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za«ski Institute of Nu
lear Physi
s, Kraków, PolandM. MatsuoGraduate S
hool of S
ien
e and Te
hnology, Niigata UniversityNiigata 950-2181, JapanE. Vigezzi, A. Bra

o, S. Leoni, and R.A. BrogliaINFN Se
tion Milano, and Department of Physi
s, University of MilanoMilano 20133, Italy(Re
eived April 6, 2001)A general dis
ussion and illustration is given of strength fun
tions forrotational transitions in two-dimensional E
1 � E
2 spe
tra. Espe
ially,a narrow 
omponent should be proportional to the 
ompound dampingwidth, related to the mixing of basis rotational bands into 
ompound bandswith fragmented transition strength. Three E
1 � E
2 spe
tra are madeby setting gates on triple 
oin
iden
es, sele
ting 
as
ades whi
h feed intospe
i�
 low-lying bands in the nu
leus 168Hf. In ea
h of the gated spe
tra,we �nd a ridge, 
arrying about 100 de
ay paths. This ridge is as
ribedto rotational transitions in the ex
itation energy range of 1.0 to 1.5 MeVabove the yrast line. The FWHM of the ridges are around 40 keV, about afa
tor of two smaller than 
al
ulated on the basis of mixed 
ranked mean�eld bands.PACS numbers: 21.10.Re, 21.10.Ma, 23.20.Lv, 27.70.+q� Invited talk presented at the High Spin Physi
s 2001 NATO Advan
ed Resear
hWorkshop, dedi
ated to the memory of Zdzisªaw Szyma«ski, Warsaw, Poland,February 6�10, 2001. (2565)



2566 T. Døssing et al.1. Introdu
tion(HI,xn) rea
tions produ
e 
ompound nu
lei within an �entry region� ofenergy and angular momentum, with a typi
al energy above yrast of halfthe neutron separation energy.From the entry region rea
hed by the last parti
le evaporation, 
-
as-
ades pass through thermally ex
ited states on their way towards the 
oldyrast line and eventually the ground state at temperature T = 0. To learnabout the rotation of thermally ex
ited states, one applies a 
ombination ofdis
rete spe
tros
opy and spe
tros
opy of unresolved 
-energy transitions.Figure 1 illustrates the 
-rays emitted in three steps of a 
as
ade startingeither from 
old states at temperature T � 0, or from a warm state attemperature T > 0.
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Fig. 1. Illustration of three steps in a rotational 
as
ade, for 
old bands (left-handside) or starting from a mixed band state (right-hand side). To the far right isillustrated transition strengths for the a
tual state (bars), and after averaging overmany initial states, smooth dashed 
urve.This 
onferen
e has provided many examples of the rewards of resolvingdis
rete lines for 
old states, su
h as band terminations related to spe
i�
nu
leoni
 orbitals, E1 and M1 bands related to the symmetries and internalstru
ture, magneti
 rotation and wobbling motion, to mention a few.Con
erning the warm rotation, T > 0, typi
ally 100 initial states at ea
hangular momentum are populated by the 
as
ades. Considering the bran
h-ing on several states by the 
as
ades in ea
h step, it would be a formidabletask to pie
e together a 
omplete level s
heme. With so many states andtransitions, probably less signi�
an
e may be atta
hed to the individualstates, but rather to their average properties. In the present paper, weshall espe
ially 
onsider strength fun
tions for the rotational quadrupolede
ay, both distributions averaged over many states, as well as �u
tua-



Gamma-Ray Strength Fun
tions in Thermally : : : 2567tions of strengths. The mixing of rotational bands and fragmentation ofrotational strength is 
aused by the intera
tions among rotational bands.These intera
tions, and their impli
ations for the rotational de
ay, shedlight on properties of the rotational bands, whi
h 
annot be studied for
old bands. Espe
ially interesting is the transition from regular rotationalbands to 
haoti
 rotation with fragmented rotational transition strengthswith in
reasing temperature.The fragmentation of rotational strength was �rst dis
ussed by Lean-der [1℄, motivated by the rather weak rotational 
orrelations observed intwo-dimensional spe
tra, (sometimes also 
alled energy-energy 
orrelationspe
tra [2, 3℄). A s
hemati
 model of mixed rotational bands and the asso-
iated fragmentation of the rotational strength was proposed by Lauritzenet al. [4℄. Here, the basis bands are taken as 
ranked mean �eld bands, inter-a
ting via a two-body for
e. Also, emphasis was put on the generi
 
hara
terof the type of rotational motion 
arried by the mixed bands of various fre-quen
ies, independent on the details of the nature of the bands and theirintera
tion. To stress the analogy to other nu
lear and 
ondensed mat-ter phenomena, this motion was named �damping of rotational motion� [5℄.More realisti
 
al
ulations, emphasizing general order to 
haos propertiesof states and strengths with in
reasing temperature, were 
arried out byÅberg [6, 7℄. The most 
onsistent and spe
i�
 
al
ulations of mixed rota-tional bands have so far been 
arried out by Matsuo et al. [8, 9℄.These 
al
ulations are based on the 
ranked mean �eld, and the diagonal-ization of the residual two-body for
e is performed within a rather restri
tedbasis. The basis gives a properly exponentially in
reasing average level den-sity, in
luding many-parti
le-many-hole states. However, the ex
itation inthe basis of the individual parti
le away from the Fermi surfa
e is e�e
tivelylimited to the maximum temperature in the basis of about 0.6 MeV, 
or-responding to the lowest about 3000 states of ea
h parity and signature atea
h angular momentum. The use of the 
ranked mean �eld implies that therotational E2 matrix elements are assigned to the basis bands as an ansatz.The restri
tion to modest nu
leon ex
itations away from the Fermi surfa
eimplies that phase 
orrelations of matrix elements of the residual intera
-tion will not generate 
oherent states, that is in the present 
ase 
oherent
ombinations of bands. This is espe
ially a problem for the paring partof the residual intera
tion, but also surfa
e vibrations are to a high degreenegle
ted by this pro
edure.In the present paper, we will apply a 
ombination of investigating theshape [10, 11℄ and the �u
tuations [12, 13℄ of two-dimensional spe
tra. Thisinvestigation is 
on
erned with the distribution of 
-ray energies in two
onse
utive steps of a 
as
ade, that is the two-step strength fun
tion as itwill appear in a two dimensional E
1 �E
2 plane.



2568 T. Døssing et al.2. �I = 0;�2;�4 strength fun
tionsThe strength fun
tions underlying damped rotational motion are illus-trated in �gure 2.

∆ I = −4: two steps in a cascade
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∆ I = 0: spreading of basis band state

∆ I = −2: one step in a cascade
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Fig. 2. Illustration of the relevant strength fun
tions whi
h underly the wide andnarrow 
omponents of two 
onse
utive transitions of a 
as
ade. On the left handpart of ea
h panel is shown individual states mixing into 
ompound states (for�I = 0), or transitions from individual states (for �I = �2 and �I = �4). Onthe right hand part of ea
h panel is shown the resulting strength fun
tion averagedover many states.



Gamma-Ray Strength Fun
tions in Thermally : : : 25692.1. �I = 0; 
ompound damping widthLo
ally, at ea
h angular momentum, the basis bands, whi
h 
arry therotational strength, are mixed by an intera
tion. In the model by Matsuoet al. [8℄, the bands are taken as mean-�eld states of a rotating potential, thatis they are n-parti
le-n-hole states relative the yrast state, n = 0; 1; 2; 3; : : :.Ea
h mean �eld state j�i is spread over an energy interval �� by the residualintera
tion.The quantity �� 
arries important information on the nature of the basisbands, and their intera
tion with surrounding states. This intera
tion leadsto the formation of 
ompound states as superpositions of basis states, anda proper name for �� is the 
ompound damping width.2.2. �I = �2; rotational damping widthThe mixed band states 
arry rotational strength, relating ba
k to their
ontent of basis band states. Rotational transitions 
ompare the mixing attwo neighboring angular momenta, I and I � 2, and the B(E2) 
onne
tingsu
h two states is given byB(E2)(�(I) ! �0(I�2)) = B(E2)b:b: �����X� h�(I)j�(I)ih�(I � 2)j�0(I � 2)i�����2 ;where B(E2)b:b: denotes the rotational matrix element of basis bands. Av-eraging over an energy interval of 
ompound j�i states, and summing over�nal states j�0i, one �nds a rotational strength fun
tion, 
entered aroundsome average energy, and dispersed over an energy range of FWHM de�nedas the rotational damping width. For not too high ex
itation energy aboveyrast, the rotational damping width will be twi
e the width of the distribu-tion of rotational frequen
ies of the basis bands mixed into the 
ompoundstates.For the individual j�i-state, spe
i�
 strong j�i 
omponents will giveadditional stru
ture to the strength fun
tion. One strong j�i 
omponentwill pla
e some intense transitions within an interval of width ��, 
enteredaround transition energy 2!�.2.3. �I = �4; wide and narrow 
omponentSo far, the strength fun
tion for �I = �2 for individual mixed states
annot be isolated and observed. But the point is now that the next step inthe de
ay from the states j�0(I � 2)i to j�00(I � 4)i also pi
ks out the samestrong j�i 
omponents. For two steps in the de
ay out from an individualj�(I)i, (illustrated by the dots on the middle lower panel of �gure 2), this



2570 T. Døssing et al.will result in a two-
omponent strength fun
tion of the two 
-ray energies.Intense transitions are 
on
entrated around the transitions energies thatwould be along the j�i basis band, smeared out by the 
ompound dampingwidth �� in both dire
tions. For the di�erent j�i states, the j�i statesstrongly present will sometimes have smaller rotational frequen
y than theaverage, (the example pi
ked for the �gure, and displayed in the middle ofthe lower panel), sometimes larger. Averaging over an interval in energy ofmixed states, a two-
omponent strength fun
tion evolves whi
h has a wideapproximately 
ir
ular part, and a part whi
h is narrow in the E
1 � E
2dire
tion, as illustrated on the right lower 
orner of �gure 2.From this dis
ussion, the widths of the wide and narrow 
omponents areexpe
ted to be of the order of:�wide � 2�rot ; �narrow � 2�� :Going up in temperature, the narrow 
omponent will be 
arried by thePorter�Thomas strength �u
tuations of the mixing matrix elements h�j�i,and on this basis, the narrow 
omponent 
an be estimated to have theintensity (Intens.)narrow � 1��� ;where � is the level density. Figures 1 and 4 of Ref. [14℄ display spe
i�
mixed band 
al
ulations of these quantities, in qualitative a

ordan
e withthe present illustrations.Going still further up in temperature, the 
ompound damping width ��is expe
ted to be
ome larger than the rotational damping width, and thenarrow 
omponent will dissolve into the wide. The temperature for this dis-solving is also the temperature for the onset of motional narrowing of therotational damping [4℄. However, with the estimates based on the 
rankingmodel, this will only be at the high-energy edge of the states populated bythe gamma-
as
ades for rare earth nu
lei via fusion rea
tions. For superde-formed nu
lei, motional narrowing of the rotational damping may be moreeasily a

essible [9, 15℄.3. Experimental sear
h for narrow 
omponent3.1. Number of bands as fun
tion of irregularity parameter ÆA sear
h for the narrow 
omponent is reported in referen
e [16℄, applyingthree-dimensional spe
tra, E
1 � E
2 � E
3. For three 
onse
utive 
-rays,E
1, E
3, E
2, the quantityÆ = E
1 � 2E
3 +E
2
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tions in Thermally : : : 2571will be zero for a perfe
tly regular rotational band, whose energy as fun
tionof angular momentum 
ontains terms up to se
ond order when approximatedaround an angular momentum I0, appropriate for the transition energy in-terval under investigation. Deviations from Æ = 0 may be due to gradualalignment of orbitals, gradual 
hanges in the pairing properties, or to shape
hanges along the band. More important and dramati
 are the irregularitiesindu
ed by band 
rossings, whi
h produ
e 
oin
iden
es with spe
i�
 valuesof Æ, depending on the relative slopes of the bands, and the magnitude ofthe residual intera
tion at the band 
rossing.In Ref. [16℄, the ridge in E
1 � E
2 for di�erent gates on irregularity Æwas investigated. It was found that with in
reasing jÆj, the number of pathson the ridge �rst in
reases, then de
reases, with the average intensity of ea
htransition on the ridge de
reasing. Thus, the bands most intensely popu-lated by the 
as
ades 
lose to yrast are the most regular in energy. Within
reasing ex
itation energy up from yrast, the bands be
ome more irregu-lar. The width of the ridge found by this te
hnique is of the order of 30 keV,and we loosely estimate that an ex
itation energy region of about 0.6 to1.0 MeV is probed. Extrapolating this behavior in a somewhat spe
ulativeway, we think that this irregularity is a pre
ursor to the narrow 
ompo-nent, whi
h should develop with still in
reasing temperature and beginningfragmentation of the strength.3.2. Two-dimensional spe
tra gated by spe
i�
 bandsAt present, we apply another te
hnique, namely to investigate the shapeand �u
tuations of the �rst ridge of spe
tra gated by spe
i�
 low-lying ro-tational bands. The idea behind this te
hnique is illustrated in �gure 3. Ifthe E1 transitions feeding into the band mainly 
ome from the region of the�ow-line, the two last rotational transitions pre
eding the gating transition,should display a strength fun
tion as the one illustrated in �gure 2, lowerright 
orner.The idea is tested on a high-statisti
s experiment performed with Gam-masphere at ANL using a 76Ge + 96Zr fusion rea
tion to populate the highestspin region in 168Hf nu
lei. (see Refs. [17℄ and [18℄ for experimental details).The three most intense rotational bands in 168Hf are sele
ted by the gatesgiven in Table I.The �rst and se
ond moments of 
ounts �1; �2 [12℄ are evaluated for allthe gated E1 �E2 spe
tra.On the planes, 
lear ridges are observed. So-
alled �perpendi
ular 
uts�
overing intervals in (E
1 +E
2)=2, as fun
tion of E
1�E
2 are made, anddisplayed in �gure 4 for the AE gate. Alternating, the 
uts 
ontain (forexample for 880 keV, the se
ond 
urve from the bottom on both panels),
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Fig. 3. Illustration of feeding from the �ow line down into transitions on a gatingband. The last two rotational steps pre
eding the feeding down will display astrength fun
tion as illustrated in �gure 2, lower right 
orner. TABLE IThe energy in keV and the angular momenta of the gating transitions for the threeintense bands in 168Hf. The standard labels are applied for neutron quasiparti
lesin deformed rotating potentials with pairing.168Hf bands AB AE AFE
 607 keV 588 keV 559 keVI� ! I � 2� 20+ ! 18+ 19� ! 17� 18� ! 16�684 keV 619 keV 598 keV22+ ! 20+ 21� ! 19� 20� ! 18�751 keV 781 keV 694 keV24+ ! 22+ 27� ! 25� 24� ! 22�812 keV 851 keV 831 keV26+ ! 24+ 29� ! 27� 28� ! 26�or ex
lude (for example for 912 keV, the third 
urve) 
oin
iden
es on thegating band on the �rst ridge. The �rst ridge is situated around E
1�E
2 �4I � 60 keV, 
ontaining 
onse
utive transitions along bands or belonging tothe narrow 
omponent (I is a typi
al moment of inertia). One sees that the
oin
iden
es on the gating band above the gates makes the ridge very sharpand strongly �u
tuating. This is due to the one sharp spike in the spe
trum.
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Fig. 4. Perpendi
ular 
uts of the �rst moment of two-dimensional spe
tra, gatedby the band AE of 168Hf, left-hand side, and the se
ond moment, measuring �u
-tuations of 
ounts, right-hand side. From the raw gated spe
tra, an �UNCOR�produ
t spe
trum has been subtra
ted, and the �rst moment implies a smoothingof the resulting �COR� spe
trum, with a narrow Gaussian smoothing fun
tion (ofwidth equal to one 
hannel). The 
urves are displayed with a shift on ea
h 
urve,and they 
ontain proje
tions on the E
1 �E
2 axis 
overing intervals in the 
oor-dinate (E
1 + E
2)=2, whi
h are 21 
hannels (42 keV) wide and 
entered around(E
1 +E
2)=2 = 850, 882, 916, 944, 976 and 1000 keV.A 
lear systemati
s of alternating results are found in �gure 4, and one
an go on to evaluate the number of paths, and the width of the ridge,shown in �gure 5. With the band in
luded, the number of paths be
omesabout 4, and without the band, the number of paths is typi
ally 100. Thislast number is substantially larger than any previous ridge number of pathsobserved [12, 13, 19℄, and give a qualitative 
on�rmation of the pi
ture offeeding illustrated in �gure 3: The side-feeding into the band o

urs mostlyas dire
t transitions down from the main �ow of 
as
ades through ex
itedstates above yrast, and not so mu
h through 
ross-over transitions fromother 
old bands.More quantitatively, the lowest 100 states from yrast and up of all fourparity-signature 
ombinations 
over approximately the lowest 1.1 MeV ofenergy, applying standard level density estimates [20℄. Taking into a

ount
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Fig. 5. Number of paths and the FWHM of the ridges displayed in �gure 4 areshown as fun
tion of 
-ray energy, for the three di�erent bands, with gates summedover the transitions given in Table I.sele
tion rules in the feeding transitions, one would need to go to even higherenergies above yrast, but this is 
ountera
ted, when one also 
onsiders thefragmentation of the rotational strength in ea
h step. Altogether, we esti-mate that the large number of paths shows that the average energy of statesprobed by the wide ridges 
annot be smaller than 1 MeV, and not larger than1.5 MeV. The width of the wide ridges, � � 30�40 keV, is about a fa
torof two smaller than estimates of the narrow 
omponent based on 
rankedmixed bands [8, 14℄.
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tions in Thermally : : : 2575Going up in transition energy, the in
reasing energy of the states at the�ow line should lead to an in
rease in both the number of paths and thewidth of the wide ridges. However, the opposite is observed. At transi-tion energy around 1000 keV, 
orresponding to angular momentum around30�34 ~, the ridge is only 20 keV wide. Transitions with E
 � 1000 keV pre-
ede the gating transitions by about 5�6 steps of 
as
ades. Su
h 
as
ades
ould pass through bands with high alignments, whi
h are 
loser to yrastaround 30�34 ~, but whi
h go up from yrast 5 steps lower down in angularmomentum. They then eventually be
ome mixed, and 
an feed down intothe gating bands. 4. Con
luding remarksThe improvements in 
ounting statisti
s a
hieved with the newest dete
-tion arrays allows one to probe ex
ited rotational bands in more detail. Forquite a number of nu
lei, spe
i�
ally 163Lu, 163Er and 168Hf, typi
ally 106
onse
utive three-step transitions of 
-
as
ades are re
orded, for examplegoing through the angular momenta 34 ! 32 ! 30 ! 28. So many 
ountsare needed for the �u
tuations of the spe
tra to rise above those triviallygiven by the 
ounting statisti
s.Gating on spe
i�
 rotational bands in 168Hf, one sees a ridge 
ontainingabout 100 paths, 
orresponding to transitions from an energy interval aboveyrast of somewhere between 1.0 and 1.5 MeV. This ridge is interpreted asthe narrow 
omponent, relating ba
k the 
ompound damping width of basisbands. The width of the 
omponent, about 35 keV, is smaller than mixed
ranking model estimates by about a fa
tor of two.In the near future, the gating 
onditions will be simulated in 
as
adesimulations, to make a more detailed 
omparison with the mixed band 
al-
ulations.By evaluating 
ovarian
es [13℄ between spe
tra set by di�erent gates,one 
an investigate sele
tion rules for the K-quantum number [21℄, or theshape, how su
h sele
tion rules are obeyed by the 
as
ades �owing throughdi�erent regions in temperature and angular frequen
y. A promising dataset for 163Lu displays two distin
t �rst ridges, 
hara
terized by two di�erentmoments of inertia, 
orresponding to normally deformed and triaxial su-perdeformed shapes [22℄. Flu
tuations and 
ovarian
es on these ridges willtell about the narrow 
omponents, and also the amount of intera
tion atband 
rossings between the ex
ited bands of the two shapes.A.M. a
knowledges a partial support from the Polish State Committeefor S
ienti�
 Resear
h (KBN) under Grant No. 2 P03B 001 16.
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