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ANALYTIC DESCRIPTION OF PROTON STRUCTUREFUNCTIONS IN THE WHOLE KINEMATIC REGION�A.A. Petrukhin and D.A. TimashkovMos
ow Engineering Physi
s InstituteMos
ow, 115409, Russiae-mail: timashkov�nevod.mephi.ru(Re
eived July 1, 2002)A new approa
h based on a sear
h of analyti
 solutions for the mainlimiting 
ases and of linking fun
tions des
ribing intermediate region is de-veloped. In frame of this work, analyti
al formulas for proton form fa
torsin the limiting 
ases (photoprodu
tion, quasielasti
 s
attering and low-xlimit) have been obtained. Conne
tions and transitions between these lim-iting 
ases have been studied and linking fun
tions have been found. Theobtained dependen
ies of proton stru
ture fun
tions for the whole kine-mati
 region of variables Q2 and x 
ontain pra
ti
ally no free parametersbut they are in a good agreement with experimental data.PACS numbers: 13.60.�r, 13.60.HbIn many 
ases simple and 
onvenient formulas for proton stru
ture fun
-tions whi
h des
ribe their behavior in the whole kinemati
 region are veryuseful. At present, for these purposes various �ts [1,2℄ of experimental dataare used. These �ts 
ontain many free parameters determined from exper-iments1. However, when new experimental data appear these parametersare 
hanged. One of the main reasons is that in these �ts the limiting de-penden
ies usually are not regarded. The purpose of this work is to obtainphenomenologi
al des
ription of F2 in a whole kinemati
 region, taking intoa

ount stru
ture fun
tion behavior in limiting 
ases.There are three main limiting 
ases for inelasti
 s
attering: photopro-du
tion, quasielasti
 limit, low xB2 limit (high energies) and for ea
h ofthem 
orresponding model exists: ve
tor dominan
e [3℄, standard DGLAPequations [4℄, Pomeron 
on
eption [5℄.� Presented at the X International Workshop on Deep Inelasti
 S
attering (DIS2002)Cra
ow, Poland, 30 April�4 May, 2002.1 Usually only the results of F2 investigations are �tted, sin
e another fun
tion, F1, isrelated with F2 by Callan-Gross relation or on the basis of QCD 
onsiderations.2 xB is a Bjorken variable. (3033)



3034 A.A. Petrukhin, D.A. TimashkovFor the �rst limiting 
ase (low Q2 limit) the 
lose 
onne
tion betweenstru
ture fun
tions and photoprodu
tion 
ross se
tion was used [6℄. In theframe of ve
tor meson dominan
e model, the 
ross se
tion of virtual photonmay be written in a following form:�
�p(Q2; �) = �e 1Zm20 � �m2; ���1 +Q2=m2�2 dm2 : (1)Here � is dynami
 density of ve
tor meson states. The lower limit in theintegral has a sense of squared mass of the lightest state in meson spe
trum:m20 = �m� � ��2 �2 = 0:483 GeV2: (2)Basing on Regge theory and dimensional reasons, the density fun
tion is
hosen as � �m2;W 2� = �3m4 �W 2m2 ���1 : (3)Here � is e�e
tive inter
ept, whi
h provides the transition from reggeoninter
ept �R = 0:5 for low energies to Pomeron inter
ept �P � 1 for highenergies with logarithmi
 dependen
e on energy:�(W 2) = �R + (�P� �R) f(W 2)1 + f(W 2) ; (4a)f(W 2) = lns1 + W 2 �M2m2 : (4b)Substituting (3) into (1), and taking into a

ount the 
onne
tion betweenF2 and �
�p one 
an obtain the following expression for F2 at low Q2:F2 �xB; Q2� = Q24�2�e�
�p = �4xT 1Zu0 u1��du(u+ xT)2 ; u = m2Q2 xT ; (5)xT = xB1 + xBM2=Q2 : (6)The 
omparison with data [7℄ is shown in Fig. 1.In this approa
h the formula for photoprodu
tion 
ross se
tion be
omesvery simple (in this 
ase W 2 = s = M2 + 2ME
):�
p = �3�es 1Zu0 duu1+�(u) ; u = m2s : (7)
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4����*H9��Fig. 1. Proton stru
ture fun
tion in low Q2 region. Experimental points from [7℄.It is ne
essary to make an important remark. While value of �R is
onstant, the estimate of �P in
reases with energy explored in experiments.To des
ribe this growth, e�e
tive Pomeron inter
ept may be used:�e�P = 1 + k0rln� sM2� : (8)In parti
ular, experimental data on photoprodu
tion 
ross se
tion presentedby ZEUS 
ollaboration [8℄ 
an be des
ribed with k0 = 0:028. More detailed
onsideration of low Q2 limit may be found in [9℄.The se
ond limiting 
ase 
orresponds to quasielasti
 region with xB 
loseto unity. In this region the evolution equation for valen
e quarks distributionfun
tion qv is usually used. As it is shown in [10℄ this equation 
an be writtenin a form analogous to 
as
ade theory equation:dqv �x;Q2�d lnQ2 = �S �Q2�2� 24 1Zx dyy qv(y)Pv �xy�� qv(x) 1Z0 dyPv(y)35 ; (9)Pv(z) = 43 1 + z21� z ;x 
orresponding to �energy� of parti
le and logarithm of Q2 
orrespondingto �depth�. The method of solution of su
h equations is known from 
as
adetheory. After 
hoosing initial 
onditions like � xk(1� x)n0 , exa
t analyti
solution for F2 in quasielasti
 limit has been obtained3 [10℄:F2 �x;Q2� = F2 �x;Q20� (1� x)� G0(�); (10)G0(�) = � (n0 + 1)� (n0 + 1 + �)e(3=4�
)� ; � = 1633� 2nf ln lnQ2=�2lnQ20=�2 : (11)3 n0 = 2ns � 1 = 3; here ns is number of spe
tators, for proton ns = 2:



3036 A.A. Petrukhin, D.A. TimashkovTo use this analyti
 solution for des
ription of large xB region it is ne
essaryto take into a

ount mass 
orre
tions 
on
erned with target mass. It appearsas modi�
ation of s
aling variable from xB to another s
aling variables:Feynman's or Na
htman's one. For light quarks they 
oin
ide:xF = � = 2xB1 +q1 + 4M2x2B=Q2 : (12)Although mass 
orre
tions do not allow to obtain exa
t solution like (10),we take them into a

ount by means of dire
t substitution xF for xB inanalyti
 solution. Results of 
al
ulations using formula (10) are 
omparedwith experimental points at large xB in Fig. 2.
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ture fun
tion for high xB with (solid 
urves) and without (dashed
urve) mass 
orre
tions. Experimental data from BCDMS and SLAC (see [7℄).To 
onne
t these two main limiting 
ases, one 
an use (5) as initial
ondition for (10). But there are two problems: di�erent variables x inphotoprodu
tion limit and quasielasti
 one, and the absen
e of the fun
tionG0 at lowQ2. To solve the �rst problem, we have supposed that two variablesxF and xT are parti
ular 
ases of some uni�ed variable whi
h 
an be writtenin the following form:xP = 2xB1 +q1 + 4M2x1+xBB =Q2 : (13)This expression gives smooth transition from (6) at xB ! 0 to (12) atxB ! 1.To solve the se
ond problem we used a linking fun
tion. This fun
tionhas been 
hosen in the simplest linear form whi
h is suitable for satisfa
torydes
ription of F2 in intermediate region as it is shown below:G (xB; �) = G0(�)xB + (1� xB) : (14)



Analyti
 Des
ription of Proton Stru
ture Fun
tions in . . . 3037As a result, proton stru
ture fun
tion assumed a following form:F2 �xB; Q2� = �4G (xB; �)xP(1� xP)n0+� 1Zu0 u1��(u)du(u+ xP)2 : (15)Here � is determined in (11), xP is given by (13), G(xB; �) is des
ribedby (14) and u = m2xP=Q2. Before 
omparing this formula with experimentaldata, it is ne
essary to 
onsider the limit of xB ! 0.Low xB limit, whi
h 
orresponds to large transferred energies �, may bedivided in two regions: high (or medium) Q2 region (perturbative) and lowQ2 region (non-perturbative). Usually, the �rst region, where sea quarks givethe main 
ontribution to stru
ture fun
tion and provide signi�
ant growthof F2, is 
onsidered. To des
ribe this region various formulas 
ontainingdouble-logarithmi
 terms (as � lnQ2 ln 1=x) [11℄ were proposed. But thesame growth has been observed in high energy limit for photoprodu
tionin the se
ond (non-perturbative) region, that was des
ribed by growth ofPomeron inter
ept (8). It is obvious, that transition between perturbativeand non-perturbative regions must be smooth. Therefore, 
onsidering ex-pression (8) as boundary 
ondition and taking into a

ount proposed earlierformulas [12℄, e�e
tive Pomeron inter
ept may be written as:�e�P = 1 + k0 1 + lns1 + Q2m20!sln�1 + 1xP Q2M2 +Q2� : (16)Two remarks about high energy region. 1. The only 
oe�
ient k0, whi
h
an be 
onsidered as a free parameter is not usual free parameter. Its valuewas evaluated from photoprodu
tion data, but it des
ribes the large Q2region in inelasti
 stru
ture fun
tion very well, too. Therefore we hope thatthis parameter will be determined at further development of Pomeron theory.2. More general question is 
onne
ted with Regge-like behavior of the 
rossse
tion. Power dependen
e on energy 
ontradi
ts Froissart bound [13℄ and
an be used only in a limited interval of energy. But this problem exists notonly for inelasti
 lepton s
attering, and requires further investigations.Expression (15) with e�e
tive Pomeron inter
ept (16) provides 
orre
tbehavior of F2 in the whole kinemati
 region (Fig. 3). It is important to notethat this result was obtained pra
ti
ally without usual �tting pro
edures.
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ture fun
tion in the whole kinemati
 region. Experimental datafrom [7℄.Authors thank the organizers of DIS02 Conferen
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