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SPIN ORDERING OF NUCLEAR SPECTRAFROM RANDOM INTERACTIONS�D. Mulhall, V. Zelevinsky and A. VolyaNational Superonduting Cylotron Laboratory, Mihigan State UniversityEast Lansing, Mihigan 48824-1321, USA(Reeived Marh 6, 2001)Reent developments in many-body quantum haos have raised the is-sue of orrelations between di�erent families of levels in the spetra ofrandom fermioni systems. It seems that rotational invariane is su�ientto fore an otherwise random system to have statistially ordered spetrawhere the ground state an have zero spin or the maximum spin alloweda huge portion of the time. We have takled this question and have har-aterized the role of �geometri haotiity� and pairing in random systems.We have shown how the geometry gives rise to suh a distribution of groundstate spins and examined the oexistene of these regularities with haotiwave funtions.PACS numbers: 24.60.Lz, 21.60.Cs, 05.30.�d1. IntrodutionThe role of haoti dynamis in nulear physis has been extensivelystudied. Geometri haotiity, or the assumption of pseudorandom ouplingof angular momentum, was used to derive the early level density formulae.Random matrix theory lari�ed the role of global symmetries and lead tonew methods of statistial analysis of nulear spetra, while work with shellmodel wave funtions gave a deeper understanding on the thermodynam-is of the nuleus. The question of orrelations between di�erent lasses ofstates desribed by the same Hamiltonian has been negleted. Reent in-vestigations [1, 2℄ showed that the spetra of random Hamiltonians whihrespeted global symmetries exhibited strong orrelations between the dif-ferent lasses. This phenomenon was subsequently observed in a variety ofsystems but reently a reasonable physial explanation was proposed [3℄.� Presented at the High Spin Physis 2001 NATO Advaned Researh Workshop, ded-iated to the memory of Zdzisªaw Szyma«ski, Warsaw, Poland, February 6�10, 2001.(2491)



2492 D. Mulhall, V. Zelevinsky, A. VolyaThis work addresses this important issue and explains the orrelations interms of geometri haotiity. The preferene of the systems under studyto have spin zero or maximum spin ground states and paraboli yrast linesis shown to have its origins in the geometry of the system, as opposed tothe spei� details of the interation, i.e. it is a diret result of the om-plex oupling of many single-partile angular momenta required to build amany-body state with the appropriate symmetry.In order to address the regularities in the spetra of random systemswe hoose to study the simplest possible system, that of N fermions on asingle energy level of spin j whih has a 2j +1 degeneray. The regularitiesare robust with respet to the hoie of both system and ensemble. Withinthis spae, the general two-fermion rotationally invariant Hamiltonian anbe written as H =XL� VLP yL�PL� ; (1)where the operators for a pair of fermions with total angular momentum Land projetion � are de�ned asP yL� = 1p2Xmn CL�mnaymayn ; PL� = 1p2Xmn CL�mnanam ; (2)am annihilates a partile with single partile angular momentum j and pro-jetion m, CL�mn are the Clebsh�Gordan oe�ients hL�jjm; jni, and thetwo-partile states j2;L�i = P yL�j0i are properly normalized. Beause ofFermi statistis, only even values of L are allowed in the single-j spae.There are j + 12 interation parameters VL and these numbers de�ne ourensemble. The ensemble we hose was a uniform distribution of VL between�1 and 1, whih sets the energy sale. We analyzed many realizations ofour ensemble for various values of partile number, N , and single-partileangular momentum j. Spetra were obtained by diret diagonalization ofthe Hamiltonian matrix for a given set of VL but as the dimensionality gottoo large the shell model ode OXBASH was used to get the spetra andwave funtions.In the N = 4 and 6 partile ases there was a huge fration of systemswith ground state spin J0 = 0 and J0 = Jmax where Jmax is the maximumallowed value of angular momentum. We will all these frations f0 andfJmax respetively, see Fig. 1. The predominane of these values of angularmomentum ours in spite of the fat that they aount for a small frationof the total states. In the N = 5 partile systems there was a large frationfj of ground states with total spin J = j whih is onsistent with the pitureof a valene spin j partile on a spin 0 ore.The mean yrast line for all spetra with a spin 0 ground state was aparaboli funtion of J with a strong odd�even e�et, see Fig. 2. For the
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Fig. 1. The fration of ground states with J = 0 for N = 4 and di�erent j.Ensemble results; solid line. Statistial theory; dashed line, panel (a). Upper limitfor fJmax from the statistial theory and analysis of the Jmax region; dashed line,panel (b).
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Fig. 2. The mean lowest energies vs J for the N = 6, J = 11=2 ensemble for spetrawith (a) J0 = 0 and (b) J0 = Jmax. Separate values of the moment of inertia Iwere extrated from the odd and even J points.



2494 D. Mulhall, V. Zelevinsky, A. Volyamaximum spin ground state spetra the parabola is inverted. These smoothyrast lines show a strong orrelation between levels with di�erent quantumnumbers. These orrelations oexist with the familiar ones of random matrixtheory. The distribution P (s) of nearest neighbor level spaings within a setof levels with the same angular momentum was in full agreement with theWigner distribution. 2. The statistial modelThe system was treated with an approah based on equilibrium statistialmehanis whih leads to the Fermi�Dira distributionnm = 1exp(m� �) + 1 (3)under the onstraints N =Xm nm ; M =Xm mnm : (4)The quantities �(N;M), the hemial potential, and (N;M), the rank-ing frequeny, are the Lagrange multipliers assoiated with the two on-straints. The equilibrium energy for anN partile-state with total projetionM is hHi = XL;�;1;2VL ��CL�12 ��2 hn1n2i : (5)Treating  as an expansion parameter, expanding nm, performing the sum-mations over the various produts of single partile projetions and Clebsh�Gordan oe�ients, and identifying M with J we ome tohHiN;J =XL (2L+ 1)VL �h0(L) + h2(L)J2 + h4(L)J4� ; (6)where with 
 = 2j + 1,h0(L) = N2
2 ; h2(L) = 32j4
2 �L2 � 2j2� ;h4(L) = 9 (
 � 2N)240 j8(
 �N)2N2
2 �3L4 + 3L2 � 12j2L2 � 6j2 + 8j4� : (7)The regularities of the ensemble are insensitive to the hoie of distribu-tion of interation parameters VL as long as the hoie is symmetri aboutzero. The distribution of the sum in Eq. (6) an be alulated assuming aGaussian distribution for eah VL. Our model aptures the upper limit forf0 in the systems of various j, Fig. 1. The staggering of f0 in the numerial
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Fig. 3. The average values of the random parameters VL for the ground state spinJ0 = Jmax, N = 4, and j = 17=2 as a funtion of L shown with the statistialerrors (solid line), and the results of the statistial model for h2 < 0 (dashed line).results for N = 4, with its period of 3 in j, an be understood by observingthe behaviour of the multipliity of the spin 0 states as j hanges. It is inre-mented by 1 for every time j is inremented by 3. The theory overestimatesthe value of fJmax but the expansion of the  parameter was valid only forsmall values of M and thus J .We an use (6) to extrat the mean values hVLi of those sets of interationparameters that generate spetra with ertain J0. In Fig. 3 we ompared thetheoretial points for hVLi vs. L for N = 6 systems with the atual meanvalues of random parameters VL whih led to J0 = Jmax. The resultingurve is in total agreement with our statistial theory.The equilibrium energies from Eq. (6) are highly orrelated with the nu-merial values, di�ering by a onstant negative shift. When plotted againsteah other the points fell along a straight line with a slope of 0:81 � 0:02and 0:81 � 0:03 for those systems with J0 = 0 and 30, respetively, for allvalues of J , see Fig. 4. There was an odd-even staggering in the value of thenegative shift and its magnitude was smaller for J0 = 30, Fig. 5.The assumption of statistial equilibrium implies that the o�-diagonalmatrix elements of am and aym and their produts make an inoherent on-tribution to (6). We also assumed that the oupation numbers are unor-related. Atually using the numerial results for the orrelated oupationnumbers in (5) resulted in a slope lose to unity in the plots of Fig. 4. InFig. 6 we see the average values of nm for the lowest J = 2; 4; 6; 8 energylevels of those N = 6, j = 15=2 spetra with J0 = 0. They osillate aboutthe statistial values, exhibiting a shell struture that is smeared out in thetheory through the approximation of unorrelated oupanies.In spite of the regularities of the ground state spin distribution, theirorigin in random spin oupling leads us to expet the orresponding wave
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Fig. 4. Numerial values of the lowest J = 2 (a), and J = 27 (b), energies vs.preditions of the statistial model, Eq. (6), for the J0 = 0 spetra of the N = 6,j = 15=2 ensemble.
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Fig. 5. The onstant shift in the theoretial equilibrium energies of spin J vs. Jfor the N = 6, j = 15=2 ensemble for the two values of ground state spin.funtions to be haoti. As a referene point, we look at the distribution ofoverlaps, x, between the ground state wave funtions of our ensemble andthe spin zero seniority zero wavefuntion whih appears as the ground statefor the regular pairing interation, V0 = �1; VL 6=0 = 0,x = jhJ = 0; g:s:j0; pij2 : (8)
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Fig. 6. The average oupation numbers for the 1417 out of 2000 (70%) spetrawith J0 = 0 for the N = 6, j = 15=2 ensemble.The histogram of the distribution P(x) is presented in Fig. 7(b) for the aseof N = 6 partiles on the j = 11=2 level where there are 3 states of spinJ = 0. In the haoti limit this would lead toPd=3(x) = 12px ; 0 < x � 1 : (9)Clearly, the observed overlap agrees qualitatively with the haoti limit.Another situation is shown in Fig. 7(a) where the data, a solid his-togram, are taken for the ensemble whih ontains regular attrative pairing,V0 = �1, plus uniformly random interations in all hannels with L > 0.The presene of pairing generates a signi�ant probability for the pairedground state, a peak at x = 1. However, there exists an �antipaired� statewith J = 0 but a vanishingly small probability to be a ground state sothat the spae of the andidates for the ground state position is e�etivelytwo-dimensional, and we havePd=2(x) = 1�px(1� x) ; 0 < x � 1 (10)whih again agrees qualitatively with the data, Fig. 7(a).
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Fig. 7. The distribution of overlaps, Eq. (8), of ground states with J0 = 0 with thefully paired (seniority zero) state, solid histograms, for the ensemble with all VLrandom, panel (b), and for the ensemble with random VL6=0 and regular pairing,VL=0 = �1, panel (a). Dashed histograms show the preditions for haoti wavefuntions of dimension d = 3, panel (b), and d = 2, panel (a).3. ConlusionThe regularities in the spetra of angular momentum onserving randomtwo-body interations in systems of N fermions on a single-j level are theresult of geometri haotiity, the inherent omplexity of the N -body spin-Jstates from the oupling of spin-j partiles. Treating the system as a Fermigas in statistial equilibrium explained the trends both in the ground statespins and the yrast line. The role of pairing is minimal. The shell strutureevident in the single partile oupanies sheds light on the limitations ofthe theory.This work was supported by the NSF grants 96-05207 and 00-70911.REFERENCES[1℄ C.W. Johnson, G.F. Bertsh, D.J. Dean, Phys. Rev. Lett. 80, 2749 (1998).[2℄ C.W. Johnson, G.F. Bertsh, D.J. Dean, I. Talmi, Phys. Rev. C61, 014311(2000).[3℄ D. Mulhall, V. Zelevinsky, A. Volya Phys. Rev. Lett. 85, 4016 (2000).


