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FRACTAL STRUCTURE OF THE PROTONAT LOW BJORKEN x�Tomá² La²tovi£kaDESY Zeuthen, Platanenallee 6, D15738 Zeuthen, GermanyandCharles University, Fa
ulty of Mathemati
s and Physi
sV Hole²ovi£ká
h 2, 18000 Prague 8, Cze
h Republi
(Re
eived September 16, 2002)A des
ription of the stru
ture fun
tion F2(x;Q2) at low Bjorken x re-�e
ting a fra
tal self-similar proton stru
ture is proposed. The spe
i�
 pa-rameterisation obtained provides an ex
ellent des
ription of all low x dataextending in four momentum transfer squared from the non-perturbativeregion, Q2 & 0:05 GeV2, into the deep inelasti
 domain of Q2 . 100 GeV2.PACS numbers: 13.60.Hb, 14.20.Dh1. Introdu
tionFra
tality is an inherent property of many natural obje
ts and pro
esses.Su
h obje
ts do not lose their 
hara
teristi
 stru
ture even if investigatedalong a wide range of s
ales. While natural obje
ts, like plants or 
louds,are exhibiting fra
tal properties up to some limiting s
ale, mathemati
s 
ango further and model obje
ts whi
h are perfe
t fra
tals. Example of su
h anobje
t is the Sierpinski gasket (see Fig. 1) [1, 2℄.In general, fra
tal properties may be observed in a wide variety of topi
s,e.g. self-organized systems, 
ellular automats, lo
al systems on latti
e, signalanalyses, 
haos and many others. The most essential way how to des
ribethem is to know the internal dynami
s or iteration rules of the system.However, in many 
ases these are not known and global properties of thesystem are used instead. In the presented work the fra
tal dimension 
on
ept[2℄ is used to obtain a novel parameterisation of the proton stru
ture fun
tionF2(x;Q2)whi
h re�e
ts fra
tal behaviour. This parameterisation is then�tted to the re
ent HERA pre
ision data.� Presented at the X International Workshop on Deep Inelasti
 S
attering (DIS2002)Cra
ow, Poland, 30 April�4 May, 2002.(2867)
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Fig. 1. Sierpinski gasket in iterations No. 1, 3 and 6 (from left). Iteration No. 1 
or-responds to the seed image whi
h is arbitrary while the iteration always 
onvergesto the same obje
t.2. F2(x;Q2)parameterisation and �t to the HERA dataReferring to [3℄ for details, the proton stru
ture fun
tion F2(x;Q2)maybe parametrised with the following expression re�e
ting self-similarityF2(x;Q2) = eD0 Q20 x�D2+11 +D3 �D1 log x� x�D1 log�1+Q2Q20��1 + Q2Q20�D3+1 � 1! ; (1)where D0 is a normalisation parameter, D2 and D3 are the fra
tal dimensionswith respe
t to 1=x and 1 + Q2=Q20, respe
tively, while D1 is their dimen-sional 
orrelation. Q20 is a referen
e s
ale of the four momentum transfersquared Q2.The �ve parameters are determined using re
ent data from the HERAexperiments H1 [4℄ and ZEUS [5℄ in the range 1:5 � Q2 � 120 GeV2 (H1)and 0:045 � Q2 � 0:65 GeV2 (ZEUS). Additionally a 
ut x < 0:01 has beenapplied to ex
lude the valen
e quark region. The �t result is shown in Fig. 2as F2=Q2 in bins of W 2 and 
ompared to ALLM97 parameterisation [6℄.The �2=ndf is about 0.82 and it was 
al
ulated with total errors, addingthe statisti
al and systemati
al errors in quadrature. As 
an be seen, the�t des
ribes the new, preliminary H1 data in the intermediate Q2 range [7℄equally well. These data were not used in the �t.
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Fig. 2. Virtual photon�proton 
ross-se
tion �
?p / F2(W 2; Q2)=Q2 as a fun
tionof Q2 in W 2 bins, where W is the mass of the 
?p system. H1 (points) and ZEUS(triangles) measurements are shown along with the �t to four parameters (full line),the �t with the mass term in
luded (dotted line), H1 QCD �t (dashed line) and withALLM97 parameterisation (dot-dashed line). The fra
tal �t to all �ve parametersis indistinguishable from the four parameter �t in the region of measured data.2.1. Photoprodu
tion limitThe ratio F2(W 2; Q2)=Q2 is proportional to the virtual photon�proton
ross-se
tion �
?p(W 2; Q2). In the limit Q2 ! 0 and �xed W 2 it 
an beshown [3℄ that the parametrisation (1) behaves like Q2 only for D2 = 1.Indeed, in the �t with D2 as a free parameter a value very 
lose to 1 is



2870 T. La²tovi£kaobtained. Fixing D2 = 1 redu
es the number of parameters to four but the
orresponding �t gives an equally good value of �2=ndf := 0:82 as the �t toall �ve parameters.In the photoprodu
tion limit one needs to introdu
e a mass term in the
al
ulation of Bjorken x, whi
h is negligible at high W 2:x! x+ m2W 2 ; (2)wherem is an e�e
tive mass of a proton 
onstituent whi
h is �tted as anotherparameter in the �t to the data. In su
h a 
ase, the ratio F2(W 2; Q2)=Q2always 
onverges when Q2 ! 0 and the photon�proton 
ross-se
tion �
?phas a power law behaviour in W 2 variable. The result of the �t with themass term (involving also the photoprodu
tion data) is shown in Fig. 2 asdashed line. The behaviour of the �t at low W 2 is similar to the ALLM97parametrisation while at high W 2 it approa
hes the fra
tal �t without themass term. 3. SummaryThe proton stru
ture at low Bjorken x exhibits fra
tal properties. Aparameterisation of the proton stru
ture fun
tion F2(x;Q2), re�e
ting self-similarity, des
ribes very well the low x HERA data, both in the non-perturbative and the deep-inelasti
 domain in
luding a re
ent pre
ision mea-surement of the in
lusive deep inelasti
 
ross se
tion in the transition regionnear Q2 � 1 GeV2 by the H1 
ollaboration [7℄. The introdu
ed formal-ism uniquely de�nes the x and Q2 dependen
e of parton densities. Thusit is appli
able also to other measures of proton stru
ture, like the longi-tudinal stru
ture fun
tion FL, the di�ra
tive stru
ture fun
tion FD2 or thespin stru
ture fun
tion g1. In the 
ontext of related approa
hes involvingself-organized 
riti
ality in parti
le produ
tion [8℄ and in low x gluon dy-nami
s [9℄, the fra
tal mathemati
s and s
ale relativity [10℄ may be
ome apowerful tool in exploration and des
ription of various high energy physi
sphenomena. REFERENCES[1℄ W. Sierpinski, Compt. Rendus A
ad. S
i. Paris 160, 302 (1915);M.F. Barnsley, Fra
tals Everywhere, 2nd Edition, A
ademi
 Press Profes-sional, 1993.[2℄ B.B. Mandelbrot, The Fra
tal Geometry of Nature. W.H. Freeman, New York1977.
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