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The elastic scattering of strongly bound nuclei at energies of 7-70 MeV/u
shows the phenomenon of Rainbow Scattering. These scattering processes
are due to strongly attractive potentials leading to deflections to negative
angles and involve a strong overlap of nuclear densities. The elastic scatter-
ing of '0+1%0 has been studied in several laboratories over a wide range
of energies with high precision to very low cross sections at large angles. At
high energy the systematics of the primary Airy maxima has been estab-
lished and at lower energies higher order Airy-structures are identified. The
angular distributions at all energies are consistently described withdeep po-
tentials, as obtained from the double-folding model with a weakly density
dependent effective nucleon—nucleon interaction, which gives in Hartree-
Fock calculations a soft (K= 230 MeV) equation of state for cold nuclear
matter. It is shown that the Pauli-blocking expected for the larger density
overlaps at small energies is strongly reduced due to the large relative mo-
menta of the two centres in a self-consistent treatment of the mean field
effects, the Fermi-spheres of the two nuclei in the overlap region are strongly
repelled in momentum space, due to the increase of the relative momenta
of nucleons. The systematics of the data also confirms the refractive origin
of structures in one-neutron transfer reactions, as well as the pronounced
structure in the excitation functions in 10+160 scattering observed at
lower energies.
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1. Rainbow scattering

The rainbow observed in nature with the sunlight occurs due to a par-
ticular sequence of refractions and reflections and an unusual systematic
behaviour of the total “deflection angle”. We have one refraction when light
enters the water-droplet (see Fig. 1), one reflection inside and a second re-
fraction when the light leaves the droplet. The rainbow appears as a strongly
enhanced region of light followed by a “shadow”. The unusual nature of this
phenomenon has been recognised for the first time by Descartes in 1637,
when he published his book Les Meteores.

7
Fig. 1. The deflection of light (from the sun) entering the water droplet at different
impact parameters with two refractions and one reflection, which are responsible for

the rainbow phenomenon with a maximum deflection angle at (180°-138°) = 42°,
the rainbow angle Og.

The peculiar interest for the physicists in the rainbow phenomenon is not
the colour splitting connected to the broad spectrum of wavelength in the
sun, but the fact that more light intensity is observed at the rainbow angle of
42° where classically a singularity for the intensity would occur, followed by
a dark region at larger angles [1,2]. The secondary rainbow often observed
in nature, is produced by a second reflection inside the droplet, due to this
circumstance the ordering of the colours is then reversed as compared to the
primary rainbow.

2. Nuclear rainbow scattering

Refractive nuclear (rainbow) scattering has been the subject of increased
attention in the last decades, because it has been established that deep po-
tentials are needed to describe the systematics of light heavy ion scattering.
Originally (20-30 years ago) the data for many light heavy ion systems at
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lower energies were fitted with rather shallow potentials. However, the re-
cent studies [3], in particular for the 0-+160 scattering [4-7,9,10] as well
as for a-particle scattering [11,12], with the use of the new double-folding
model produced very deep real parts of the optical potential. The work of the
last decade has focused attention to the high energy data of light heavy ion
scattering, where a unique determination of the real potential has become
possible. These new precise and complete data for differential cross sections
for elastic scattering of 160+160, extending over seven orders of magnitude
(two to three orders further down than previous datal), revealed a very clear
sensitivity of the large angle scattering on the details of the real potential at
small distances. At these small distances, where large density overlaps of
the scattered nuclei occur, the potential as obtained from the double-folding
model is very sensitive to the details of the effective nucleon—nucleon inter-
action (based e.g. on the Paris M3Y-interaction [5,13,14]). Thus it has been
shown that a consistent description can only be obtained with a distinct, but
small density dependence in the N N-interaction [5,9,13,14]. We note that
for these collisions the survival probability of the projectile passing through
the target nucleus is in the range of 0.1%, this is expressed by the S-matrix
elements shown in Fig. 2. The well defined elastic scattering “projects out”
from the many channels, the channel with the ground states of the two nu-
clei. The corresponding data points are located at large scattering angles
and have to be measured with high accuracv.
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Fig.2. The deflection function (angle variation as function of angular momentum
L, or impact parameter (b), in the *0+1¢0 scattering at Ej., =350 MeV, leading
to negative angles with the maximum deflection at the rainbow angle ©r. The
simultaneous absorption probability is shown in form of the absolute value of the
S-Matrix elements. The refraction occurs due to the attractive nuclear potential,
the position of the rainbow angle @ depends on the strength of the potential and
the kinetic energy of the particles, or on their wavelength. This angle would define
the limits of the shadow and light regions, however, the intensity around this angle
varies in a particular way (Airy structures) as shown in Fig. 3.
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The refined methods developed for the double-folding model are con-
cerned with a correct treatment of the non-local exchange part of the po-
tential and the new density dependent effective nucleon—nucleon interac-
tions (BDM3Y), which give the correct saturation point of nuclear matter
in Hartree—Fock calculations [14]. The systematics of all refractive scatter-
ing data favours a weak density dependence and a soft equation of state of
cold nuclear matter [10,12-14], with an incompressibility parameter in the
range of K ~ 220-250 MeV (with an accuracy of (£15%)).

Descartes
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Fig.3. The Airy function describing the rainbow phenomenon. The first intensity
maximum appears within the classical lighted region away from the classical sharp
shadow border line. The scattered intensity extends into the dark region and in
the lighted region higher order Airy-maxima and -minima occur. These are indeed
observed in 60+1¢Q0 scattering at lower energy, see Figs. 4 and 5. The “classical”
solutions (like Descartes and Young) show divergence of the intensity around the
rainbow angle Ox.

3. The 1604160 system

We give a brief survey of the recent experimental results for the elastic
scattering of 150+160 over a wide range of energies. Precise data have now
been measured up to large angles for low energies at IreS in the range of
Epnp = 75-124 MeV (at 9 energies [6]), and at energies Ej, = 250, 350,
480, 704 and 1120 MeV at the HMI and at GANIL [7]; further data at two
energies have been measured by Sugiyama et al. [8]. It is very important
for the conclusions from this work to have high quality data over the whole
angular range. Previous data seldom extended over this large range, and
the measurement of the new data needed quite an experimental effort.
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Fig. 4 shows the result for the elastic scattering at the higher ener-
gies (124 MeV up to 1120 MeV), and separately data at the lower ener-
gies. The elastic scattering data have been fitted with an optical poten-
tial, where the real part has been obtained by the double-folding model
or by a functional dependence of Woods—Saxon squared form f2(r), where
filr) =01+ exp(T;—iRi))_l; with ¢ = V, W for the real and imaginary parts.
The latter parametrisation gives potential shapes, which are very close to
the double-folding potentials. In addition a surface term, with a form factor
of the derivative, 4ag j—rfs(r) has to be added to the imaginary potential, as
has been found already in earlier work [14].
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Fig. 4. Differential cross section of 180+160 elastic scattering over many energies
(the fits to these data are discussed in Refs. [6,7]). Left panel: for energies Ejan=
124 to 1120 MeV. The primary rainbow maximum at Ej,,= 350 MeV is located at
an angle of 55°, it moves to larger angles outside the observation region at lower
energies, and for higher energies to smaller angles, e.g. to 10° at 1120 MeV. Right
panel: Differential cross sections at energies between Ej,p, — 95 and 124 MeV [6],
with curves calculated with optical model potentials obtained from the double-
folding model or with the Woods—Saxon squared potentials.

We repeat here the basic facts (see Figs. 2 and 3) of rainbow scattering
[2,3]. The rainbow structure appears if the nuclear potential is strong
enough to deflect particles into “negative angles”, and a maximum deflec-
tion (rainbow) angle occurs. In this case a particular oscillating interference



98 W. voN OERTZEN ET AL.

structure due to contributions from several impact parameters contribut-
ing to the maximum deflection angle will appear, which is described by an
Airy-function (this function is shown in Fig. 3). The higher order max-
ima, which are referred to as 2"d / 3td_etc., order Airy structures, will appear
inside the “lighted” region. Note that the “secondary” rainbow (with the
reversed colours) in nature is due to a second reflection inside of the droplet,
whereas the 2°d Airy maximum is usually barely seen as opposed to the
nuclear rainbow scattering.

The most remarkable feature of this complete data set (Fig. 4) for
160 + 160, is the fact that we can follow the evolution of the primary
and secondary Airy-structures from the energies of Ej,, = 350 MeV, where
the 15 maximum is very pronounced, up to 1 GeV, where the primary rain-
bow has moved into the diffractive region, and down to 124 MeV and lower,
where only the higher order Airy structures appear in the angular range of
observation.

The situation with respect to the Airy structures can be shown, see
Fig. 5, if we make a calculation for the near-far-side decomposition and
without symmetrisation. The result is shown together with the experimental
data for the case of Ej,p, = 124 MeV. At this energy the 3" Airy maximum
appears at an angle of 72°.
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Fig.5. Calculations and data illustrating the occurrence of higher order Airy struc-
tures (minima marked by Ai, ¢ = 2-4). The calculations show the near/far-side
decomposition and have no symmetrisation for the identity of the two 'O nuclei.
The data show the additional oscillations due to the interference of the identical
amplitudes for spin zero bosons.
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In the systematic measurements also data [17,18] have been obtained for
the one-neutron transfer reaction 0 (160,'70)50, populating the ground
(p1/2-hole) and first excited state of O, the (p3/2-hole)-state. The one-
neutron form factor now emphasises different radial regions of the scattering
potentials. Thus it is quite important to state, that indeed at the rainbow
angles a distinct maximum is observed also in this channel, as shown in
Fig. 6, for those energies, where the primary rainbow maximum has been
observed. The final fit shown in the figure needed an increased absorption for
the '7O+'0O-channel, a feature which is consistent with our understanding
of absorption in heavy ion scattering. In this combination of nuclei with 7O
more channels are open, and the particle-“hole” in the closed shell nucleus
160 forming states in '°O leads to a faster decay of the “cluster” inside
the medium, just like a broken piece of sugar dissolves faster in a liquid.
With the double folding model potential it was possible to describe the data
at all energies with one normalisation for the product of the spectroscopic
factors [17,18] .

10°% enbnn s b s b bven o
5 ; 16, 160 17 15, E
WO é O( O’ Ogs) Ogs, 1/2_ ?
4 ] E
[ Foldng  F
0 ] SF=16 [
5,
},‘02 3 ELub(MeV) L
E 7 250
S .7 g
~10° 4 L
e) E E
° 1 E
104 3
107 3
] E

"O TTTT‘TTTT‘TTTT[TTTT‘TTTT‘TTTT‘TTTT[TTTT

0 10 20 30 40 50 60 70 80
6 _ (deg)
cm

Fig.6. Data for the one neutron transfer illustrating the occurrence of refractive
structures for reactions. The calculations show the result of DWBA calculations
with the real potentials from the double-folding model, and a constant product of
spectroscopic factors (SF). For the imaginary part in the exit channel two choices
are shown, dashed curve — same potentials as the entrance channel, full curve —
increased absorption in the '7O+O-channel.
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4. Double folding model and the EOS of nuclear matter

In the systematic analysis of the elastic scattering data over many en-
ergies with the double-folding model or with potentials with shapes chosen
to be the Woods-Saxon squared (WS2) form [6,7] it was found, that both
give equivalent overall fits to the data. We must emphasise the most im-
portant point concerning these “new” potentials : The originally (30 years
ago) used Wood-Sazon potentials have the wrong radial shapes and thus fail
to reproduce the systematics over many energies. Many cases of a-particle
scattering have also been analysed in the last 15 years in a systematic way,
and it has been established that the deep potentials of the cited shapes are
needed, to describe scattering states and bound states consistently [15].

For further discussion the potentials can be classified by their volume
integrals defined as

47
NsNpg

T == [ Veawrtoyrar, (1)
which are normalised to the number of interacting nucleon pairs (nucleon
numbers are given by Ny and Np for projectile and target). Already in
previous studies using the double-folding model [14] for the nucleus—nucleus
potentials, in particular for a-particle-nucleus scattering [11,12], it has been
found that a consistent description is obtained with particular values of the
volume integral for nucleon—nucleus potentials [3]. These values vary little
for different systems, thus a criterion for the choice of the potentials for
composite systems has often been a consistent value of the volume integral
of the real potential per interacting nucleon pair.

Our result for the real potentials is also consistent with other results for
composite particles, the values for the volume integrals which are obtained
[3,6,7] are typically Jy ~ 300 MeV fm? at Ey,p, ~ 30 MeV /u. The volume
integrals of heavier particles are slightly reduced due to antisymmetrisation
effects. We will come back to this question later. The systematics of these
volume integrals are shown for '*0+'60 in Fig. 7 over all energies.

An important aspect of the analysis of refractive scattering has been
the study of the in-medium effective nucleon—nucleon interaction [10, 12—
14]. This is achieved by introducing into the M3Y-interaction a density
dependence in such a way that the corresponding Hartree-Fock calculation
reproduces the saturation point of nuclear matter [9,10,14,16,19]. In the
double-folding model and and in the Hartree—Fock calculation the exchange
part (which is non-local) must be treated consistently. In this approach
also the systematics of the nucleon—nucleus potentials as well as the mean
field potentials of nucleons as obtained by Jeukenne et al. [19] are well
reproduced [14]. In the Hartree-Fock calculations different choices of the
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Fig.7. Volume integrals Jy, and Jy of the real and imaginary part, respectively, of
the best-fit real WS2 and the folded potentials for the 180+160 system at incident
energies from Fj,;, = 124-1120 MeV. The lines are only to guide the eye.

density dependence give different values of the nuclear incompressibility,
described by the factor K. Examples of such calculations for the equation
of state (EOS) with different values of K are given in Fig. 8.

150 ' T A
3 1
- : /
N Cold Nuclear EOS /
E (M3Y—Paris) P/ A
- ; .
N ! / ]
90 K = 435,"Mev / 3
- e ]
f
o BDM3Y3 [ ]
60 i K/=330 Mev .- .

— — __ BDM3Y2 7 /
/
BDM3Y1 ; / K =210 Mev
DDM3Y1 / 7/ g
L/
s

E/A [MeV]

30

K = 150 MeV ]

0.0 0.2 0.4 0.6 0.8

p [fm~]
Fig. 8. Results of Hartree-Fock calculations using different versions of the density
dependent M3Y (Paris) interaction, giving different values for the incompressibility
constant K, but the same saturation point of nuclear matter.
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An interesting observation is made in a different study of light ion scatter-
ing in Ref. [21]; in their analysis the nucleon—nucleon interaction of Ref. [19]
has been chosen, restricting the folding procedure to normal nuclear den-
sities without the superposition of the two densities. The analysis fails to
reproduce the pronounced rainbow structures for all the cases, where the
experiments extend to the larger angles! The present double-folding model
with the density dependent (BDM3Y) nucleon-nucleon interaction and the
local density approximation with the density pile-up has now been used in
many other systems including the scattering of weakly bound radioactive

ions.
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Fig.9. Connection between various experimental data for nucleus—nucleus elastic
scattering, nucleon—nucleon scattering and electron—nucleus scattering for the de-
termination of the nucleus—nucleus potentials. In the analysis enter the nuclear
densities, the effective nucleon—nucleon interaction, and finally due to the Hartree—
Fock calculations with different versions of the density dependent M3Y (Paris)
N-N-interaction, giving the correct saturation point of nuclear matter, different
values for the incompressibility constant K.
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At this point it is worth to give an overview over the experimental and
theoretical input into the description of the nucleus—nucleus scattering with
the Double Folding Model (DFM), (see Fig. 9). Once the parameters of the
Hartree—Fock calculations are fixed, reproducing the proper saturation point
(as shown in Fig. 8), the remaining parameters, which are needed for the nu-
clear densities are determined from experimental results (electron scattering)
and reproduced analytically by using appropriate shell model wave functions.
In Fig. 9 the connections between the different inputs are illustrated. For
the determination of the EOS of nuclear matter, the nucleus—nucleus po-
tential can also be obtained from a model independent analysis [9,10,17] of
the data, in this case the experimental errors are transformed into an error
band for the potential. This potential is than reproduced by the DFM, for
which a single normalisation constant, typically in the range of 0.75 to 0.9
depending on energy, is introduced. The data for a-particle scattering [16]
turned out to show the strongest sensitivity on the compressibility constant,
there pronounced nuclear rainbows have been observed since 30 years.

5. Consideration of Pauli-blocking and conclusions

Finally we come back to the question of the Pauli-blocking effects in the
double-folding model (DFM) which predicts in both, heavy ion scattering
and a-particle scattering, very deep potentials (which can also be closely re-
produced by a Woods—Saxon-squared shape). The experimental systematics
of the elastic scattering data down to the lowest energies as shown Fig. 4,
imply that the DFM seems still to be applicable at the lower energies. This
is in contradiction with the Pauli-blocking effect expected to be strong if
large density overlap occurs at low energies. The double folding model with
an effective N—N-interaction adjusted to the properties of nuclear matter,
gives a potential for the elastic channel as a mean field effect, which is indeed
very deep in accordance with the cited empirical result. The deep poten-
tials, which are observed could be seen to comply with the Pauli principle
by generating the appropriate number of nodes for the wave function in the
interior (according to the rule that (2N + L) = Y (n; + ;) as discussed in
Ref. [8]).

We note that also a self-consistent description of the exchange part of the
potential, which is non-local, has been very important in the new concept
of double-folding model [13,14]. In more recent work we have now shown
in Ref. [20], that the inclusion of the Pauli-blocking in the double folding
also can be done in a self-consistent way. This has been formulated in a
Pauli Distorted Double Folding Model (PDDFM), where the semi-classical
Thomas—Fermi approach is used. The main idea, as explained in Ref. [20],
is shown in Fig. 10. Due to the fact that the value of the relative momen-
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tum of the nucleons in the two nuclei, which enters into the calculations, is
determined by a very deep double folding (mean field) potential, its value
effectively increases strongly once the self-consistent description of the local
potentials is used. Therefore, the overlap between the two Fermi-spheres in
momentum space is reduced, and thus the Pauli-blocking diminishes strongly
in the regions of strong spatial overlap. The potentials remain deep even
in the energy range down to 6-10MeV /nucleon, although with some small
renormalisation as discussed in Ref. [20]. The Pauli-distortion of the wave
functions of the nuclei described in this reference, actually will lead to ex-
citations of the nuclei and to absorption from the elastic channel (known
as Pauli-excitation in atomic physics). However, these distortions have to
be transformed into discrete quantal excitations of the fragments, these are
partially suppressed for strongly bound nuclei, which have no states at low
excitation energies like in 'O or for a-particles.
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Fig. 10. Nlustration of the reduction of the Pauli-blocking. The local momentum K
of nucleons during the overlap of the densities must be determined self-consistently
with the very strong attractive potential created simultaneously. In rainbow scat-
tering large overlaps of densities with values up to twice the saturation value (p,)
are observed in the elastic channel. A “repulsion” of the nucleonic Fermi-spheres
thus occurs due to a self-consistent mean field effect in the double-folding model.

We can thus understand the systematics of nuclear rainbow scattering
and their associated real potentials down to rather low energies of
7 MeV /nucleon and even lower. At these low energies the deep potential
creates the observed interference patterns in the angular distributions, which
are due to 3'9/4™ and higher order Airy structures. The older studies of
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low energy elastic scattering in the 2C+'2C and '0+'60 systems appear
in a completely new light. The structures observed in these systems for
the excitation functions of the elastic cross section at 90° are due to the
passage of the steep Airy-minima as function of energy, described as “Airy-
elephants” in Ref. [3]. Very pronounced rainbow structures are also observed
in recent precise data for the elastic scattering in the *00+!2C system [22].
The double-folding method and the BDM3Y interaction are also now used
in many cases for the analysis of scattering systems with weakly bound ra-
dioactive beams [23].

In conclusion we find, that the complete set of data for the '0-+160 sys-
tem gives clear criteria for the choice of a particular class of real potentials,
which agree well with the results of the double-folding model calculations,
based on a nucleon—nucleon interaction with a weak density dependence as
discussed in Refs. [5,9,10,12-14|. The result of the double-folding model
is also consistent with our knowledge on the nucleon—nucleon interaction,
on measured nuclear densities and with the saturation properties of nu-
clear matter. The related scattering trajectories for the elastic channel are
deeply penetrating, creating an appreciable density overlap of the two nu-
clei. Thus the refractive scattering of strongly bound nuclei is one of the
clearest sources on information related to the in-medium nucleon—nucleon
interaction and the compressibility of nuclear matter. We repeat here the
statement, that the S-matrix elements leading to the rainbow angles are in
the range of 0.1%, thus high precision data at large angles are needed to
obtain such results.

This work has been partially supported by the German Ministry of Re-
search (BMFT, Verbundforschung, under contract: 060B472D /4).
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