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NUCLEAR RAINBOWS, NUCLEUS�NUCLEUSPOTENTIALS AND THE EOS OF NUCLEAR MATTER�W. von Oertzeny, H.G. BohlenHahn Meitner Institut, Glieni
kerstr. 100, 14109 Berlin, GermanyV. SubotinNu
lear Physi
s Department, St. Petersburg UniversityUlianovskaja 1, 198904 St. Petersburg, Russiaand Dao T. KhoaInstitute for Nu
lear S
ien
e, VAEC, P.O.Box 5T-160, Hanoi, Vietnam(Re
eived De
ember 17, 2001)The elasti
 s
attering of strongly bound nu
lei at energies of 7�70 MeV=ushows the phenomenon of Rainbow S
attering. These s
attering pro
essesare due to strongly attra
tive potentials leading to de�e
tions to negativeangles and involve a strong overlap of nu
lear densities. The elasti
 s
atter-ing of 16O+16O has been studied in several laboratories over a wide rangeof energies with high pre
ision to very low 
ross se
tions at large angles. Athigh energy the systemati
s of the primary Airy maxima has been estab-lished and at lower energies higher order Airy-stru
tures are identi�ed. Theangular distributions at all energies are 
onsistently des
ribed withdeep po-tentials, as obtained from the double-folding model with a weakly densitydependent e�e
tive nu
leon�nu
leon intera
tion, whi
h gives in Hartree-Fo
k 
al
ulations a soft (K= 230 MeV) equation of state for 
old nu
learmatter. It is shown that the Pauli-blo
king expe
ted for the larger densityoverlaps at small energies is strongly redu
ed due to the large relative mo-menta of the two 
entres in a self-
onsistent treatment of the mean �elde�e
ts, the Fermi-spheres of the two nu
lei in the overlap region are stronglyrepelled in momentum spa
e, due to the in
rease of the relative momentaof nu
leons. The systemati
s of the data also 
on�rms the refra
tive originof stru
tures in one-neutron transfer rea
tions, as well as the pronoun
edstru
ture in the ex
itation fun
tions in 16O+16O s
attering observed atlower energies.PACS numbers: 21.30.Fe, 25.70.B
, 24.10.Ht� Presented at the XXVII Mazurian Lakes S
hool of Physi
s, Krzy»e, Poland,September 2�9, 2001.y Also at Fa
hberei
h Physik, Freie Universität, Berlin.(93)



94 W. von Oertzen et al.1. Rainbow s
atteringThe rainbow observed in nature with the sunlight o

urs due to a par-ti
ular sequen
e of refra
tions and re�e
tions and an unusual systemati
behaviour of the total �de�e
tion angle�. We have one refra
tion when lightenters the water-droplet (see Fig. 1), one re�e
tion inside and a se
ond re-fra
tion when the light leaves the droplet. The rainbow appears as a stronglyenhan
ed region of light followed by a �shadow�. The unusual nature of thisphenomenon has been re
ognised for the �rst time by Des
artes in 1637,when he published his book Les Meteores.

Fig. 1. The de�e
tion of light (from the sun) entering the water droplet at di�erentimpa
t parameters with two refra
tions and one re�e
tion, whi
h are responsible forthe rainbow phenomenon with a maximum de�e
tion angle at (180Æ�138Æ) = 42Æ,the rainbow angle �R.The pe
uliar interest for the physi
ists in the rainbow phenomenon is notthe 
olour splitting 
onne
ted to the broad spe
trum of wavelength in thesun, but the fa
t that more light intensity is observed at the rainbow angle of42Æ, where 
lassi
ally a singularity for the intensity would o

ur, followed bya dark region at larger angles [1, 2℄. The se
ondary rainbow often observedin nature, is produ
ed by a se
ond re�e
tion inside the droplet, due to this
ir
umstan
e the ordering of the 
olours is then reversed as 
ompared to theprimary rainbow. 2. Nu
lear rainbow s
atteringRefra
tive nu
lear (rainbow) s
attering has been the subje
t of in
reasedattention in the last de
ades, be
ause it has been established that deep po-tentials are needed to des
ribe the systemati
s of light heavy ion s
attering.Originally (20�30 years ago) the data for many light heavy ion systems at



Nu
lear Rainbows, Nu
leus�Nu
leus Potentials and . . . 95lower energies were �tted with rather shallow potentials. However, the re-
ent studies [3℄, in parti
ular for the 16O+16O s
attering [4�7, 9, 10℄ as wellas for �-parti
le s
attering [11, 12℄, with the use of the new double-foldingmodel produ
ed very deep real parts of the opti
al potential. The work of thelast de
ade has fo
used attention to the high energy data of light heavy ions
attering, where a unique determination of the real potential has be
omepossible. These new pre
ise and 
omplete data for di�erential 
ross se
tionsfor elasti
 s
attering of 16O+16O, extending over seven orders of magnitude(two to three orders further down than previous data!), revealed a very 
learsensitivity of the large angle s
attering on the details of the real potential atsmall distan
es. At these small distan
es, where large density overlaps ofthe s
attered nu
lei o

ur, the potential as obtained from the double-foldingmodel is very sensitive to the details of the e�e
tive nu
leon�nu
leon inter-a
tion (based e.g. on the Paris M3Y-intera
tion [5,13,14℄). Thus it has beenshown that a 
onsistent des
ription 
an only be obtained with a distin
t, butsmall density dependen
e in the NN -intera
tion [5, 9, 13, 14℄. We note thatfor these 
ollisions the survival probability of the proje
tile passing throughthe target nu
leus is in the range of 0.1%, this is expressed by the S-matrixelements shown in Fig. 2. The well de�ned elasti
 s
attering �proje
ts out�from the many 
hannels, the 
hannel with the ground states of the two nu-
lei. The 
orresponding data points are lo
ated at large s
attering anglesand have to be measured with high a

ura
y.
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Fig. 2. The de�e
tion fun
tion (angle variation as fun
tion of angular momentumL, or impa
t parameter (b), in the 16O+16O s
attering at Elab=350 MeV, leadingto negative angles with the maximum de�e
tion at the rainbow angle �R. Thesimultaneous absorption probability is shown in form of the absolute value of theS-Matrix elements. The refra
tion o

urs due to the attra
tive nu
lear potential,the position of the rainbow angle �R depends on the strength of the potential andthe kineti
 energy of the parti
les, or on their wavelength. This angle would de�nethe limits of the shadow and light regions, however, the intensity around this anglevaries in a parti
ular way (Airy stru
tures) as shown in Fig. 3.



96 W. von Oertzen et al.The re�ned methods developed for the double-folding model are 
on-
erned with a 
orre
t treatment of the non-lo
al ex
hange part of the po-tential and the new density dependent e�e
tive nu
leon�nu
leon intera
-tions (BDM3Y), whi
h give the 
orre
t saturation point of nu
lear matterin Hartree�Fo
k 
al
ulations [14℄. The systemati
s of all refra
tive s
atter-ing data favours a weak density dependen
e and a soft equation of state of
old nu
lear matter [10, 12�14℄, with an in
ompressibility parameter in therange of K ' 220�250 MeV (with an a

ura
y of (�15%)).
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Fig. 3. The Airy fun
tion des
ribing the rainbow phenomenon. The �rst intensitymaximum appears within the 
lassi
al lighted region away from the 
lassi
al sharpshadow border line. The s
attered intensity extends into the dark region and inthe lighted region higher order Airy-maxima and -minima o

ur. These are indeedobserved in 16O+16O s
attering at lower energy, see Figs. 4 and 5. The �
lassi
al�solutions (like Des
artes and Young) show divergen
e of the intensity around therainbow angle �R. 3. The 16O+16O systemWe give a brief survey of the re
ent experimental results for the elasti
s
attering of 16O+16O over a wide range of energies. Pre
ise data have nowbeen measured up to large angles for low energies at IreS in the range ofElab = 75�124 MeV (at 9 energies [6℄), and at energies Elab = 250, 350,480, 704 and 1120 MeV at the HMI and at GANIL [7℄; further data at twoenergies have been measured by Sugiyama et al. [8℄. It is very importantfor the 
on
lusions from this work to have high quality data over the wholeangular range. Previous data seldom extended over this large range, andthe measurement of the new data needed quite an experimental e�ort.



Nu
lear Rainbows, Nu
leus�Nu
leus Potentials and . . . 97Fig. 4 shows the result for the elasti
 s
attering at the higher ener-gies (124 MeV up to 1120 MeV), and separately data at the lower ener-gies. The elasti
 s
attering data have been �tted with an opti
al poten-tial, where the real part has been obtained by the double-folding modelor by a fun
tional dependen
e of Woods�Saxon squared form f2i (r), wherefi(r) = (1 + exp( r�Riai ))�1; with i = V;W for the real and imaginary parts.The latter parametrisation gives potential shapes, whi
h are very 
lose tothe double-folding potentials. In addition a surfa
e term, with a form fa
torof the derivative, 4aS ddrfS(r) has to be added to the imaginary potential, ashas been found already in earlier work [14℄.

Fig. 4. Di�erential 
ross se
tion of 16O+16O elasti
 s
attering over many energies(the �ts to these data are dis
ussed in Refs. [6, 7℄). Left panel: for energies Elab=124 to 1120 MeV. The primary rainbow maximum at Elab= 350 MeV is lo
ated atan angle of 55Æ, it moves to larger angles outside the observation region at lowerenergies, and for higher energies to smaller angles, e.g. to 10Æ at 1120 MeV. Rightpanel: Di�erential 
ross se
tions at energies between Elab = 95 and 124 MeV [6℄,with 
urves 
al
ulated with opti
al model potentials obtained from the double-folding model or with the Woods�Saxon squared potentials.We repeat here the basi
 fa
ts (see Figs. 2 and 3) of rainbow s
attering[2, 3℄. The rainbow stru
ture appears if the nu
lear potential is strongenough to de�e
t parti
les into �negative angles�, and a maximum de�e
-tion (rainbow) angle o

urs. In this 
ase a parti
ular os
illating interferen
e



98 W. von Oertzen et al.stru
ture due to 
ontributions from several impa
t parameters 
ontribut-ing to the maximum de�e
tion angle will appear, whi
h is des
ribed by anAiry-fun
tion (this fun
tion is shown in Fig. 3). The higher order max-ima, whi
h are referred to as 2nd=3rd-et
., order Airy stru
tures, will appearinside the �lighted� region. Note that the �se
ondary� rainbow (with thereversed 
olours) in nature is due to a se
ond re�e
tion inside of the droplet,whereas the 2nd Airy maximum is usually barely seen as opposed to thenu
lear rainbow s
attering.The most remarkable feature of this 
omplete data set (Fig. 4) for16O + 16O, is the fa
t that we 
an follow the evolution of the primaryand se
ondary Airy-stru
tures from the energies of Elab = 350 MeV, wherethe 1st maximum is very pronoun
ed, up to 1 GeV, where the primary rain-bow has moved into the di�ra
tive region, and down to 124 MeV and lower,where only the higher order Airy stru
tures appear in the angular range ofobservation.The situation with respe
t to the Airy stru
tures 
an be shown, seeFig. 5, if we make a 
al
ulation for the near-far-side de
omposition andwithout symmetrisation. The result is shown together with the experimentaldata for the 
ase of Elab = 124 MeV. At this energy the 3rd Airy maximumappears at an angle of 72Æ.

Fig. 5. Cal
ulations and data illustrating the o

urren
e of higher order Airy stru
-tures (minima marked by Ai, i = 2�4). The 
al
ulations show the near/far-sidede
omposition and have no symmetrisation for the identity of the two 16O nu
lei.The data show the additional os
illations due to the interferen
e of the identi
alamplitudes for spin zero bosons.



Nu
lear Rainbows, Nu
leus�Nu
leus Potentials and . . . 99In the systemati
 measurements also data [17,18℄ have been obtained forthe one-neutron transfer rea
tion 16O(16O,17O)15O, populating the ground(p1/2-hole) and �rst ex
ited state of 15O, the (p3/2-hole)-state. The one-neutron form fa
tor now emphasises di�erent radial regions of the s
atteringpotentials. Thus it is quite important to state, that indeed at the rainbowangles a distin
t maximum is observed also in this 
hannel, as shown inFig. 6, for those energies, where the primary rainbow maximum has beenobserved. The �nal �t shown in the �gure needed an in
reased absorption forthe 17O+15O-
hannel, a feature whi
h is 
onsistent with our understandingof absorption in heavy ion s
attering. In this 
ombination of nu
lei with 17Omore 
hannels are open, and the parti
le-�hole� in the 
losed shell nu
leus16O forming states in 15O leads to a faster de
ay of the �
luster� insidethe medium, just like a broken pie
e of sugar dissolves faster in a liquid.With the double folding model potential it was possible to des
ribe the dataat all energies with one normalisation for the produ
t of the spe
tros
opi
fa
tors [17, 18℄ .

Fig. 6. Data for the one neutron transfer illustrating the o

urren
e of refra
tivestru
tures for rea
tions. The 
al
ulations show the result of DWBA 
al
ulationswith the real potentials from the double-folding model, and a 
onstant produ
t ofspe
tros
opi
 fa
tors (SF). For the imaginary part in the exit 
hannel two 
hoi
esare shown, dashed 
urve � same potentials as the entran
e 
hannel, full 
urve �in
reased absorption in the 17O+15O-
hannel.



100 W. von Oertzen et al.4. Double folding model and the EOS of nu
lear matterIn the systemati
 analysis of the elasti
 s
attering data over many en-ergies with the double-folding model or with potentials with shapes 
hosento be the Woods�Saxon squared (WS2) form [6, 7℄ it was found, that bothgive equivalent overall �ts to the data. We must emphasise the most im-portant point 
on
erning these �new� potentials : The originally (30 yearsago) used Wood-Saxon potentials have the wrong radial shapes and thus failto reprodu
e the systemati
s over many energies. Many 
ases of �-parti
les
attering have also been analysed in the last 15 years in a systemati
 way,and it has been established that the deep potentials of the 
ited shapes areneeded, to des
ribe s
attering states and bound states 
onsistently [15℄.For further dis
ussion the potentials 
an be 
lassi�ed by their volumeintegrals de�ned as JV;W = � 4�NANB Z VV;W (r)r2dr; (1)whi
h are normalised to the number of intera
ting nu
leon pairs (nu
leonnumbers are given by NA and NB for proje
tile and target). Already inprevious studies using the double-folding model [14℄ for the nu
leus�nu
leuspotentials, in parti
ular for �-parti
le-nu
leus s
attering [11,12℄, it has beenfound that a 
onsistent des
ription is obtained with parti
ular values of thevolume integral for nu
leon�nu
leus potentials [3℄. These values vary littlefor di�erent systems, thus a 
riterion for the 
hoi
e of the potentials for
omposite systems has often been a 
onsistent value of the volume integralof the real potential per intera
ting nu
leon pair.Our result for the real potentials is also 
onsistent with other results for
omposite parti
les, the values for the volume integrals whi
h are obtained[3, 6, 7℄ are typi
ally JV ' 300 MeV fm3 at Elab ' 30 MeV/u. The volumeintegrals of heavier parti
les are slightly redu
ed due to antisymmetrisatione�e
ts. We will 
ome ba
k to this question later. The systemati
s of thesevolume integrals are shown for 16O+16O in Fig. 7 over all energies.An important aspe
t of the analysis of refra
tive s
attering has beenthe study of the in-medium e�e
tive nu
leon�nu
leon intera
tion [10, 12�14℄. This is a
hieved by introdu
ing into the M3Y-intera
tion a densitydependen
e in su
h a way that the 
orresponding Hartree�Fo
k 
al
ulationreprodu
es the saturation point of nu
lear matter [9, 10, 14, 16, 19℄. In thedouble-folding model and and in the Hartree�Fo
k 
al
ulation the ex
hangepart (whi
h is non-lo
al) must be treated 
onsistently. In this approa
halso the systemati
s of the nu
leon�nu
leus potentials as well as the mean�eld potentials of nu
leons as obtained by Jeukenne et al. [19℄ are wellreprodu
ed [14℄. In the Hartree�Fo
k 
al
ulations di�erent 
hoi
es of the
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Fig. 7. Volume integrals JV , and JW of the real and imaginary part, respe
tively, ofthe best-�t real WS2 and the folded potentials for the 16O+16O system at in
identenergies from Elab = 124�1120 MeV. The lines are only to guide the eye.density dependen
e give di�erent values of the nu
lear in
ompressibility,des
ribed by the fa
tor K. Examples of su
h 
al
ulations for the equationof state (EOS) with di�erent values of K are given in Fig. 8.

Fig. 8. Results of Hartree�Fo
k 
al
ulations using di�erent versions of the densitydependent M3Y(Paris) intera
tion, giving di�erent values for the in
ompressibility
onstant K, but the same saturation point of nu
lear matter.



102 W. von Oertzen et al.An interesting observation is made in a di�erent study of light ion s
atter-ing in Ref. [21℄; in their analysis the nu
leon�nu
leon intera
tion of Ref. [19℄has been 
hosen, restri
ting the folding pro
edure to normal nu
lear den-sities without the superposition of the two densities. The analysis fails toreprodu
e the pronoun
ed rainbow stru
tures for all the 
ases, where theexperiments extend to the larger angles! The present double-folding modelwith the density dependent (BDM3Y) nu
leon�nu
leon intera
tion and thelo
al density approximation with the density pile-up has now been used inmany other systems in
luding the s
attering of weakly bound radioa
tiveions.

Fig. 9. Conne
tion between various experimental data for nu
leus�nu
leus elasti
s
attering, nu
leon�nu
leon s
attering and ele
tron�nu
leus s
attering for the de-termination of the nu
leus�nu
leus potentials. In the analysis enter the nu
leardensities, the e�e
tive nu
leon�nu
leon intera
tion, and �nally due to the Hartree�Fo
k 
al
ulations with di�erent versions of the density dependent M3Y(Paris)N�N -intera
tion, giving the 
orre
t saturation point of nu
lear matter, di�erentvalues for the in
ompressibility 
onstant K.



Nu
lear Rainbows, Nu
leus�Nu
leus Potentials and . . . 103At this point it is worth to give an overview over the experimental andtheoreti
al input into the des
ription of the nu
leus�nu
leus s
attering withthe Double Folding Model (DFM), (see Fig. 9). On
e the parameters of theHartree�Fo
k 
al
ulations are �xed, reprodu
ing the proper saturation point(as shown in Fig. 8), the remaining parameters, whi
h are needed for the nu-
lear densities are determined from experimental results (ele
tron s
attering)and reprodu
ed analyti
ally by using appropriate shell model wave fun
tions.In Fig. 9 the 
onne
tions between the di�erent inputs are illustrated. Forthe determination of the EOS of nu
lear matter, the nu
leus�nu
leus po-tential 
an also be obtained from a model independent analysis [9,10,17℄ ofthe data, in this 
ase the experimental errors are transformed into an errorband for the potential. This potential is than reprodu
ed by the DFM, forwhi
h a single normalisation 
onstant, typi
ally in the range of 0.75 to 0.9depending on energy, is introdu
ed. The data for �-parti
le s
attering [16℄turned out to show the strongest sensitivity on the 
ompressibility 
onstant,there pronoun
ed nu
lear rainbows have been observed sin
e 30 years.5. Consideration of Pauli-blo
king and 
on
lusionsFinally we 
ome ba
k to the question of the Pauli-blo
king e�e
ts in thedouble-folding model (DFM) whi
h predi
ts in both, heavy ion s
atteringand �-parti
le s
attering, very deep potentials (whi
h 
an also be 
losely re-produ
ed by a Woods�Saxon-squared shape). The experimental systemati
sof the elasti
 s
attering data down to the lowest energies as shown Fig. 4,imply that the DFM seems still to be appli
able at the lower energies. Thisis in 
ontradi
tion with the Pauli-blo
king e�e
t expe
ted to be strong iflarge density overlap o

urs at low energies. The double folding model withan e�e
tive N�N -intera
tion adjusted to the properties of nu
lear matter,gives a potential for the elasti
 
hannel as a mean �eld e�e
t, whi
h is indeedvery deep in a

ordan
e with the 
ited empiri
al result. The deep poten-tials, whi
h are observed 
ould be seen to 
omply with the Pauli prin
ipleby generating the appropriate number of nodes for the wave fun
tion in theinterior (a

ording to the rule that (2N + L) = P(ni + li) as dis
ussed inRef. [8℄).We note that also a self-
onsistent des
ription of the ex
hange part of thepotential, whi
h is non-lo
al, has been very important in the new 
on
eptof double-folding model [13, 14℄. In more re
ent work we have now shownin Ref. [20℄, that the in
lusion of the Pauli-blo
king in the double foldingalso 
an be done in a self-
onsistent way. This has been formulated in aPauli Distorted Double Folding Model (PDDFM), where the semi-
lassi
alThomas�Fermi approa
h is used. The main idea, as explained in Ref. [20℄,is shown in Fig. 10. Due to the fa
t that the value of the relative momen-



104 W. von Oertzen et al.tum of the nu
leons in the two nu
lei, whi
h enters into the 
al
ulations, isdetermined by a very deep double folding (mean �eld) potential, its valuee�e
tively in
reases strongly on
e the self-
onsistent des
ription of the lo
alpotentials is used. Therefore, the overlap between the two Fermi-spheres inmomentum spa
e is redu
ed, and thus the Pauli-blo
king diminishes stronglyin the regions of strong spatial overlap. The potentials remain deep evenin the energy range down to 6-10MeV/nu
leon, although with some smallrenormalisation as dis
ussed in Ref. [20℄. The Pauli-distortion of the wavefun
tions of the nu
lei des
ribed in this referen
e, a
tually will lead to ex-
itations of the nu
lei and to absorption from the elasti
 
hannel (knownas Pauli-ex
itation in atomi
 physi
s). However, these distortions have tobe transformed into dis
rete quantal ex
itations of the fragments, these arepartially suppressed for strongly bound nu
lei, whi
h have no states at lowex
itation energies like in 16O or for �-parti
les.
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Fig. 10. Illustration of the redu
tion of the Pauli-blo
king. The lo
al momentumKof nu
leons during the overlap of the densities must be determined self-
onsistentlywith the very strong attra
tive potential 
reated simultaneously. In rainbow s
at-tering large overlaps of densities with values up to twi
e the saturation value (�o)are observed in the elasti
 
hannel. A �repulsion� of the nu
leoni
 Fermi-spheresthus o

urs due to a self-
onsistent mean �eld e�e
t in the double-folding model.We 
an thus understand the systemati
s of nu
lear rainbow s
atteringand their asso
iated real potentials down to rather low energies of7 MeV/nu
leon and even lower. At these low energies the deep potential
reates the observed interferen
e patterns in the angular distributions, whi
hare due to 3rd=4th and higher order Airy stru
tures. The older studies of
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lear Rainbows, Nu
leus�Nu
leus Potentials and . . . 105low energy elasti
 s
attering in the 12C+12C and 16O+16O systems appearin a 
ompletely new light. The stru
tures observed in these systems forthe ex
itation fun
tions of the elasti
 
ross se
tion at 90Æ are due to thepassage of the steep Airy-minima as fun
tion of energy, des
ribed as �Airy-elephants� in Ref. [3℄. Very pronoun
ed rainbow stru
tures are also observedin re
ent pre
ise data for the elasti
 s
attering in the 16O+12C system [22℄.The double-folding method and the BDM3Y intera
tion are also now usedin many 
ases for the analysis of s
attering systems with weakly bound ra-dioa
tive beams [23℄.In 
on
lusion we �nd, that the 
omplete set of data for the 16O+16O sys-tem gives 
lear 
riteria for the 
hoi
e of a parti
ular 
lass of real potentials,whi
h agree well with the results of the double-folding model 
al
ulations,based on a nu
leon�nu
leon intera
tion with a weak density dependen
e asdis
ussed in Refs. [5, 9, 10, 12�14℄. The result of the double-folding modelis also 
onsistent with our knowledge on the nu
leon�nu
leon intera
tion,on measured nu
lear densities and with the saturation properties of nu-
lear matter. The related s
attering traje
tories for the elasti
 
hannel aredeeply penetrating, 
reating an appre
iable density overlap of the two nu-
lei. Thus the refra
tive s
attering of strongly bound nu
lei is one of the
learest sour
es on information related to the in-medium nu
leon�nu
leonintera
tion and the 
ompressibility of nu
lear matter. We repeat here thestatement, that the S-matrix elements leading to the rainbow angles are inthe range of 0.1%, thus high pre
ision data at large angles are needed toobtain su
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