sea approx-imation). For simpli
ity, the equations for the � meson and the Coulomb�elds are omitted in Eqs. (2) sin
e they have the stru
ture similar to theequations for the ! meson.CRMF theory has been used extensively in the study of SD bands inwhi
h the pairing 
orrelations are expe
ted to play only a minor role. Thisapproa
h has an advantage sin
e the question of a self-
onsistent des
riptionof pairing 
orrelations in �nite nu
lei starting from a relativisti
 Lagrangianstill remains a not fully solved theoreti
al problem [5℄. Considering, however,that the pairing is a genuine non-relativisti
 e�e
t, whi
h plays a role onlyin the vi
inity of the Fermi surfa
e one 
an 
onsider the pairing 
orrelationsonly between the baryons using the pairing part of the phenomenologi
alGogny intera
tion with �nite range in the parti
le-parti
le (pairing) 
hannel.In 
onjun
tion with RMF theory su
h an approa
h to the des
ription ofpairing 
orrelations has been applied, for example, in the study of groundstate properties, neutron halos and deformed proton emitters. Re
entlyCranked Relativisti
 Hartree�Bogoliubov (CRHB) theory has been appliedfor super-deformed bands in the Hg-region.The CRHB equations for the fermions in the rotating frame are given inone-dimensional 
ranking approximation by�h�
xĴx �̂��̂� �h� +
xĴ�x ��UkVk � = Ek �UkVk � ; (3)where h = hD � � is the single-nu
leon Dira
 Hamiltonian minus the 
hem-i
al potential � and �̂ is the pairing potential. Uk and Vk are quasi-parti
leDira
 spinors and Ek denote the quasi-parti
le energies. An additional fea-ture is that in CRHB theory we go beyond the mean �eld and perform anapproximate parti
le number proje
tion before the variation by means ofthe Lipkin�Nogami method [6�8℄. It turns out that this feature is extremelyimportant for a proper des
ription of the moments of inertia.The spatial 
omponents of the ve
tor mesons give origin to a magneti
potential V (r) whi
h breaks time-reversal symmetry and removes the de-genera
y between nu
leoni
 states related via this symmetry [4, 9℄. This
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t is 
ommonly referred as nu
lear magnetism [2℄. It is very importantfor a proper des
ription of the moments of inertia [4℄. Consequently, thespatial 
omponents of the ve
tor ! and � mesons are properly taken intoa

ount in a fully self-
onsistent way in the 
al
ulations.The mi
ros
opi
 relativisti
 and non-relativisti
 mean �eld approa
hesbeing fully self-
onsistent share some 
ommon features, for example, su
h asthe low e�e
tive mass being typi
ally in the range of 0.6�0.7 and the presen
eof time-odd mean �elds whi
h have a large impa
t on the moments of inertia.The low values of the e�e
tive mass in mi
ros
opi
 theories lead to a lowlevel density in the vi
inity of the Fermi level 
ompared with experiment.This problem 
an, in general, be 
ured by taking into a

ount the 
ouplingbetween single-parti
le motion and low-lying 
olle
tive vibrations. The time-odd mean �elds, whi
h play an important role in rotating nu
lei, are de�neduniquely in the RMF theory, while in the approa
hes based on e�e
tiveintera
tion of Skyrme type this depends on underlying energy fun
tionalor the 
orresponding e�e
tive two-body intera
tion. A 
lear advantage ofRMF theory is the fa
t that the spin-orbit term emerges in a natural way,while it has to be parametrized in the non-relativisti
 approa
hes. RMFtheory is distin
t from non-relativisti
 theories in the me
hanism of nu
learsaturation, where the nu
leoni
 potential emerges as a di�eren
e of largeattra
tive s
alar (S(r)) and repulsive ve
tor (V0(r)) potentials.Theoreti
al approa
hes, based on the non-relativisti
 ma
ros
opi
 + mi-
ros
opi
 method, whi
h use the Woods�Saxon or Nilsson potentials for themi
ros
opi
 part still remain very powerful tools for our understanding ofrotating nu
lei. By treating the bulk and the single-parti
le properties sep-arately they have the advantage to �t many details of the a
tual nu
leidire
tly to the appropriate region under investigation. However, this sep-aration leaves some room for in
onsisten
ies between the ma
ros
opi
 andmi
ros
opi
 parts. In addition, time-odd mean �elds are negle
ted in thismethod. However, these phenomenologi
al models have some advantagesrelated to the fa
ts that (i) the e�e
tive mass is one by de�nition, (ii) theyare more �exible due to the separation of bulk and single-parti
le proper-ties, (iii) the numeri
al 
al
ulations are by orders of magnitude less time
onsuming than the ones in the mi
ros
opi
 approa
hes.3. Superdeformation in the regime of weak pairing 
orrelationsCRMF theory has been extensively used for the des
ription of SD bandsin whi
h the pairing 
orrelations are expe
ted to be 
onsiderably quen
hed.Detailed investigations have been performed using this approa
h in theA � 140�150 and in the A � 60 mass regions. One should 
learly re
ognizethat the negle
t of pairing 
orrelations is an approximation be
ause pairing
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orrelations being weak are still present even at the highest rotational fre-quen
ies. However, the question of the des
ription of pairing 
orrelations inthe regime of weak pairing still remains an open problem (see, for example,the introdu
tion in Ref. [9℄). Almost all 
ranked mean �eld approa
hes whi
haim to des
ribe pairing 
orrelations in rotating nu
lei use an approximateparti
le number proje
tion before variation by means of the Lipkin�Nogamimethod. However, the appli
ability of this method in the regime of weakpairing 
orrelations as an approximation to exa
t parti
le number proje
-tion seems questionable. Keeping this in mind we think that the negle
t ofpairing 
orrelations is a reasonable approximation in a spe
i�
 physi
al situ-ations and, although some spe
i�
 features su
h as, for example, paired band
rossings 
annot be addressed, it allows to gain 
onsiderable understandingof physi
al phenomena in the high spin region.3.1. The A � 140�150 mass regionSin
e the dis
overy of superdeformation in 152Dy in 1986 this mass regionwas the testing �eld for di�erent theoreti
al models and 
on
epts. Alreadythe investigations within the ma
ros
opi
 + mi
ros
opi
 method gave an un-derstanding of the impa
t of di�erent single-parti
le orbitals on the dynami
moments of inertia J (2) and transition quadrupole moments Qt, possible un-derlying me
hanisms of identi
al bands, methods of 
on�guration assignmentbased on properties of dynami
 moments of inertia or e�e
tive alignmentsie� and so on. These developments are 
overed in review arti
les [10, 11℄.A systemati
 investigation of the properties of the SD bands in this massregion has been performed in the framework of the CRMF theory [9,17℄. Itwas shown that CRMF theory reprodu
es well the experimentally observedfeatures su
h as the properties of dynami
 moments of inertia J (2), single-parti
le ordering in the SD minimum, alignment properties of single-parti
leorbitals et
. Cal
ulated 
harge quadrupole moments Q0 are in general some-what larger than the average experimental values quoted in literature butthey are still within the experimental error bars if the un
ertainties due tostopping powers (� 15%) are taken into a

ount. The last feature is alsotypi
al for other theoreti
al approa
hes based either on the Nilsson or theWoods�Saxon potentials and Skyrme for
es.3.2. The A � 60�70 mass regionAs illustrated in Fig. 1, the rotational properties of the SD band in60Zn are distin
tly di�erent from the ones seen in the A � 150 and 190mass regions. Indeed, at the highest rotational frequen
ies the dynami
moment of inertia J (2) is only approximately 60% of the kinemati
 momentof inertia J (1). The 
omparative study of SD and highly deformed bands
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Fig. 1. Dynami
 (J (2)) and kinemati
 (J (1)) moments of inertia of representativeSD bands observed in the A � 60, 150 and 190 mass regions. SD bands in 60Znand 194Hg are linked to the low-spin level s
heme. On the 
ontrary, no SD bandin A � 140�150 mass region is linked to the low-spin level s
heme. Thus the J (1)values for the SD band in 152Dy are shown under two di�erent spin assignments:the lowest transition in SD band with energy 602.4 keV 
orresponds to the spin
hanges of 26+ ! 24+ (lowest 
urve) and of 28+ ! 26+ (highest 
urve).in this mass region has been performed within the framework of the CRMFtheory and CNS approa
h based on the Nilsson potential in Refs. [12�14℄.De�ning the spin values of the unlinked SD and highly deformed bands bymeans of e�e
tive alignment approa
h it was shown that also other bands ofthese types show the same relation between J (1) and J (2), see Fig. 2. Thesefeatures are very similar to the ones seen in smooth unfavoured terminatingbands observed in the A � 110 mass region.It turns out that the rotational properties (J (1) and J (2))1, e�e
tivealignments ie� and transition quadrupole moments Qt of highly deformedand SD bands are des
ribed rather well both in the CRMF and in the CNSapproa
hes, see Refs. [12�14℄ and Fig. 2 in the present manus
ript, withthe results of CRMF 
al
ulations being in average in better agreement withexperimental data.1 The des
ription of the paired band 
rossing observed in 60Zn band at 
x � 1:0 MeVis not addressed in the present 
al
ulations without pairing.
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Fig. 2. Kinemati
 J (1) (unlinked solid 
ir
les) and dynami
 J (2) (open 
ir
les)moments of inertia of observed bands versus the ones of assigned 
al
ulated 
on�g-urations. The notation of the lines is given in the �gure. To label the 
on�gurationswe use the shorthand notation [p1p2; n1n2℄ where p1 (n1) is the number of proton(neutron) f7=2 holes and p2 (n2) is the number of proton (neutron) g9=2 parti
les.Supers
ripts to the 
on�guration labels (e.g. [22; 22℄+) are used to indi
ate the signof the signature r for that 
on�guration (r = �1). The values of J (1) 
al
ulatedwith NL3 are typi
ally in between the ones obtained with NL1 and NLSH, so forsimpli
ity they are not shown. (From Ref. [12℄).4. Superdeformation in the A � 190 mass regionThe SD bands in this mass region are in most 
ases 
hara
terised by thedynami
 moment of inertia J (2) whi
h in
reases with in
reasing rotationalfrequen
y. Kinemati
 moments of inertia J (1) of linked SD bands in 192;194Pband 194Hg (see Fig. 3) show the same features and in addition the relationJ (2) � J (1) holds. This indi
ates that the pairing 
orrelations play a moreimportant role in these bands 
ompared with the ones observed in the A � 60and 150 mass regions, see Se
t. 3.
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 moments of inertia J (1). Only in the 
ases of the yrast SD bandsin 192;194Pb and 194Hg, the spins of the bands are �rmly (194Hg, 194Pb) or tenta-tively (192Pb) de�ned in experiment. In other 
ases, the 'experimental' kinemati
moments of inertia J (1) are shown for three di�erent spin values of the lowest stateI0 in SD band, whi
h are 
onsistent with the signature of lowest 
al
ulated SD
on�guration. The J (1) values obtained in su
h a way are shown by 
ir
les withvalues being in best agreement with 
al
ulations indi
ated by solid 
ir
les.
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 approa
hes have been employed for the studyof the superdeformation in this mass region. The CHFB 
al
ulations ofSD bands in this mass region have been performed using the Gogny for
eswithout and with approximate parti
le number proje
tion before variationby means of Lipkin�Nogami method. A 
lear advantage of the mi
ros
opi
theories based on the e�e
tive for
es of the Gogny type is that no additionalparameters are needed to des
ribe the pairing 
orrelations.On the other hand, theoreti
al approa
hes dis
ussed below use someassumptions about the type of pairing intera
tion and �t its parameters tothe experimental data. An extensive investigation of SD bands in this massregion has been performed within the CHFB approa
h with e�e
tive for
esof the Skyrme. It was 
on
luded that spe
ial attention should be taken tothe e�e
tive intera
tion in the pairing 
hannel and that surfa
e a
tive deltapairing gives a better agreement with data for the behaviour of the dynami
moment of inertia J (2) versus rotational frequen
y than either the volumea
tive or the seniority pairing [15℄.CRHB theory has been applied to the des
ription of the SD bands ob-served in even�even nu
lei [16,18℄. The results of the 
al
ulations for thekinemati
 moments of inertia are shown in Fig. 3. One 
an see that avery su

essful des
ription of rotational features of experimental bands isobtained in the 
al
ulations without adjustable parameters. A 
omparisonwith results of other approa
hes based on the mean �eld 
on
ept indi
atesthat the CRHB 
al
ulations provide one of best agreements with experi-mental data. The 
al
ulated values of transition quadrupole moments Qtare also 
lose to the measured ones, however, more a

urate and 
onsistentexperimental data on Qt is needed in order to make detailed 
omparisonsbetween experiment and theory, for details see the dis
ussion in Ref. [16℄.RMF theory also ex
ellently reprodu
es the ex
itation energies of the SDbands relative to the ground state in 194Hg and 194Pb nu
lei.The in
rease of kinemati
 and dynami
 moments of inertia in this massregion 
an be understood in the framework of CRHB theory as emerging pre-dominantly from a 
ombination of three e�e
ts: the gradual alignment of apair of j15=2 neutrons, the alignment of a pair of i13=2 protons at a somewhathigher frequen
y, and de
reasing pairing 
orrelations with in
reasing rota-tional frequen
y. The dynami
 moments of inertia are well reprodu
ed in theCRHB 
al
ulations [16,18℄. It is also of interest to mention that the sharp in-
rease in J (2) of the yrast SD band in 190Hg is also reprodu
ed in the present
al
ulations. One should note that the CRHB 
al
ulations slightly overesti-mate the magnitude of J (2) at the highest observed frequen
ies. The possiblereasons 
ould be the de�
ien
ies either of the Lipkin�Nogami method or the
ranking model in the band 
rossing region or both of them.
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lusionsThe appli
ations of the 
ranked versions of the relativisti
 mean �eldtheory to the des
ription of superdeformed bands in di�erent mass regions
learly indi
ates that this theory provides very good agreement with experi-mental data. The level of agreement is 
omparable and in many 
ases betterthan the one obtained in the non-relativisti
 approa
hes. This is not trivial,be
ause it is well known that the small e�e
tive mass in relativisti
 theories
auses a 
onsiderable redu
tion of the level density at the Fermi surfa
e. Ina simple Inglis formula this would lead to rather large values for the mo-ments of inertia. However, CRMF 
al
ulations are fully self-
onsistent, i.e.the inertia parameters in
lude polarization e�e
ts and polarization 
urrentswhi
h take into a

ount in an average way the 
oupling to surfa
e vibrations.We would like to express our gratitude to our 
ollaborators, who 
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