Vol. 33 (2002) ACTA PHYSICA POLONICA B No 10

FRACTAL STRUCTURE OF THE PROTON
AT LOW BJORKEN z*
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A description of the structure function Fy(z,Q?)at low Bjorken x re-
flecting a fractal self-similar proton structure is proposed. The specific pa-
rameterisation obtained provides an excellent description of all low x data
extending in four momentum transfer squared from the non-perturbative
region, @2 > 0.05 GeV?, into the deep inelastic domain of @* < 100 GeV?2.

PACS numbers: 13.60.Hb, 14.20.Dh

1. Introduction

Fractality is an inherent property of many natural objects and processes.
Such objects do not lose their characteristic structure even if investigated
along a wide range of scales. While natural objects, like plants or clouds,
are exhibiting fractal properties up to some limiting scale, mathematics can
go further and model objects which are perfect fractals. Example of such an
object is the Sierpinski gasket (see Fig. 1) [1,2].

In general, fractal properties may be observed in a wide variety of topics,
e.g. self-organized systems, cellular automats, local systems on lattice, signal
analyses, chaos and many others. The most essential way how to describe
them is to know the internal dynamics or iteration rules of the system.
However, in many cases these are not known and global properties of the
system are used instead. In the presented work the fractal dimension concept
[2] is used to obtain a novel parameterisation of the proton structure function
Fy(z,Q?) which reflects fractal behaviour. This parameterisation is then
fitted to the recent HERA precision data.
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Fig. 1. Sierpinski gasket in iterations No. 1, 3 and 6 (from left). Iteration No. 1 cor-
responds to the seed image which is arbitrary while the iteration always converges
to the same object.

2. Fy(x, Q%) parameterisation and fit to the HERA data

Referring to [3] for details, the proton structure function F(z, @Q?)may
be parametrised with the following expression reflecting self-similarity
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where Dy is a normalisation parameter, Do and D3 are the fractal dimensions
with respect to 1/x and 1 + Q?/Q3, respectively, while D; is their dimen-
sional correlation. @3 is a reference scale of the four momentum transfer
squared Q2.

The five parameters are determined using recent data from the HERA
experiments H1 [4] and ZEUS [5] in the range 1.5 < Q2 < 120 GeV? (H1)
and 0.045 < Q? < 0.65 GeV? (ZEUS). Additionally a cut = < 0.01 has been
applied to exclude the valence quark region. The fit result is shown in Fig. 2
as F»/Q? in bins of W2 and compared to ALLM97 parameterisation [6].
The x?/ndf is about 0.82 and it was calculated with total errors, adding
the statistical and systematical errors in quadrature. As can be seen, the
fit describes the new, preliminary H1 data in the intermediate Q? range [7]
equally well. These data were not used in the fit.
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Fig.2. Virtual photon—proton cross-section o,+, o Fo(W?,Q?)/Q* as a function
of Q% in W? bins, where W is the mass of the v*p system. H1 (points) and ZEUS
(triangles) measurements are shown along with the fit to four parameters (full line),
the fit with the mass term included (dotted line), H1 QCD fit (dashed line) and with
ALLMO97 parameterisation (dot-dashed line). The fractal fit to all five parameters
is indistinguishable from the four parameter fit in the region of measured data.

2.1. Photoproduction limit

The ratio Fy(W?2,Q?)/Q? is proportional to the virtual photon-proton
cross-section o+ (W?2,Q?). In the limit Q* — 0 and fixed W? it can be
shown [3] that the parametrisation (1) behaves like Q2 only for Dy = 1.
Indeed, in the fit with Dy as a free parameter a value very close to 1 is
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obtained. Fixing Dy = 1 reduces the number of parameters to four but the
corresponding fit gives an equally good value of x?/ndf = 0.82 as the fit to
all five parameters.

In the photoproduction limit one needs to introduce a mass term in the
calculation of Bjorken z, which is negligible at high W?2:

2

T — x4+ %, (2)
where m is an effective mass of a proton constituent which is fitted as another
parameter in the fit to the data. In such a case, the ratio Fo(W?2,Q?%)/Q?
always converges when Q2 — 0 and the photon—proton cross-section Onp
has a power law behaviour in W? variable. The result of the fit with the
mass term (involving also the photoproduction data) is shown in Fig. 2 as
dashed line. The behaviour of the fit at low W? is similar to the ALLM97
parametrisation while at high W? it approaches the fractal fit without the
mass term.

3. Summary

The proton structure at low Bjorken x exhibits fractal properties. A
parameterisation of the proton structure function Fy(z, Q?), reflecting self-
similarity, describes very well the low z HERA data, both in the non-
perturbative and the deep-inelastic domain including a recent precision mea-
surement of the inclusive deep inelastic cross section in the transition region
near Q> ~ 1 GeV? by the H1 collaboration [7]. The introduced formal-
ism uniquely defines the = and Q? dependence of parton densities. Thus
it is applicable also to other measures of proton structure, like the longi-
tudinal structure function Fy,, the diffractive structure function FJ or the
spin structure function g;. In the context of related approaches involving
self-organized criticality in particle production [8] and in low z gluon dy-
namics [9], the fractal mathematics and scale relativity [10] may become a
powerful tool in exploration and description of various high energy physics
phenomena.
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