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SYMMETRIES OF THE ROTATING MEAN FIELD�S. FrauendorfDepartment of Physis, University of Notre Dame, Notre Dame, IN 46556, USAandInstitute for Nulear and Hadroni Physis, Researh Center RossendorfPB 51 01 19, 01314 Dresden, Germany(Reeived July 18, 2001)The disrete symmetries of the rotating mean �eld lead to a variety ofrotational bands with di�erent sequenes of spin and parity. We fous onthe breaking of hiral symmetry in rotating triaxial nulei.PACS numbers: 21.10.�k, 23.20.Lv, 25.70.Gh, 27.60+j1. IntrodutionChirality appears in moleules omposed of more than four di�erentatoms and is typial for the biomoleules. The simplest examples are mole-ules like CH3CH2-C�IHCH3 (2-iodobutene). It ontains a steroenter,whih is the C atom to whih four di�erent groups are attahed (the bondsare expliitly indiated). The three groups I, H, and CH3 and the bondto CH3CH2 form a left-handed or a right-handed srew. These two �enan-tiomers� are related to eah other by a mirror re�etion.In hemistry hirality is of stati nature beause it haraterizes thegeometrial arrangement of the atoms. Partile physis is the other �eldwhere hirality is enountered. Here it has a dynamial harater, sine itdistinguishes between the parallel and antiparallel orientation of the spinwith respet to the momentum of massless fermions. The neutrino, whihappears only as left-handed speie, is an example. Frauendorf and Meng [1℄reently pointed out that the rotation of triaxial nulei may attain a hiralharater. The lower panel of Fig. 1 illustrates this new possibility. Wedenote the three prinipal axes (PA) of triaxial density distribution by l,i, and s, whih stand for long, intermediate and short, respetively. The� Invited talk presented at the High Spin Physis 2001 NATO Advaned ResearhWorkshop, dediated to the memory of Zdzisªaw Szyma«ski, Warsaw, Poland,February 6�10, 2001. (2661)
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Fig. 1. The disrete symmetries of the mean �eld of a rotating triaxial re�etionsymmetri nuleus (three mirror planes). The axis of rotation (z) is marked bythe irular arrow. It oinides with the angular momentum ~J . The struture ofthe rotational bands assoiated with eah symmetry type is illustrated on the rightside. The meaning of the symmetry operations is explained in Setion 4. Notethe hange of hirality indued by T Ry(�) in the lowest panel. The axes s; i; l aredenoted by 1, 2, 3, respetively.angular momentum vetor ~J introdues hirality by seleting one of theotants. In four of the otants the axes l, i, and s form a left-handed andin the other four a right-handed system. This gives rise to two degeneraterotational bands beause all otants are energetially equivalent. Hene thehirality of nulear rotation results from a ombination of dynamis (theangular momentum) and geometry (the triaxial shape).If we speak about the �symmetry of a moleule� we mean the symmetryof the �intrinsi� wavefuntion, whih desribes the eletrons and the relativepositions of the nulei. The total wavefuntion, whih additionally inludesthe orientation of the whole moleule in spae, represents the symmetry ofthe Hamiltonian, whih is invariant under 3D rotations and spae inversion.



Symmetries of the Rotating Mean Field 2663This higher symmetry leads to harateristi restritions in the rotationalspetrum, as for example shown in Fig. 1. This argument must be modi�edfor nulei, beause the nuleons are not on �xed positions. The rotatingmean �eld takes the role of the moleular intrinsi wavefuntion. It is de-sribed by the ranking model, whih most generally onsists in applyingthe mean �eld approximation (Hartree-Fok or related proedures) to thetwo-body Routhian H 0 = H � !Jz ; (1)where H is the two-body Hamiltonian of the nuleus and Jz is the angularmomentum omponent on the z-axis, whih we hoose as the axis of rotation.The mean �eld solution ji has in general a lower symmetry than implied bythe Routhian (1). In suh a ase one speaks of �spontaneous symmetrybreaking�. The loss of rotational symmetry with respet to the z-axis leadsto rotational spetra. Like in the ase of moleules, the presene or abseneof disrete symmetries (�nite rotations, spae inversion and time reversal)of (1) in ji leads to harateristi rotational spetra, examples of whih areshown in Fig. 1. In Setion 4 we give a more systemati disussion.2. Tilted Axis CrankingThe ranking model desribes the uniform lassi rotation of the mean�eld solution ji. Our symmetry argument is based on the presumption thatthe axis of uniform rotation needs not to agree with one of the PA of thedensity distribution. This does not hold for a rigid triaxial body, like amoleule for example, whih an uniformly rotate only about the l- and s-axes. However, already Rieman [2℄ pointed out that a liquid may uniformlyrotate about an axis tilted with respet to the PA, if there is an intrinsivortial motion. In the ase of the nuleus the quantization of the angularmomentum of the nuleons at the Fermi surfae generates the vortiity whihenables rotation about a tilted axis.The semilassial mean �eld desription of tilted nulear rotation wasdeveloped in [3�5℄. In the following we shall refer to it as the Tilted AxisCranking (TAC) approah [5℄. Figure 1 illustrates the di�erent symmetriesif the mean �eld is assumed to be re�etion symmetri. In the upper panelthe axis of rotation (whih is hosen to be z) oinides with one of the PA,i.e. the �nite rotation Rz(�) = 1. This symmetry implies the signaturequantum number �, whih restrits the total angular momentum to thevalues I = � + 2n, with n integer (�I = 2 band) [6℄. In the middle panelthe rotational axis lies in one of the planes spanned by two PA (planar tilt).Sine then Rz(�) 6= 1, there is no longer a restrition of the values I antake. The band is a sequene of states the I of whih di�er by 1 (�I = 1band). There is a seond symmetry in the upper two panels: The rotation



2664 S. FrauendorfRy(�) transforms the density into an idential position but hanges the signof the angular momentum vetor ~J . Sine the latter is odd under the timereversal operation T , the ombination T Ry(�) = 1.In the lower panel the axis of rotation is out of the three planes spannedby the PA. The operation T Ry(�) 6= 1. It hanges the hirality of the axesl, i and s with respet to the axis of rotation ~J . Sine the left- and the right-handed solutions have the same energy, they give rise to two degenerate�I = 1 bands. They are the even (j+i) and odd (j�i) linear ombina-tions of the two hiralites, whih restore the spontaneously broken T Ry(�)symmetry.Figure 2 illustrates how suh a solution may arise. The proton aligns itsangular momentum ~jp with the short axis of the density distribution. Thisorientation maximizes the overlap of its orbital with the triaxial density,whih orresponds to minimal energy, beause the ore�partile interationis attrative. The neutron hole aligns its angular momentum ~jh with thelong axis. This orientation minimizes the overlap of its orbital with thetriaxial density, whih orresponds to minimal energy, beause the ore�holeinteration is repulsive. The angular momentum of the ore ~R is of olletivenature. It likes to orient along the intermediate axis, whih has the largestmoment of inertia, beause the density distribution deviates strongest fromrotational symmetry with respet to this axis.
R

jh

jpFig. 2. Orbitals of a high-j proton and a high-j neutron hole oupled to the triaxialdensity distribution.The struture shown in Fig. 2 was �rst suggested by Frisk and Bengts-son [4℄ for the on�guration [�g9=2; �g�19=2℄ in 8439Y45 assuming a triaxial shapewith  = 30Æ. A later study [8℄ showed that this nuleus is indeed axial,whih is onsistent with the absene of a hiral doublet band in this nuleus.



Symmetries of the Rotating Mean Field 2665TABLE IChirality in the mass 134 region. TAC alulations: P � planar solution, S �hiral solution in a short I interval, and L � hiral solution in a long I interval.Observation of hiral doubling: CR � hiral rotation (the two �I = 1 bands omevery lose), CV � hiral vibration (the two �I = 1 bands remain separated).From [7,8℄.ZnN 67 68 69 70 71 72 73 74 75 76 77 78656463 S CV6261 L CR60 L L L59 P AC CV L CR CV58 L57 CV M CV CV56 P AC55 CV S CV CV5453Dimitrov, Frauendorf and Dönau [8℄ found the �rst ompletely self-onsistenthiral solution for 13459 Pr75 with the maximal triaxiality of  � 30Æ. Figure 3shows that in this nuleus one observes that two �I = 1 bands, whih arebased on the [�h11=2; �h�111=2℄ on�guration, merge forming a doublet stru-ture [9℄. Consistent with the experiment, the TAC solution attains hiralharater only for I > 15. Table I gives an overview over the existing TACalulations and the experimental evidene for hirality in the neighbour-hood of 134Pr. The study is yet inomplete. However, it seems that there isan island of hirality around Z = 59 and N = 75. In the N = 75 hain, theshores have probably been reahed at Z = 63 and 55. Figure 3 shows someof the observed hiral pairs. For most ases there remains a splitting of few100 keV between the partners. They are listed as Chiral Vibrators (CV) inTable I.The ases, when the two partners merge are listed as Chiral Rotors(CR). TAC solutions that are hiral only in a short I interval are observedas vibrators and the solutions that are hiral in a more extended intervalare seen as rotors. Note that there are also hiral solutions for Z = 60.They orrespond to a ombination of the [�h11=2; �h�111=2℄ on�guration witha proton in a low spin state (N = 75 and 77). For N =76 there is anadditional neutron in a low spin state.
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Fig. 3. Chiral sister bands in the N = 75 isotones based on the on�guration�h11=2�h�111=2. The parity of the bands is + and I = 9. From [7℄. The TACalulation from [8℄ is inluded.TAC alulations [8, 10℄ predit other regions, where hirality an beexpeted:� Around 188Ir. The ative high-j orbitals are h9=2 or i13=2 protonsombined with i13=2 neutron holes.� Around 106Ru. The ative high-j orbitals are g9=2 proton holes om-bined with h11=2 neutrons.� Around 79Br. The ative high-j orbitals are g9=2 protons ombinedwith g9=2 neutron holes.In the latter two ases the TAC alulations do not give genuine minimain the hiral setor but a valley along whih the energy does not dependon the orientation of the rotational axis. These nulei will probably showsoft hiral vibrational exitations. For 136Nd a hiral solution was found atI > 34, whih ombines a pair of h11=2 ombined with a pair of h11=2 neutronholes [10℄. The larger angular momenta of the partiles and holes imply alarger angular momentum of the ore. One may expet that the largerangular momenta redue the tunneling between the left- and right-handedsolutions and the hiral partners ome very lose together.



Symmetries of the Rotating Mean Field 26673. Dynamis � partile rotor alulationsTAC permits us to �nd the stati hiral mean-�eld solutions, from whihone an obtain the energies and eletro-magneti transition probabilitiesunder the assumption that the tunneling is negligible between the left- andright-handed solutions (see [8,11℄). The experimental andidates for hiralityfound so far show an energeti splitting between sister bands, whih indiatessubstantial tunneling. The dynamis of the orientation of ~J has been studiedfor the model ase of a proton partile and a neutron hole oupled to atriaxial rotor with maximal asymmetry ( = 30o) and the irrotational �owrelation Jl = Js = Ji=4 between the moments of inertia [1, 12, 13℄.Figure 4 shows the result of suh alulations. At the beginning of thelowest band the angular momentum originates from the partile and thehole, whose individual angular momenta are aligned with the s- and l-axes.These orientations orrespond to a maximal overlap of the partile and holedensities with the triaxial potential, as illustrated in Fig. 2. A �I = 1 bandis generated by adding the rotor momentum ~R in the s�l plane (planar tilt).

5 10 15 20 25�3�2�10
12
3

R inreases I [ �h ℄

E(I)[M
eV℄

hiral
1 � h11=2

� h�111=2

~jp

~jh3
2ore~R

..........................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................
.............................................................................................................................................

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................................................................................................................................................................................................................................

..........................................................................................................................................................................................................................
..............................................................................................................

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
......................................................................................................................................................................................................................

........................................................................................................................................................................................................................
...........................................................................................................................................................................

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
........................................................................................................................................................................................................................

............................................................................................................................................................................................................................
...............................................................................................................

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.............................................................................................................................................................................................................................................

.......................................................................................................................................................................................................................
............................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
........................................................................................................................................................................................................................................................

...................................................................................................................................................................................................................
............................................................................................................................................

..........................................................................................................................................................................................................
..............................................................................................................................

....................................................................................................................
............................................................................................................

.................................................................................................................................................................................................................................
..........................................................................................................................

..............................................................................................................
..............................................................................................

................................................................................................................................................................................................................................
...............................................................................................................

.................................................................................................................
..............................................................................................................

.......

................................................................................................................................................................................................................................................
................................................................................................................

..............................................................................................................
..................................................................................................

................................................................................................................................................................................................................................
..........................................................................................................................

............................................................................................................
.....................................................................................................

......................................................................................................................................................................................................................
..........................................................................................................................

................................................................................................................
......................................................................................................

..........ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqpppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppp
pppppppp pppppppp pppppppp pppppppp pppppppp pppppppp pppppppp pppppppp pppppppp pppppppp pppppppp ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp
ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp

ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp pppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqq................................................................................................................................. ................................................................................................45o

Fig. 4. Rotational levels of h11=2 partiles and holes oupled to a triaxial rotor with = 30Æ. Full lines: � = 0 (even I). Dashed lines: � = 1 (odd I). The insets showthe orientation of the angular momentum with respet to the triaxial potential,where 1, 2 and 3 orrespond to the short, intermediate and long prinipal axes,respetively. The angular momentum vetor moves along the heavy ars. Theposition displayed orresponds to the spin interval 13 < I < 18, where the twolowest bands are nearly degenerate. The right-handed position is shown. Theleft-handed is obtained by re�etion through the 1�3 plane. From [1℄.



2668 S. FrauendorfThere is a seond �I = 1 band representing a vibration of ~J out of thes�l plane, whih is generated by a wobbling of ~R. This is a more preisedesription of the hiral vibration mentioned above. Higher in the band, ~Rreorients towards the i-axis, whih has the maximal moment of inertia. Theleft- and the right-handed positions of ~J separate. Sine they ouple only bysome tunneling, the two bands ome very lose together in energy. This is theregime we alled hiral rotation. The reorientation of ~R, i.e. the transitionfrom hiral vibration to rotation is well loalized in the spetrum Fig. 4. Itappears also in the higher bands at larger I. The transition is signalizedby a marked hange of the M1 transition: The B(M1) values between thehiral vibrational bands are small as ompared to the intra band values. TheB(M1) values between the sister bands of hiral rotors are omparable withthe intra band values.4. Broken re�etion symmetryLet us disuss the disrete symmetries more systematially. The two-body Routhian (1) is invariant with respet to1. Rz( ), rotation about the z-axis,2. P, spae inversion,3. Rz(�), rotation about the z-axis by an angle of �,4. T Ry(�), rotation about the y-axis by an angle of � ombined with thetime reversal T .The symmetry (4) is a onsequene of ~J being odd under the time reversaloperation T . Sine we disuss rotational bands, we assume that 1 is broken.The symmetry operations 2-4 are two-fold and ommute. Table II lists thedi�erent ombinations by whih the rotating mean �eld an break the threesymmetries.In the preeding setions the ase of a re�etion symmetri mean �eldwas onsidered. In addition to the three symmetries illustrated in Fig. 1,there are two more (IV and V) mentioned in Table II. It is not lear if theyexist in nulei. If the restrition to re�etion symmetry is lifted many newdisrete symmetries arise. Let us start by assuming that the mean �eld hasno disrete symmetry at all. There is no restrition of I by Rz(�). Theoperations P, and T Ry(�), whih leave the two-body Routhian invariant,de�ne four nonequivalent degenerate mean �eld solutions ji, Pji, T Ry(�)ji,and PT Ry(�)ji. This means that the bands appear as four fold degenerate�I = 1 sequenes. For eah value of I, there are two levels of positiveand two levels of negative parity. The ases when symmetries redue this



Symmetries of the Rotating Mean Field 2669TABLE IIDisrete symmetries of the rotating mean �eld. Columns 2�4 list the result of thesymmetry operation. D(i�erent) means the mean �eld has hanged and S(ame) ithas not. An operation as entry means it is idential with the one of the olumn.Columns 5 shows the spin and parity I� of the rotational states, where I� meansthat there are two degenerate states of opposite parity (parity doubling). The 2indiates that there are two degenerate states with the same I� (hiral doubling)and 2I� means that there are four degenerate states, two with I+ and two withI� (parity and hiral doubling). For I�V also � = � appears, although it is notexpliitly indiated. From [11℄.type P Rz(�) T Ry(�) level sequeneI S S S I+; (I + 2)+; (I + 4)+; :::II S D S I+; (I + 1)+; (I + 2)+; :::III S D D 2I+; 2(I + 1)+; 2(I + 2)+; :::IV S S D 2I+; 2(I + 2)+; 2(I + 4)+; :::V S D Rz(�) I+; (I + 1)+; (I + 2)+; :::VI D S S I�; (I + 2)�; (I + 4)�; :::VII D D S I�; (I + 1)�; (I + 2)�; :::VIII D S D 2I�; 2(I + 2)�; 2(I + 4)�; :::IX D D Rz(�) I�; (I + 1)�; (I + 2)�; :::X Rz(�) D S I+; (I + 1)�; (I + 2)+; :::XI Rz(�) D D 2I+; 2(I + 1)�; 2(I + 2)+; :::XII T Ry(�) S D I�; (I + 2)�; (I + 4)�; :::XIII T Ry(�) D D I�; (I + 1)�; (I + 2)�; :::XIV Rz(�) D Rz(�) I+; (I + 1)�; (I + 2)+; :::XV D D D 2I�; 2(I + 1)�; 2(I + 2)�; :::degeneray are summarized in Table II. Figs. 5 and 6 illustrate the ases,whih an be visualized by ombining the angular momentum vetor ~J withthe density distribution.Figure 5 shows the symmetry types when the density distribution hastwo mirror planes. In the middle panel the rotational axis lies perpendiularto one of the mirror planes (X in Table II), whih ontains the importantspeial ase of axial symmetry with the axis of rotation perpendiular to thesymmetry axis. The symmetry T Ry(�) = 1 ensures that there is only onestate for a given parity and S = PRz(�) = 1 de�nes the simplex quantum
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2672 S. Frauendorf�I = 1 bands of the same parity. Mean �eld solutions of this type have beenfound in nulides around A = 134, where there is experimental evidene for asmall island of hirality. The existene of hiral sister bands is also preditedfor other mass regions.There are 15 di�erent disrete symmetries of the rotating mean �eldif time odd omponents are onsidered and no re�etion asymmetry is de-manded. Some of them have a spin-parity sequene that is distintly di�er-ent from the familiar ones, whih would be a lear experimental signatureof the symmetry. So far there is only evidene for the symmetries leadingto the spin parity sequenes: I+; (I + 2)+; (I + 4)+; ::: (good signature),I+; (I+1)+; (I+2)+; ::: (tilted rotation), 2I+; 2(I+1)+; 2(I+2)+; ::: (hiraldoubling), I+; (I + 1)�; (I + 2)+; ::: (good simplex), and I�; (I + 1)�; (I +2)�; ::: (parity doubling).Support by the grant DE-FG02-95ER40934 is aknowledged.REFERENCES[1℄ S. Frauendorf, J. Meng, Nul. Phys. A617, 131 (1997).[2℄ B. Riemann, Abh. Kön, Ges. Wiss., Göttingen 9, 1 (1860).[3℄ A.K. Kerman, N. Onishi, Nul. Phys. A361, 179 (1981).[4℄ H. Frisk, R. Bengtsson, Phys. Lett. 196B, 14 (1987).[5℄ S. Frauendorf, Nul. Phys. A557, 259 (1993).[6℄ R. Bengtsson, S. Frauendorf, Nul. Phys. A327, 139 (1979).[7℄ K. Starosta et al., Phys. Rev. Lett. 86, 971 (2001).[8℄ V.I. Dimitrov, S. Frauendorf, F. Dönau, Phys. Rev. Lett. 84, 5732 (2000).[9℄ C. Petrahe et al., Nul. Phys. A597, 106 (1996).[10℄ V. Dimitrov, S. Frauendorf, to be published.[11℄ S. Frauendorf, Rev. Mod. Phys 73, 463 (2001).[12℄ K. Starosta et al., Nul. Phys. A682, 375 (2001).[13℄ R.A. Bark et al. Nul. Phys. A691, 577 (2001).[14℄ S. Frauendorf, V.V. Pashkevih, Phys. Lett. B141, 23 (1984).[15℄ W. Nazarewiz et al., Phys. Rev. Lett. 52, 1272 (1984); 53, 2060 (1984) (E).[16℄ P.A. Butler, W. Nazarewiz, Rev. Mod. Phys. 68, 349 (1996).[17℄ J. Dobazewski et al., Phys. Rev. C62, 014311 (2000); C62, 014310, (2000).


