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SPECTRUM OF THE MULTI-REGGEON COMPOUNDSTATES IN MULTI-COLOUR QCD�Jan Kota«skiM. Smolu
howski Institute of Physi
s, Jagellonian UniversityReymonta 4, 30-059 Kraków, Poland(Re
eived June 28, 2002)We study the properties of the 
olour-singlet 
ompound states of regge-ized gluons in multi-
olour QCD. Applying the methods of integrable mod-els, we 
al
ulate their spe
trum and dis
uss the appli
ation of the obtainedresults to high-energy asymptoti
s of the s
attering amplitudes in pertur-bative QCD.PACS numbers: 11.55.Jy, 12.38.CyThe high-energy asymptoti
s of the s
attering amplitude is governed bythe t-
hannel ex
hange of arbitrary number N = 2; 3; ::: of reggeized gluonsdes
ribed by the so-
alled ��sh-net� or �
he
ker-board� Feynman diagrams.The problem of resuming su
h diagrams formulated in sixties [1℄. The lowestnon-trivial 
ontribution for N = 2 was 
al
ulated by Balitski, Fadin, Kuraevand Lipatov in 1978 [2℄, who derived and solved an equation for inter
eptof the 
ompound state of N = 2 reggeized gluons � the BFKL Pomeron.The equation for three and more reggeized gluons was formulated in the1980's by Bartels, Kwie
i«ski, Praszaªowi
z [3℄ and Jaroszewi
z [4℄. How-ever, it took almost twenty years to obtain the solution for N = 3, whi
h
orresponds to the QCD odderon [5, 6℄. Finally, the solutions for higherN = 4; :::; 8 and their generalizations to arbitrary N were obtained re
entlyin the multi-
olour limit in series of papers [7�9℄ written in 
ollaborationwith S.É. Derka
hov1, G.P. Kor
hemsky2, A.N. Manashov3.� Presented at the X International Workshop on Deep Inelasti
 S
attering (DIS2002)Cra
ow, Poland, 30 April�4 May, 2002.1 Department of Mathemati
s, St. Petersburg Te
hnology Institute, St. Petersburg,Russia.2 Laboratoire de Physique Théorique, Université de Paris XI, 91405 Orsay Cédex,Fran
e.3 Department d'ECM, Universitat de Bar
elona, 08028 Bar
elona, Spain.(3621)



3622 J. Kota«skiThe leading 
ontribution to the total elasti
 s
attering amplitude of twohadrons (A;B) 
an be written in QCD in the Regge limit: s!1, t =
onst.,as a power series in a strong 
oupling 
onstant �s = �sN
=�A(s; t) � �i 1XN=2(i�s)N s1+�s"Np�s ln s �(N)A (t)�(N)B (t) : (1)Above, N denotes the number of reggeized gluons, 
alled Reggeons, propa-gating in the t-
hannel and the residue fa
tors, �(N)A(B), measure the overlapof the wave fun
tion of the 
ompound state of N reggeized gluons with thewave fun
tions of two s
attered parti
les. The parameter "N is de�ned asthe maximal energy for the S
hrödinger (BKP) equationHN	 (f~zkg) = "N	 (f~zkg) ; (2)where 	 (f~zkg) is the Reggeon wave fun
tion and ~zk denotes two-dimensionaltransverse 
oordinates of kth reggeized gluon. HN is the e�e
tive QCDHamiltonian des
ribing pair-wise intera
tion between N Reggeons.In the multi-
olour limit, this Hamiltonian simpli�es signi�
antly [10,11℄leading to HN = N�1Xk=0 H(~zk; ~zk+1) ; where ~z0 � ~zN : (3)It des
ribes [8℄ the nearest neighbor intera
tion of the Reggeons and has ahidden 
y
li
 and mirror permutational symmetry. Moreover, it possessesthe set of the (N � 1) integrals of motion, whi
h are the eigenvalues of
onformal 
harges, q̂k and q̂k 4 [7℄,[HN ; q̂n℄ = [q̂n; q̂m℄ = �HN ; q̂n� = �q̂n; q̂m� = 0; n;m = 2; : : : ; N: (4)Thus, this system is 
ompletely integrable. The lowest integral may be ex-pressed in terms of the 
onformal SL(2) weight of the state h as q2=�h(h�1).The Hamiltonian (3) is equivalent to the XXX Heisenberg spin magnet [7℄.Our solution of the S
hrödinger equation (2) is based on the method ofthe Baxter Q-operator [7℄. It relies on the existen
e of the operator Q(u; �u)depending on the pair of 
omplex spe
tral parameters u and �u and satisfyingthe following relations. It 
ommutes with itself for di�erent values of thespe
tral parameters and with the integrals of motion[Q(u; u);Q(v; v)℄=�t̂N (u; fq̂ng);Q(v; v)�=�t̂N (u;�q̂n	);Q(v; v)�=0 ; (5)4 bar does not denote 
omplex 
onjugation for whi
h we use an asterisk.



Spe
trum of the Multi-Reggeon Compound States in . . . 3623where t̂N (u; fq̂ng) = 2uN + q̂2uN�1 + : : : + q̂N ; (6)and u, v are two 
omplex spe
tral parameters. It also has to satisfy theBaxter equationst̂N (u; fq̂ng)Q(u; u) = uNQ(u + i; u) + uNQ(u � i; u) ;t̂N (u;�q̂n	)Q(u; u) = (u+ i)NQ(u; u + i) + (u� i)NQ(u; u � i) : (7)Furthermore, the Q-operator has pres
ribed analyti
al properties, i.e. knownpole stru
ture, and asymptoti
 behavior at in�nity. The above 
onditions �xthe Q-operator uniquely and allow us to quantize the integrals qk [7,13�15℄.It turns out that it is possible to express the Hamiltonian (3) in terms of theBaxter Q-operator [7℄. Combining together the solutions of the Baxter equa-tions and the quantum 
onditions for qk with the S
hrödinger equation (2)we 
an 
al
ulate the energy spe
trum.For N = 3 there exist two integrals of motion, q2 and q3. The quantizedvalues of q3 exhibit some stru
ture that 
an be seen on Fig. 1 (left panel) [9℄.The 
ir
led 
rosses denote the ground states. They have the highest energyfor �xed N .The spe
trum of quantized q3 at N = 3 may be approximated by thefollowing formula [12℄hq3approx(`1; `2)i1=3 = � 3(2=3)2�  12`1 + ip32 `2! ; (8)where `1, `2 2 Z and `1+`2 is even. Similar stru
ture is observed for N = 4,h = 1=2 and q3 = 0 (Fig. 1 right panel)hqapprox4 (`1; `2)i1=4 = � 2(3=4)2p� � 1p2`1 + i 1p2`2� : (9)
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3624 J. Kota«skiAll these states have 
ontinuation in �h = =(h), so, the eigenvalues of fq̂kgform linear traje
tories in the full qk spa
e [16,17℄. The spe
trum of qN hassimilar stru
ture for higher N .For the ground states (Table I), the integrals of motion are either purelyreal or purely imaginary. Moreover, the odd integrals are equal to zerofor even N 's. The numbers at N = 2 and N = 3 agree with the previ-ously published ones [2, 5, 8, 15, 17℄, while the results for higher N are new.TABLE IQuantum numbers qk and energy, "N (fqkg), of the N -Reggeons states in the multi-
olour QCD for h = 1=2.N iq3 q4 iq5 q6 iq7 q8 "N2 2.77263 0.20526 �0:24724 0 0.15359 0.67425 0.26768 0.03945 0.06024 �0:12756 0 0.28182 0 0.07049 0.39467 0.31307 0.07099 0.12846 0.00849 0.01950 �0:08148 0 0.39117 0 0.17908 0 0.03043 0.2810The energy is positive for even N 's and negative for odd N 's and it is shownin a Fig. 2. The 
ontribution of these states to the s
attering amplitudein
reases with s for the positive energy "N and de
reases for the negativeenergy "N . The exa
t values of the energy are denoted by 
rosses on theleft panel of Fig. 2. The upper and the lower 
urves stand for the fun
tions1:8402=(N � 1:3143) and �2:0594=(N � 1:0877), respe
tively.
+

+
+

+

+

+

+

–0.5

0

0.5

1

1.5

2

2.5

3

-E_N/4

2 3 4 5 6 7 8
N

–5

–4

–3

–2

–1

0

1

2

3

-E_N/4

0 1 2 3 4 5
nu_hFig. 2. The dependen
e of the ground state energy, "N , on the number of parti
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trum of the Multi-Reggeon Compound States in . . . 3625The right panel in the Fig. 2 shows the dependen
e of the energy "(�h)along the ground state traje
tory for di�erent number of parti
les 2 � N � 8.These fun
tions are symmetri
al in �h. The maximum energy is in �h = 0.At large �h, "8 > : : : > "3 > "2.Summarizing we found the spe
trum of the multi-Reggeon 
ompoundstates in QCD. In the Pomeron se
tor (even N) the inter
ept of states isbigger than 1 but smaller than the inter
ept of the BFKL Pomeron: �2 >�4 > : : : > 1. In the odderon se
tor (odd N) the inter
ept of the states issmaller than 1 but it in
reases with N : �3 < �5 < : : : < 1.Re
ently Lipatov and de Vega [18℄ found another set of the solutionsfor N = 3; 4 whi
h di�er from our expressions. This dis
repan
y requiresfurther studies. REFERENCES[1℄ S.C. Frauts
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