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FERMION GENERATIONS AND MIXINGFROM DUALIZED STANDARD MODEL�Chan Hong-MoRutherford Appleton LaboratoryChilton, Didot, Oxon, OX11 0QX, United KingdomandNAPL, Department of PhysisUniversity of Oxford, Oxford, United Kingdome-mail: h.m.han�rl.a.ukand Tsou Sheung TsunMathematial Institute, University of Oxford24-29 St. Giles', Oxford, OX1 3LB, United Kingdome-mail: tsou�maths.ox.a.uk(Reeived Otober 4, 2002)The puzzle of fermion generations is generally reognized as one of themost outstanding problems of present partile physis. In these letures, wereview a possible solution based on a non-Abelian generalization of eletri�magneti duality derived some years ago. This non-Abelian duality impliesthe existene of another SU(3) symmetry dual to olour, whih is neessarilybroken when olour is on�ned and so an play the role of the �horizon-tal� symmetry for fermion generations. When thus identi�ed, dual olourthen predits 3 and only 3 fermion generations, besides suggesting a speialHiggs mehanism for breaking the generation symmetry. A phenomenolog-ial model with a Higgs potential and a Yukawa oupling onstruted onthese premises is shown to explain immediately all the salient qualitativefeatures of the fermion mass hierarhy and mixing pattern, exepting forthe moment CP violation. In partiular, though treated on exatly thesame footing, quarks and leptons are seen to have very di�erent mixingpatterns as experimentally observed, with leptons having generally largermixings than quarks. The model o�ers further a perturbative method foralulating mixing parameters and mass ratios between generations. Cal-ulations already arried out to 1-loop order is shown to give with only 3adjustable parameters the following quantities all to within present exper-imental error: all 9 CKM matrix elements jVrsj for quarks, the neutrino� Presented at the XLII Craow Shool of Theoretial Physis, Zakopane, PolandMay 31�June 9, 2002. (4041)



4042 Chan Hong-Mo, Tsou Sheung Tsunosillation angles or the MNS lepton mixing matrix elements jU�3j; jUe3j,and the mass ratios m=mt; ms=mb; m�=m� . The speial feature of thismodel ruial for deriving the above results is a fermion mass matrix whihhanges its orientation (rotates) in generation spae with hanging energysale, a feature whih is shown to have diret empirial support, and al-though potentially dangerous for �avour-violation is found through detailedanalysis not to be the ase. With its parameters now so �tted, the resultingsheme is highly preditive giving in partiular orrelated preditions in lowenergy FCNC e�ets (meson mass splittings and deays, ��e onversion innulei, et.) and in ultra-high energy (post-GZK) air showers from osmirays, both of whih an hopefully be tested soon by experiment.PACS numbers: 12.15.Ff, 12.15.Hh, 14.60.Pq, 12.60.�i1. IntrodutionAs far as we know today, quarks and leptons, the fermioni fundamentalbuilding bloks of our material world, eah ours in 3, and apparently only3, opies alled generations having very similar properties apart from theirmasses. The masses, however, vary greatly, dropping from generation togeneration by about one to more than two orders of magnitude dependingon the fermion speies. For harged leptons and quarks, the masses are nowquite well determined and are listed in the Partile Physis Booklet [1℄ asfollows:mt � 175 GeV; m � 1:2 GeV; mu � 3 MeV;mb � 4:2 GeV; ms � 120 MeV; md � 6 MeV;m� = 1:777 GeV; m� = 105:6 MeV; me = 0:51 MeV: (1.1)For neutrinos, the piture is not yet as lear, but with the reent disoveryof �� , and observation of neutrino osillations with measurement of some ofthe relevant parameters, a similar pattern looks inreasingly likely to emerge,namely again 3 generations of neutrinos with a hierarhial mass spetrum.That this should be the ase has long been regarded theoretially as quitea mystery. First of all, that nature should want several speies of fermionswith di�erent quantum numbers and interations to build her multifariousworld seems understandable, but why 3 opies of eah? And, what is more,why has she given them so di�erent masses? Indeed, the general theoretialidea is that partiles get their masses mostly from self-energy through theirinterations. Why then these widely di�erent masses for the 3 generationswhih have as far as we know idential interations? In fat, long beforethe full piture is known, the existene of the muon has already promptedFeynman to post above his bed the famous question: �Why does the muonweigh?� And now, with 3 generations in eah of all 4 fermion speies, and



Fermion Generations and Mixing from Dualized Standard Model 4043eah generation weighing more than the next by large fators, Feynman'squestion has beome even more pressing.And the mystery does not end there. With more empirial informationaumulated, another puzzling phenomenon soon revealed itself. The 12fermion states of di�erent generations and speies an eah be represented bya state vetor in 3-dimensional generation spae. Within eah speies, the 3generations are independent quantum states and should thus be representedby orthogonal vetors forming together an orthonormal triad. For quarks,for example, the 3 up quark states t; ; u form together a U triad, whilethe 3 down quark states b; s; d form together a D triad. The question, �rstposed by Cabbibo [2℄, then arises, namely whether the U and D triads arethe same, and if not, how they are related. Now the relative orientations,namely the inner (or dot) produts, between any pairs of vetors in the 2triads an be inferred empirially from experiment on e.g. hadron deays.The matrix of these inner produts is then the famous CKM matrix [2, 3℄,for whih the latest empirial information is summarized in [1℄ as follows:0� jVudj jVusj jVubjjVdj jVsj jVbjjVtdj jVtsj jVtbj 1A =0� 0:9742 � 0:9757 0:219 � 0:226 0:002 � 0:0050:219 � 0:225 0:9734 � 0:9749 0:037 � 0:0430:004 � 0:014 0:035 � 0:043 0:9990 � 0:9993 1A : (1.2)One noties that the U and D triads are indeed not aligned but are never-theless tantalisingly lose to being so, namely that the CKM matrix is loseto being the unit matrix. One noties also that the o�-diagonal (mixing)elements seem to have hierarhial values with jVusj; jVdj � jVbj; jVtsj �jVubj; jVtsj.The same question an be repeated for leptons, i.e. on the relative ori-entation between the up and down triads, namely between the triad L ofthe harged leptons �; �; e and the triad N of the neutrino mass eigenstatestraditionally denoted in order of dereasing mass by �3; �2; �1. The matrix ofinner produts between pairs of vetors, one from eah triad, is in this aseknown at the MNS matrix [4℄, the elements of whih are measured in neu-trino osillation experiments. So far, experiments on atmospheri neutrinosfrom � deay [5, 6℄ have shown that the mixing between the muon neutrinoand the heaviest mass eigenstate �3, namely the MNS element U�3, is nearmaximal. Those on solar neutrinos [5, 7�10℄ measure the mixing betweenthe eletron neutrino and the seond heaviest mass eigenstate �2, namelythe MNS element Ue2, while reator experiments suh as CHOOZ [11℄ havegiven bounds on the mixing between the eletron neutrino and �3, namely



4044 Chan Hong-Mo, Tsou Sheung Tsunthe MNS element Ue3. The total empirial information on the MNS matrixavailable to-date is brie�y summarized below:0� jUe1j jUe2j jUe3jjU�1j jU�2j jU�3jjU�1j jU�2j jU�3j 1A = 0� ? 0:4 � 0:7 0:0 � 0:15? ? 0:56 � 0:83? ? ? 1A : (1.3)There are atually several solutions to the solar neutrino problem still onsis-tent with present experiment, among whih the so-alled large mixing angleMSW [12℄ solution is the most favoured and is the one quoted in (1.3). Onenoties that in ontrast to the CKM matrix, the MNS matrix is far fromdiagonal, with some o�-diagonal elements very large, but still the ornerelement Ue3 is muh smaller than the other two.Thus, together with the markedly hierarhial mass spetra, the mixingpatterns of quarks and leptons onstitute a vast amount of quantitative dataneeding theoretial understanding. In spite of its many suesses, however,the Standard Model as onventionally formulated o�ers no explanation atall either for the existene of the 3 fermion generations in the �rst plae,nor yet for their striking mass and mixing patterns, but takes instead allthese features just as fundamental inputs. Indeed, fermion masses and mix-ings together aount for some three quarters of the twenty odd parametersde�ning the Standard Model, whih would be dramatially redued if someunderstanding of the generation puzzle an somehow be ahieved. For thisreason, the solution of the generation puzzle is justly regarded by many asone of the most urgent problems faing partile physis today.In these letures, we wish to desribe a possible solution to the problembased on a non-Abelian generalization of eletri�magneti duality. It isa solution within the Standard Model framework, without introduing, forexample, either supersymmetry or higher dimensions, although it is not, asfar as is known, inonsistent with either of these extensions. Apart fromo�ering right from the start a raison d'être for 3 generations of fermions,this sheme, whih we all the Dualized Standard Model (DSM), explainsthe fermion mass hierarhy and the mixing phenomena and suggests even aperturbative method for alulating mass and mixing parameters. Calula-tions with it have been arried out so far to the 1-loop level, and the soreto-date is as follows. With 3 real parameters �tted to data, it gives orretlyto within present experimental bounds the following measured quantities:the mass ratios m=mt; ms=mb; m�=m� , all 9 elements jVrsj of the CKMmatrix, plus the 2 elements jU�3j and jUe3j of the MNS matrix measured inneutrino osillation experiments. It gives further by interpolation sensiblethough inaurate estimates for the following quantities whih are formallybeyond the sope of the 1-loop alulation so far performed: the mass ratiosmu=mt; md=mb; me=m� and the solar neutrino angle Ue2. These alu-



Fermion Generations and Mixing from Dualized Standard Model 4045lated and estimated quantities represent altogether 12 independent funda-mental parameters of the Standard Model, whih are thereby replaed byonly 3 �tted parameters in the DSM. Next, with nearly all its parametersnow �xed, the sheme beomes highly preditive. In partiular, numerousdetailed preditions have been made in �avour-violation e�ets over a widearea omprising meson mass di�erenes, rare hadron deays, e+e� ollisions,and muon�eletron onversion in nulei. Further preditions have been madeon e�ets as far apart in energy as neutrinoless double-beta deays in nuleiand osmi ray air showers beyond the GZK ut-o� of 1020 eV at the ex-treme end of the present observable energy range. Wherever possible, thesepreditions have been onfronted with data, and so far, all are found to re-main within present empirial bounds, although a few of them so losely asshould be aessible soon to new experimental tests.Of ourse, that the DSM sheme seems to have largely sueeded in itsprimary aim of explaining fermion generations and their mass and mixingpatterns, and at the same time to have survived all other tests to-date, stilldoes not mean that its tenets are thereby proved orret. Stress should thusbe given to examining the result to see whih of its basi assumptions arereally essential for obtaining the laimed agreement with experiment. Atthe same time, attention has to be paid to any aspets in the sheme whihan potentially be improved. We hope to over most of these topis, thoughsome only brie�y, in the ourse of these letures.2. Eletri�magneti duality and its non-Abelian generalizationLet us start, however, from the beginning, with a reminder of ordinaryeletri�magneti duality and a review of its extension to non-Abelian Yang�Mills theory, then see eventually how it leads one to onsider the DualizedStandard Model for an explanation of fermion generations. For the readerinterested mainly in the phenomenologial aspets of DSM and not so muhin its theoretial basis, only a ursory look at this setion is needed, sineno mastery of the details ontained in here is required for appreiation ofthe material in the later setions.The Maxwell equations for eletromagnetism are usually written as:div E = �url B � �E�t = J � ��F �� = �j� ;div B = 0url E + �B�t = 0 � ���F �� = 0 ; (2.1)where the dual �eld tensor �F �� is de�ned to be�F �� = �12"����F�� : (2.2)



4046 Chan Hong-Mo, Tsou Sheung TsunWe see immediately that in the absene of matter, lassial Maxwelltheory is invariant under duality:���F �� = 0 [dF = 0℄ ; (2.3)��F �� = 0 [d �F = 0℄ ; (2.4)where in square brakets are displayed the equivalent equations in the lan-guage of di�erential forms. Then by the Poinaré lemma we dedue diretlythe existene of potentials A and ~A suh thatF��(x) = ��A�(x)� ��A�(x) [F = dA ℄ ; (2.5)�F��(x) = �� ~A�(x)� �� ~A�(x) [ �F = d ~A ℄ : (2.6)The two potentials transform independently under independent gauge trans-formations � and ~�: A�(x) 7! A�(x) + ���(x) ; (2.7)~A�(x) 7! ~A�(x) + ��~�(x) ; (2.8)whih means that the full symmetry of this theory is atually U(1) � ~U(1),where the tilde on the seond U(1) indiates it is the symmetry of the dualpotential ~A. It is important to note that the physial degrees of freedomremain just either F or �F , not both, sine F and �F are related by analgebrai equation (2.2). The dual symmetry is there all the time but justphysially not so readily deteted and it means that what we all `eletri'or `magneti' is entirely a matter of hoie.Before we go bak to disuss matter arrying harges of the gauge theory,let us �rst distinguish between two types of harges: soures and monopoles.These are de�ned with respet to the gauge �eld, whih in turn is derivablefrom the gauge potential.Soure harges are those harges that give rise to a nonvanishing diver-gene of the �eld. For example, the eletri urrent j due to the preseneof the eletri harge e ours on the right hand side of the �rst Maxwellequation, and is given in the quantum ase byj� = e � � : (2.9)In the Yang�Mills ase with general non-Abelian gauge group G, the �rstMaxwell equation is replaed by the Yang�Mills equation:D�F �� = �j�; j� = g � � ; (2.10)where we de�ne the ovariant derivative D byD�F �� = ��F �� � ig [A�; F �� ℄ : (2.11)



Fermion Generations and Mixing from Dualized Standard Model 4047Monopole harges, on the other hand, are topologial obstrutions spei-�ed geometrially by nontrivial G-bundles over every 2-sphere S2 surround-ing the harge1. They are lassi�ed by elements of �1(G), the fundamentalgroup of G, that is, lasses of losed loops in the group manifold whih an beontinuously deformed into one another. They are typi�ed by the (Abelian)magneti monopole as �rst disussed by Dira in 1931 [13℄. A non-Abelianexample is that of SO(3), where the monopole harges are just denoted bya sign: �1, with +1 orresponding to the vauum and �1 to the monopole.Figure 1 illustrates this ase. Moreover, we an obtain the Dira quantiza-

��t = 0t = te t = te
Fig. 1. An SO(3) monopole.tion ondition quite easily from the de�nition of the monopole, whih in theAbelian ase is: e~e = 2� ; (2.12)and in the non-Abelian ase is: g~g = 4� ; (2.13)the di�erene between the two ases being only a matter of onventionalnormalization [14, 15℄.1 For the nonmathematial reader, a more intuitive piture of a monopole as topologialobstrution an be found in, for example, [14℄, Setion 2.1.



4048 Chan Hong-Mo, Tsou Sheung TsunNow in the presene of eletri harges, the Maxwell equations appearusually as ���F �� = 0 ; (2.14)��F �� = �j� : (2.15)The apparent asymmetry in these equations omes from the experimentalfat that there is only one type of harges observed in nature whih we hooseto regard as a soure of the �eld F (or, equivalently but unonventionally,as a monopole of the �eld �F ). But as we see by dualizing equations (2.14)and (2.15), that is, by interhanging the role of eletriity and magnetismin relation to F , we ould equally have thought of these instead as soureharges of the �eld �F (or, similarly to the above, as monopoles of F ):���F �� = �~|� ; (2.16)��F �� = 0 : (2.17)And if both eletri and magneti harges existed in nature, then we wouldhave the dual symmetri pair:���F �� = �~|� ; (2.18)��F �� = �j� : (2.19)The duality in the presene of matter goes in fat muh deeper, as anbe seen if we use the Wu�Yang riterion [16,17℄ to derive the Maxwell equa-tions2. Consider �rst pure eletromagnetism. The free Maxwell ation is:A0F = �14 Z F��F �� : (2.20)The true variables of the (quantum) theory are the A�, so in (2.20) weshould put in a onstraint to say that F�u is the url of A� (2.5). This anbe viewed as a topologial onstraint, beause it is preisely equivalent to(2.3). Using the method of Lagrange multipliers, we form the onstrainedation A = A0F + Z �� (���F ��) ; (2.21)whih we an now vary with respet to F�� , obtainingF �� = 2 "���� ���� (2.22)2 What we present here is not the textbook derivation of Maxwell's equations from anation, but we onsider this method to be muh more intrinsi and geometri.



Fermion Generations and Mixing from Dualized Standard Model 4049whih implies (2.4). Moreover, the Lagrange multiplier � is exatly the dualpotential ~A. The derivation is entirely dual symmetri, sine we an equallywell use (2.4) as onstraint for the ation A0F , now onsidered as a funtionalof �F �� : A0F = 14 Z �F���F �� ; (2.23)and obtain (2.3) as the equation of motion.This method applies to the interation of harges and �elds as well. Inthis ase we start with the free �eld plus free partile ation:A0 = A0F + Z � (i��� �m) ; (2.24)where we assume the free partile m to satisfy the Dira equation. To �xideas, let us regard this partile arrying an eletri harge e as a monopoleof the potential ~A�. Then the onstraint we put in is (2.15):A0 = A0 + Z ~�� (��F �� + |�) : (2.25)Varying with respet to �F gives us (2.14), and varying with respet to � gives (i ��� �m) = �eA�� : (2.26)So the omplete set of equations for a Dira partile arrying an eletriharge e in an eletromagneti �eld is (2.14), (2.15) and (2.26). The dualsof these equations will desribe the dynamis of a Dira magneti monopolein an eletromagneti �eld.We see from this that the Wu�Yang riterion atually gives us an intu-itively lear piture of interations. The assertion that there is a monopoleat a ertain spaetime point x means that the gauge �eld on a 2-spheresurrounding x has to have a ertain topologial on�guration (e.g. giving anontrivial bundle of a partiular lass), and if the monopole moves to anotherpoint, then the gauge �eld will have to rearrange itself so as to maintain thesame topologial on�guration around the new point. There is thus natu-rally a oupling between the gauge �eld and the position of the monopole,or in physial language a topologially indued interation between the �eldand the harge [16℄. Furthermore, this treatment of interation between �eldand matter is entirely dual symmetri.The next natural step is to generalize this duality to the non-AbelianYang�Mills ase. Although there is no di�ulty in de�ning �F �� , whihis again given by (2.2), we immediately ome to di�ulties in the relationbetween �eld and potential:F��(x) = ��A�(x)� ��A�(x) + ig [A�(x); A�(x) ℄ : (2.27)



4050 Chan Hong-Mo, Tsou Sheung TsunFirst of all, despite appearanes the Yang�Mills equation (in the free �eldase) D�F �� = 0 (2.28)and the Bianhi identity D��F �� = 0 (2.29)are not dual-symmetri, beause the orret dual of the Yang�Mills equationought to be ~D��F �� = 0 ; (2.30)where ~D� is the ovariant derivative orresponding not to A� but to a dualpotential. Seondly, the Yang�Mills equation, unlike its Abelian ounterpart(2.4), says nothing about whether the 2-form �F is losed or not. Nor isthe relation (2.27) about exatness at all. In other words, the Yang�Millsequation does not guarantee the existene of a dual potential, in ontrastto the Maxwell ase. In fat, Gu and Yang [18℄ have onstruted a ounter-example. Beause the true variables of a gauge theory are the potentials andnot the �elds, this means that Yang�Mills theory is not symmetri under theHodge star operation (2.2) whih in the Abelian ase gives us the dualitytransform.Nevertheless, eletri�magneti duality is a very useful physial onept.So one may wish to seek a more general duality transform (~) satisfying thefollowing properties:1. ( )�� = �( ),2. eletri �eld F�� � ! magneti �eld ~F�� ,3. both A� and ~A� exist as potentials (away from harges),4. magneti harges are monopoles of A�, and eletri harges are mono-poles of ~A�,5. ~ redues to � in the Abelian ase.



Fermion Generations and Mixing from Dualized Standard Model 4051One way to do so is to study the Wu�Yang riterion more losely. Thisreveals the onept of harges as topologial onstraints to be ruial evenin the pure �eld ase, as an be seen in the diagram below:A� exists aspotential for F��[F = dA ℄ Poinar�e() De�ning onstraint���F �� = 0[ dF = 0 ℄~w� ~w�GaussPrinipal A�bundle trivial No magnetimonopole ~eGEOMETRY PHYSICSThe point to stress is that, in the above abelian ase, the ondition for theabsene of a topologial harge (a monopole) exatly removes the redun-dany of the variables F�� , and hene reovers the potential A�.Now the nonabelian monopole harge was de�ned topologially as anelement of �1(G), and this de�nition also holds in the abelian ase of U(1),with �1(U(1)) = Z. So the �rst task is to write down a ondition for theabsene of a nonabelian monopole.Consider the gauge invariant Dira phase fator (or holonomy) �(C) ofa loop C, whih an be written symbolially as a path-ordered exponential:�[�℄ = Ps exp ig 2�Z0 dsA�(�(s)) _��(s) ; (2.31)where we parametrize the loop C:C : f��(s): s = 0! 2�; �(0) = �(2�) = �0g ; (2.32)and a dot denotes di�erentiation with respet to the parameter s. Wethus regard loop variables in general as funtionals of ontinuous pieewisesmooth funtions � of s. In this way, loop derivatives and loop integralsare just funtional derivatives and funtional integrals. This means thatloop derivatives Æ�(s) are de�ned by a regularization proedure approximat-ing delta funtions with �nite bump funtions and then taking limits in ade�nite order.Following Polyakov [19℄ we introdue the logarithmi loop derivative of�[�℄: F�[�js℄ = ig ��1[�℄ Æ�(s)�[�℄ ; (2.33)



4052 Chan Hong-Mo, Tsou Sheung Tsunwhih ats as a kind of `onnetion' in loop spae sine it tells us how thephase of �[�℄ hanges from one loop to a neighbouring loop, as illustratedin �gure 2. One an go a step further and de�ne its `urvature' in diretF�� (�(s))
��1C (s; 0)�C(s; 0)

P0

s

Fig. 2. Illustration for `loop onnetion'.analogy with F�u(x):G�� [�js℄ = Æ�(s)F�[�js℄� Æ�(s)F� [�js℄ + ig [F�[�js℄; F� [�js℄ ℄ : (2.34)It an be shown that using the F�[�js℄ we an rewrite the Yang�Millsation as A0F = � 14� �N Z Æ� 2�Z0 dsTrfF�[�js℄F �[�js℄g j _�(s)j�2; (2.35)where the normalization fator �N is an in�nite onstant. However, the truevariables of the theory are still the A�. They represent 4 funtions of areal variable, whereas the loop onnetions represent 4 funtionals of thereal funtion �(s). Just as in the ase of the F�� , these F�[�js℄ have to beonstrained so as to reover A�, but this time muh more severely.It turns out that in pure Yang�Mills theory, the onstraint that saysthere are no monopoles: G�� [�js℄ = 0 (2.36)removes also the redundany of the loop variables, exatly as in the abelianase. That this ondition is neessary is easy to see, by simple algebra. The



Fermion Generations and Mixing from Dualized Standard Model 4053proof of the onverse of this �extended Poinaré lemma� [14, 20℄ is fairlylengthy and will not be presented. Granted this, we an now apply theWu�Yang riterion to the ation (2.35) and derive the Polyakov equation:Æ�(s)F �[�js℄ = 0 ; (2.37)whih is the loop version of the Yang�Mills equation.In the presene of a monopole harge �, if we use the SO(3) example asan illustration, the onstraint (2.36) will have a nonzero right hand side:G�� [�js℄ = �J�� [�js℄ : (2.38)The loop urrent J�� [�js℄ an be written down expliitly. However, its globalform is muh easier to understand. Reall that F �[�js℄ an be thought ofas a loop onnetion, for whih we an form its `holonomy'. This is de�nedfor a losed (spatial) surfae � (enlosing the monopole), parametrized bya family of losed urves �t(s); t = 0! 2�. The `holonomy' �� is then thetotal hange in phase of �[�t℄ as t! 2�, and thus equals the harge �.To formulate an eletri�magneti duality whih is appliable to non-abelian theory one de�nes yet another set of loop variables. Instead of theDira phase fator �[�℄ for a omplete urve (2.31) we onsider the parallelphase transport for part of a urve from s1 to s2:��(s2; s1) = Ps exp ig s2Zs1 dsA�(�(s)) _��(s) : (2.39)Then the new variables are de�ned as:E�[�js℄ = ��(s; 0)F�[�js℄��1� (s; 0) : (2.40)These are not gauge invariant like F�[�js℄ and may not be as useful in generalbut seem more onvenient for dealing with duality. A shemati representa-tion is given in �gure 3.Using these variables, we now de�ne [21℄ their dual ~E�[�jt℄ as:!�1(�(t)) ~E�[�jt℄!(�(t))= � 2�N "���� _��(t)Z Æ� dsE�[�js℄ _��(s) _��2(s) Æ(�(s) � �(t)) ; (2.41)where !(x) is a (loal) rotation matrix transforming from the frame in whihthe orientation in internal symmetry spae of the �elds E�[�js℄ are measuredto the frame in whih the dual �elds ~E� [�jt℄ are measured. It an be shownthat this dual transform satis�es all the 5 required onditions we listed be-fore.
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Fig. 3. Illustration of the segmental variable E�.Eletri�magneti duality in Yang�Mills theory is now fully re-establishedusing this generalized duality. We have the following dual pairs of equations:Æ�E� � Æ�E� = 0 ; (2.42)Æ�E� = 0 ; (2.43)and dually Æ� ~E� = 0 ; (2.44)Æ� ~E� � Æ� ~E� = 0 : (2.45)Equation (2.42) guarantees that the potential A exists, and so is equiva-lent to (2.36), and hene is the non-Abelian analogue of (2.3); while equation(2.43) is equivalent to the Polyakov version of Yang�Mills equation (2.37),and hene is the non-Abelian analogue of (2.4). Equation (2.44) is equiv-alent by duality to (2.42) and is the dual Yang�Mills equation. Similarlyequation (2.45) is equivalent to (2.43), and guarantees the existene of thedual potential ~A.The treatment of harges using the Wu�Yang riterion also follows theAbelian ase, and will not be further elaborated here. For this and furtherdetails the reader is referred to the original papers [21℄.Also just as in the Abelian ase, the gauge symmetry is doubled: fromthe group G we dedue that the full gauge symmetry is in fat G � ~G, butthat the physial degrees of freedom remain the same.



Fermion Generations and Mixing from Dualized Standard Model 40553. The dualized standard modelThat duality exists also for non-Abelian Yang-Mills theory, as outlinedin the last setion, is of basi theoretial interest, and is likely to have reper-ussions in many areas of physis. So far, however, the appliations we havemade are onentrated in the problem of fermion generations where, as weshall see, the onsequenes are both onrete and immediate. The reason isas follows.We reall that aording to present experiment, fermions our in 3 andapparently only 3 generations, whih suggests a hidden 3-fold symmetry,known in the literature for historial reasons as �horizontal symmetry� [22℄.This symmetry must be broken, and in a rather unusual manner, given thepeuliar hierarhial fermion mass spetrum quoted above (1.1). In mostprevious studies, the existene as well as the breaking of this horizontalsymmetry have to be taken as inputs thus reduing the overall preditivepower. But with the non-Abelian duality derived above, the idea takes ona more onrete shape. First, dual to olour SU(3), one knows that thereis automatially another, dual olour symmetry fSU(3) bearing a similarrelationship to olour as magnetism bears to eletriity. Seondly, one knowsthat this dual olour symmetry is broken. This follows from a result of't Hooft [23℄ whih says that if olour SU(3) is on�ned, as it is, then its dualis neessarily broken. Indeed, using the mahinery developed in Setion 2,it an be shown [15℄ that the Wilson operators:A(C) = Tr24P exp ig IC Ai(x)dxi35 ; (3.1)and B(C) = Tr24P exp i~g IC ~Ai(x)dxi35 ; (3.2)onstruted from respetively the olour potential Ai(x) and the dual olourpotential ~Ai(x), satisfy the ommutation relation used by 't Hooft to derivehis result, namely:A(C)B(C 0) = B(C 0)A(C) exp�2�ilN � (3.3)for SU(N) gauge group and for any 2 spatial loops C and C 0 with linkingnumber l.In other words, this means that, by virtue of non-Abelian duality, thereis within the Standard Model framework already hidden a broken 3-fold



4056 Chan Hong-Mo, Tsou Sheung Tsunsymmetry orresponding to dual olour whih an play the role of the hor-izontal symmetry for generations. That being the ase, it seems natural toidentify dual olour fSU(3) as suh. Indeed, if one does not do so, one may beat a loss as to what physial signi�ane to assign to this symmetry whih,aording to non-Abelian duality, will be there in any ase. But with thisidenti�ation, one may laim that non-Abelian duality predits the existeneof 3 and only 3 generations as experimentally observed.The ited result of 't Hooft shows that the fSU(3) dual olour symme-try is broken, but o�ers no hint as to the Higgs mehanism for breakingit. Interestingly, however, the framework developed above for non-Abelianduality itself suggests natural andidates for the Higgs �elds. It was notedbefore [24℄ that the transformation matrix !(x) relating the olour to dualolour frame whih appears in the dual transform (2.41) has to be pathed(or alternatively to arry a Dira string) in the presene of harges, andin monopole theory, aording to Wu and Yang [16℄, it is the pathing ingauge �elds in the presene of harges whih gives rise to interations be-tween them. Hene, the observation that !(x) be pathed suggests that itselements, or else the olour and dual olour frame vetors from whih it isonstruted, an play a dynamial role and be onsidered for promotion tophysial �elds. The idea of promoting frame vetors to be physial �eldsis of ourse not new, a well-known previous example being the �vierbeins�in the Einstein�Cartan�Kibble�Siama formulation of relativity [25℄. If onewere to promote the dual olour frame vetors to �elds, then they wouldhave the appropriate properties of the Higgs �elds neessary for breakingthe dual olour symmetry, being triplets of dual olour, spae-time salarsand having �nite �lassial� lengths.The starting assumption of our Dualized Standard Model sheme is thento make the identi�ations of dual olour to generations and of frame vetorsto Higgs �elds for breaking the dual olour symmetry. Apart from the pra-tial advantages to be detailed below, this has, to us, the aestheti appeal ofassigning to both generations and Higgs �elds a geometri signi�ane whihthey so sadly lak in our onventional formulation of the Standard Model.To proeed further, one needs an ation, in partiular the ouplings ofthe Higgs �elds, i.e. the dual olour frame vetors, �rst to themselves andseond to the fermions. The dual olour frame vetors represent 3 omplextriplet salar �elds �(a)a ; (a) = 1; 2; 3, where a = 1; 2; 3 are dual olour orgeneration indies. Being frame vetors, and therefore having equal status,they ought, we argued [26℄, to appear in the ation symmetrially. We soughtthus to onstrut with these a Higgs potential whih is renormalizable, fSU(3)invariant, and symmetri under permutations of the 3 triplets but havinga degenerate vauum whih breaks both the dual olour fSU(3) symmetry



Fermion Generations and Mixing from Dualized Standard Model 4057and the permutation symmetry spontaneously. We proposed in [26℄ thefollowing:V [�℄ = ��X(a) j�(a)j2 + �8<:X(a) j�(a)j29=;2 + � X(a)6=(b) j��(a):�(b)j : (3.4)It has degenerate vaua of the form:�(1) = �0� x00 1A ; �(2) = �0� 0y0 1A ; �(3) = �0� 00z 1A ; (3.5)with � =p�=2� ; (3.6)and x; y; z all real and positive, satisfying:x2 + y2 + z2 = 1 ; (3.7)whih breaks the permutation symmetry between the �'s, and also the fSU(3)gauge symmetry ompletely. In fat, all 9 (dual) gauge bosons in the theoryaquire a mass, eating up all but 9 of the original 18 real Higgs modes.Further, by analogy to the eletroweak theory we proposed [26℄ the fol-lowing Yukawa oupling to the fermions �elds, again symmetri under per-mutations of the 3 Higgs triplets:X(a)[b℄ Y[b℄ � aL�(a)a  [b℄R + h:: ; (3.8)where  aL; a = 1; 2; 3 is the left-handed fermion �eld appearing as a dualolour triplet, and  [b℄R , [b℄ = 1; 2; 3, are 3 right-handed fermion �elds, eahappearing as a dual olour singlet3.Neither the Higgs potential (3.4) above nor the Yukawa oupling (3.8)an laim to be unique as implementations of the duality ideas introduedbefore, and have thus to be regarded at present as phenomenologial on-struts pending justi�ation on a more theoretial basis, whih we havesome hope of supplying in future but have not yet sueeded in doing so.They may thus possibly be subjet to modi�ations. However, although the3 We note that in order to have dual olour triplets ourring as monopoles of olouras we do here, the olour SU(3) group has to be imbedded in a larger theory asindeed it is in the Standard Model. This also makes it possible to have 9 gaugebosons aquiring mass, as stated above. For a detailed explanation of this point, seee.g. [26℄.



4058 Chan Hong-Mo, Tsou Sheung Tsunsuesses we shall show later in reproduing the fermion mass and mixingpatterns have been obtained with these expliit onstruts, we shall see in-diations that the most salient features ould probably be retained undermore general onditions.For the moment, however, let us ontinue with the expliit onstruts(3.4) and (3.8) and explore the onsequenes. First, by inserting the vauumexpetation values (3.5) of the Higgs �elds �(a)a into the Yukawa oupling(3.8), one obtains the fermion mass matrix at tree level:~m12(1 + 5) + ~my 12 (1� 5) ; (3.9)where ~m is a fatorized matrix:~m = �0� xyz 1A (a; b; ) ; (3.10)with a; b;  being the Yukawa ouplings Y[b℄. For future disussion it is onve-nient, following Weinberg [27℄, to rewrite the mass matrix ~m in a hermitianform, basially replaing ~m by p ~m ~my. This an always be done by a rela-belling of the right-handed singlet �elds  [b℄R without in any way a�etingthe physis, as will be expliitly demonstrated for a general mass matrix inthe next setion. Applied to ~m above, one obtains:m = mT 0� xyz 1A (x; y; z) (3.11)whih gives the physial states diretly as the mass eigenstates.We note �rst that apart from the proportionality fator mT for T =U;D;L;N , this tree-level mass matrix is the same for all the 4 fermionspeies, whih means in partiular that at tree-level the up and down massmatries are aligned, hene giving no mixing at zeroth order, whih is no badapproximation at least for quarks. Seondly, we note that this matrix is ofrank 1, having thus only one nonzero eigenvalue, whih we may interpret asan embryoni version of fermion mass hierarhy and is a onsequene of thestipulated ondition that our ation be invariant under permutations of thethree Higgs �elds. In other words, one begins to see already the empirialfermion mass and mixing patterns taking shape.One an do better, however. Given the Higgs potential (3.4) and theYukawa oupling (3.8), it is only a matter of working through some algebra[28℄ to arrive at the following mass spetrum for the remaining 9 Higgsbosons:



Fermion Generations and Mixing from Dualized Standard Model 4059K = 1 : 8��2(x2 + y2 + z2) ;K = 2 : 4��2(y2 + z2) ;K = 3 : 4��2(y2 + z2) ;K = 4 : 4��2(z2 + x2) ;K = 5 : 4��2(z2 + x2) ;K = 6 : 4��2(x2 + y2) ;K = 7 : 4��2(x2 + y2) ;K = 8 : 0 ;K = 9 : 0 ; (3.12)and the following for their ouplings to fermions:��K = �K 12(1 + 5) + �yK 12 (1� 5) ; (3.13)where �K = �jvKihv1j ; (3.14)and jv1i = 0� xyz 1A ;jv2i = 1py2 + z2 0� 0yz 1A ;jv3i = ipy2 + z2 0� 0y�z 1A ;jv4i = 1pz2 + x2 0� x0z 1A ;jv5i = ipz2 + x2 0� �x0z 1A ;jv6i = 1px2 + y2 0� xy0 1A ;



4060 Chan Hong-Mo, Tsou Sheung Tsunjv7i = ipx2 + y2 0� x�y0 1A ;jv8i = ��0� y � zz � xx� y 1A ;jv9i = �0� 1� x(x+ y + z)1� y(x+ y + z)1� z(x+ y + z) 1A ; (3.15)with ��2 = 3� (x+ y + z)2: (3.16)Given the above information, it is then possible to alulate the looporretions with these dual olour Higgs bosons exhanged, in partiularthe 1-loop insertion of �gure 4 to the fermion propagator where the dashed
p pkFig. 4. 1-loop insertion to the fermion propagator.line represents one of the Higgs boson states listed in (3.12). Even at the1-loop level, of ourse, there will be many more diagrams giving insertionsto the fermion propagator but these will all be seen to yield but negligibleontributions to alulating the fermion mass and mixing patterns whih isour main onern here and an thus for the present be ignored. For �gure 4then, one has expliitly:� (p) = i(4�)4 XK Z d4k 1k2 �M2K ��K (p/� k/) +m(p� k)2 �m2 ��K ; (3.17)with m and ��K given in (3.11) and (3.13). Combining denominators by thestandard Feynman parametrization and shifting the origin of thek-integration as usual, one obtains:� (p) = i(4�)4 XK 1Z0 dx ��K �Z d4kp/(1� x) +m[k2 �Q2℄2 � ��K ; (3.18)with Q2 = m2x+M2K(1� x)� p2x(1� x); (3.19)



Fermion Generations and Mixing from Dualized Standard Model 4061where we note that m, being a matrix in generation spae, annot be om-muted through the ouplings ��K . The integration over k in (3.18) is diver-gent and has to be regularized. Following the standard dimensional regular-ization proedure, one obtains:� (p) = � 116�2 XK 1Z0 dx ��Kf �C � ln(Q2=�2)gfp/(1 � x) +mg ��K ; (3.20)with �C being the divergent onstant:�C = limd!4 � 12� d=2 � � ; (3.21)to be subtrated in the standard MS sheme.To extrat the renormalized mass matrix:m0 = m+ Æm (3.22)from � (p), one normally puts in the denominator p2 = m2 and ommutes p/in the numerator to the left or right and replae bym [27℄. However, m beingnow a matrix, this operation is a little more deliate. In order to maintainthe �hermitian�, left�right symmetri form (3.11) for the renormalized massmatrix m0, we split the p/ term into two halves, ommuting half to the leftand half to the right before replaing by m, and hene obtain for Æm thefollowing:Æm = �216�2 XK 1Z0 dx f�Km [ �C � ln(Q20=�2)℄ �K 12 (1 + 5)+ �yKm [ �C � ln(Q20=�2)℄ �yK 12 (1� 5)g+ �232�2 XK 1Z0 dx (1� x)m f�yK [ �C � ln(Q20=�2)℄ �K 12(1 + 5)+ �K [ �C � ln(Q20=�2)℄ �yK 12(1� 5)g+ �232�2 XK 1Z0 dx (1� x) f�K [ �C � ln(Q20=�2)℄ �yK 12(1 + 5)+ �yK [ �C � ln(Q20=�2)℄ �K 12(1� 5)g m; (3.23)with Q20 = Q2jp2=m2 = m2x2 +M2K(1� x): (3.24)



4062 Chan Hong-Mo, Tsou Sheung TsunAgain a relabelling of the right-handed fermion �elds is required to bringthe renormalized mass matrix bak to the hermitian form (3.11) of Weinbergadopted here.The expression (3.23) for the 1-loop orretion to the mass matrix is alittle ompliated, but for the onsideration of the fermion mass and mixingpatterns of main onern in this paper, the only relevant terms in (3.23)are those proportional to ln�2, with � being the renormalization sale. Thereason is that the remainder an readily be shown [28, 29℄ to be of orderm2=M2, where M is a mass sale bounded by present experimental limitson �avour-violation to be of order 100 TeV [28, 30℄, to whih questions weshall return at the end of these letures in Setion 7. Keeping then onlythese ln�2 terms and summing over all the Higgs bosons labelled by K, oneobtains [28℄: m0 = m0T 0� x0y0z0 1A (x0; y0; z0) ; (3.25)where the vetor (x0; y0; z0) satis�es an RG-type equation of the followingform: dd(ln�2) 0� x0y0z0 1A = 364�2 �20� x01y01z01 1A ; (3.26)with x01 = x0(x02 � y02)x02 + y002 + x0(x02 � z02)x02 + z02 ; yli ; (3.27)and � being the Yukawa oupling strength4.We notie �rst that the renormalized mass matrix (3.25) remains of thefatorized form. This result is independent of whether terms of orderm2=M2are inluded or not and will hold even with the inlusion of diagrams otherthan the alulated Higgs loop of �gure 4. It holds simply by virtue of thealso fatorized form of the Higgs oupling as dedued from (3.8), and of thefat that the dual olour gauge bosons ouple only to left-handed fermionswhih are dual olour triplets but not to right-handed fermions whih aredual olour singlets [28℄. Seondly, we note that to the very good approx-imation of negleting quantities of order m2=M2, the vetors (x0; y0; z0) are4 There was an error in [28℄ whih gave the oe�ient on the right of Eq. (3.26) as5=(64�2) instead of 3=(64�2) as in here. This was due to a sign error in the �rst termon the right of Eq. (4.14) of [28℄ arising from a misprint in the formula for � (�1) inEq. (3.2) of [27℄ quoted there. However, apart from the fat that the numerial valuesgiven for the parameter � in Eq. (6.8) in [28℄ should be inreased by a fator p5=3,no other results given in that paper or in its sequels suh as [31℄ are a�eted by thiserror.



Fermion Generations and Mixing from Dualized Standard Model 4063idential for all 4 fermion speies U;D;L;N , so that the mass matries arestill the same apart from the normalisation m0T . (In priniple, the Yukawaoupling strength � appearing in equation (3.26) an also depend on thefermion speies, but for reasons of onsisteny [28, 32℄ to be reviewed later,they have to be equal in the DSM sheme.) The resulting piture is thus ex-tremely simple, and formally similar to that at tree level. There is, however,a very important di�erene, namely that, in ontrast to the tree-level massmatrix (3.11), the vetor (x0; y0; z0) fatored from the renormalized mass ma-trix is no longer onstant but depends on sale via the equations (3.26) and(3.27). It hanges not only in length but also in diretion, whih meansthat the mass matrix, apart from running in normalization, also hanges inorientation, that is, rotates, with hanging sale. And this di�erene, as weshall see in the next setion, is enough not only to give nontrivial mixingand nonzero masses to the lower generations, both of whih were missingin the tree approximation, but also to o�er an immediate explanation foralmost all the salient features of the experimentally observed fermion massand mixing patterns quoted in Setion 1, whih had seemed so mysteriousbefore. 4. The rotating mass matrix and its impliationsThat the renormalized mass matrix should hange with sale, like theoupling onstant and other �eld quantities, is of ourse no surprise, andthat it should rotate also is not peuliar just to the DSM sheme but hap-pens already in the Standard Model as onventionally formulated [26, 33℄,although the rotation there is very weak and its e�ets are thus for mostappliations negligible. What is perhaps not widely reognized, however, isthat when the mass matrix does rotate, then some of our usual kinematialonepts suh as partile masses, state vetors and mixing parameters willhave to be re�ned. This is a matter of priniple whih will have to be faedin whatever situation where the mass matrix rotates, however weakly, notjust in the DSM sheme being onsidered.The situation being unfamiliar, it would be worthwhile to examine itafresh starting from basis and in terms of a general rotating mass matrixbefore speializing later to the DSM ase. Let us start then with a fermionmass matrix traditionally de�ned by a term in the ation of the form:� 0L ~m 0R + h::; (4.1)where  0L and  0R represent respetively the left- and right-handed fermion�eld, eah being a vetor in 3-dimensional �avour spae, here given in theweak gauge basis, and ~m is a 3 � 3 (omplex) matrix. The matrix ~m an



4064 Chan Hong-Mo, Tsou Sheung Tsunalways be diagonalized as follows:U yL ~mUR = diag fm1;m2;m3g (4.2)with UL; UR unitary and mi taken real. Thus in terms of the �elds: L = U yL  0L ;  R = U yR  0R ; (4.3)the term (4.1) in the ation takes on the diagonal form:� L diag fm1;m2;m3g  R : (4.4)When the mass matrix ~m is onstant in orientation with respet to salehange, i.e. in our language here, when the mass matrix does not rotate,whih is the simple ase usually onsidered, then the partile masses of the3 �avour states are just given by the diagonal values mi. The above applyto both up and down quarks in the ase of quarks, and to both hargedleptons and neutrinos in the ase of leptons. Hene, from the mass matrix,one obtains for the up and down states eah a diagonalizing matrix UL whihwe an denote respetively as UL and U 0L. Again, in the simple ase whenthe mass matries do not rotate, then the mixing matrix between up anddown states (i.e. CKM [3℄ for quarks and MNS [4℄ for leptons) is just givenby [34℄: V = UL U 0yL : (4.5)For our disussion here, as mentioned already in (3.11), it is more on-venient to work with an equivalent form of the mass matrix adopted byWeinberg in [27℄. Sine the right-handed fermion �elds are �avour singlets,they an be arbitrarily relabelled without hanging any of the physis. Thisis lear from the fat that the mixing matries between up and down statesdepend only on UL and not on UR. Hene, by an appropriate relabelling ofright-handed �elds, expliitly by de�ning new right-handed �elds: 00R = ULU yR  0R ; (4.6)one obtains (4.1) in a form in whih the mass matrix beomes hermitian:� m12(1 + 5) + � m12(1� 5) = � m ; (4.7)with m = ~mURU yL : (4.8)This is onvenient beause in the simple ase when the mass matrix does notrotate, the partile masses are now just the real eigenvalues of the hermi-tian matrix m and the state vetors of �avour states just the orresponding



Fermion Generations and Mixing from Dualized Standard Model 4065eigenvetors, as an readily be heked with (4.2). Furthermore, the mixingmatrix between up and down states beomes justVij = hvijv0ji ; (4.9)with jvii being the eigenvetor of m for the eigenvalue mi of the up state,and a prime denoting the orresponding quantities of the down state. In(4.9), the salar produt hvijv0ji is of ourse an invariant independent of theframe in whih these vetors jvii are expressed.Consider now what happens in the ase when the mass matrix doesrotate with hanging sale as is of interest to us here. Both its eigenvaluesand their orresponding eigenvetors now hange with the sale so that theprevious de�nition of these as respetively the masses and state vetors of�avour states is no longer su�iently preise, for it will have to be spei�edat whih sale(s) the eigenvalues and eigenvetors are to be evaluated.In the simple ase of a single generation, i.e. when the mass matrix is justa number, one is used to de�ning the partile mass as the running mass takenat the sale equal to the mass value itself, i.e. at that � at whih � = m(�).Even in the multi-generation ase when the mass matrix does not rotate butits eigenvalues run with hanging sales, one an still de�ne the massmi andthe state vetor vi of the state i, as respetively just the ith eigenvalue andeigenvetor of the matrixm taken at the sale �i = mi(�i), withmi(�) beingthe sale-dependent ith eigenvalue of the matrix m. One might therefore betempted to suggest the same de�nitions in the multi-generation ase evenwhen the mass matrix rotates. However, this will not do, beause it wouldmean that the state vetors for the di�erent generations i will be de�ned aseigenvetors of the matrix m at di�erent sales. Although the eigenvetors ifor di�erent eigenvalues i are orthogonal, m being hermitian, when taken allat the same sale, they need not be mutually orthogonal when taken eahat a di�erent sale. But the state vetors for di�erent �avour states oughtto be orthogonal to one another if they are to be independent quantumstates. Otherwise, it would mean physially that the �avour states wouldhave nonzero omponents in eah other and be thus freely onvertible intoone another, or that the mixing matries would no longer be unitary, whihwould of ourse be unphysial.How then should the mass values and state vetors of �avour statesbe de�ned in the senario when the mass matrix rotates? To see how thisquestion may be resolved, let us examine it anew with �rst the U type quarksas example. The 3 � 3 mass matrix m has 3 eigenvalues with the highestvalue m1 orresponding to the eigenvetor v1, both depending on sale �.Starting from a high sale and running down, one reahes at some stage�1 = m1(�1), i.e. when the sale equals the highest eigenvalue m1. Onean then naturally de�ne this value m1(�1) as the t quark mass mt and the



4066 Chan Hong-Mo, Tsou Sheung Tsunorresponding eigenvetor v1(�1) as the t state vetor vt. Next, how shouldone de�ne the massm and the state vetor v? We have already seen abovethat they annot be de�ned as respetively the seond highest eigenvalue m2of the 3 � 3 mass matrix m and its orresponding eigenvetor at the sale�2 = m2(�2), beause this vetor is in general not orthogonal to the statevetor vt whih the state vetor v ought to be. It is not di�ult, however, tosee what is amiss. At sales below the t mass, i.e. when � < mt, t would nolonger exist as a physial state, so that what funtions there as the fermionmass matrix is not the 3� 3 matrix m but only the 2� 2 submatrix, say m̂,of m in the subspae orthogonal to vt. Hene, for onsisteny, one shouldde�ne m as the highest eigenvalue m̂2 of the submatrix m̂ and the statevetor v as the orresponding eigenvetor, both at the sale �̂2 = m̂2(�̂2).The state vetor of  so obtained is automatially orthogonal to vt as itshould be. Repeating the argument, one de�nes further the mass mu andstate vetor vu respetively as the �eigenvalue� and �eigenvetor� of ^̂m at thesale ^̂�3 = ^̂m3(^̂�3), with ^̂m being the 1� 1 submatrix of m in the subspaeorthogonal to both vt and v. Proeeding in this way, all masses and statevetors are de�ned at their own proper mass sale and the state vetors aremutually orthogonal as they should be. Besides, though stated above onlyfor 3, the de�nition an be extended to any number of fermion generations,should there be physial inentive for doing so.Having now made lear the general proedure for de�ning masses andstate vetors for a rotating mass matrix, let us return to onsider in parti-ular the impliations in the DSM senario. There, we reall in (3.25) thatthe mass matrix is of a fatorized form:m = mT jrihrj ; (4.10)given in terms of a single vetor r = (x0; y0; z0) whih rotates with hangingsales and in whih the whole ontent of the rotating mass matrix is enap-sulated. Thus m is of rank 1 and is aligned to a good approximation for allfermion speies. Nevertheless, we laim that beause r rotates with hang-ing sale, we would obtain nonzero masses for the lower generations as wellas nontrivial mixing as a result. This is most easily seen by �rst onsideringthe 2 heavier generations. The proedure of the preeding paragraph givesthe state vetor vt of t as the single massive eigenstate r of the U quarkmass matrix at the sale � = mt. As the sale lowers to � = m, the vetorr will have rotated to a di�erent diretion as depited in �gure 5. The statevetor v is thus by de�nition the vetor orthogonal to vt lying on the planespanned by vt and r(m). The  mass m is then given as the eigenvalueof m̂ at sale � = m, whih for the rank 1 matrix m in (4.10) is just theexpetation value of m in the state v. Hene  aquires by �leakage� a



Fermion Generations and Mixing from Dualized Standard Model 4067nonzero mass: m = hvjmjvi = mt jhvjrij2 = mt sin2 �t; (4.11)with �t the rotation angle between the sales � = mt and � = m.

�t
tr at � = m

Fig. 5. Masses for lower generation fermions from a rotating mass matrix via the�leakage� mehanism.Similarly, although the mass matries of the U and D quarks aordingto (3.25) are always aligned in orientation when both are at the same sale,the state vetors vt and vb are de�ned as the vetor r at di�erent sales,namely vt = r at � = mt, but vb = r at � = mb. Hene, one sees from�gure 6 that simply by virtue of the rotation of the vetor r from the sale� = mt to the sale � = mb, a nonzero mixing between the t and b statesresults with the CKM matrix element given by (4.9) as:Vtb = vt:vb = os �tb ; (4.12)where �tb is the rotation angle between the two sales.Hene, already from these examples, one sees that both lower generationmasses and nontrivial mixing will automatially be obtained from the rotat-ing mass matrix (3.11) even if one starts with neither. Similar proeduresapply to the lowest generation.We onlude therefore that in spite of its simpliity the renormalizedmass matrix of (3.25) is apable by virtue of the rotation indued by equa-tion (3.26) of yielding nonzero masses for the lower generations as well asnontrivial mixing between up and down fermion states. The next question
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Fig. 6. Mixing between up and down fermions from a rotating mass matrix.then is whether it an give mass and mixing parameters to agree in valuewith those observed in experiment. Given the formalism already set upabove, it is in priniple just a matter to be answered by performing thesuggested alulation, whih has already been performed at the 1-loop leveland will be desribed in the next setion. However, before we do so, it isworth examining the equations to familiarize ourselves with those featureswhih assure us of some reasonable answers. Although we ourselves learnedto appreiate these only in hindsight after performing the said alulationsin detail, our job would have been muh easier had we realised them before.To see this, let us examine the equation (3.26) in a little more detail.We note �rst from (3.27) that for (x0; y0; z0) equal to (1; 0; 0) or 1p3 (1; 1; 1),the derivative vanishes, whih means that these are rotational �xed pointsfor the vetor. Seondly, the sign of the derivative is suh that as the sale� dereases, the vetor r = (x0; y0; z0) moves away from the point (1; 0; 0)towards the point 1p3(1; 1; 1). In other words, starting say at high sale, asthe sale � lowers, the vetor r traes out a trajetory on the unit spherejoining the high energy �xed point (1; 0; 0) to the low energy �xed point1p3(1; 1; 1).Near either �xed point, the rotation will of ourse be slower, and sineaording to our previous disussion, both the leakage of masses to the lowergenerations and the mixing between up and down states ome in this shemefrom the rotation, so both these e�ets will also be smaller at sales nearthe two �xed points. Suppose therefore we were to hoose the parametersof the sheme so as to plae the t quark lose to the high energy �xed point(1; 0; 0) but the neutrinos lose to the low energy �xed point 1p3 (1; 1; 1) asindiated in �gure 7. (The trajetory in this �gure is atually the result ofa alulation to be desribed later, but will serve as an illustration here.)Then we would be able immediately to dedue the following onsequenes.
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Fig. 7. Rotation trajetory of the vetor r = (x0; y0; z0) on the unit sphere as al-ulated in the 1-loop approximation of DSM in [31℄. The loations of the variousfermions states marked on the trajetory represent their mass sales, thus for ex-ample, the loation of t is given by the sale � = mt = 175 GeV. For the eletron,we have marked 2 loations with e orresponding to � = 0:51 MeV, the empirialmass of the eletron, and (e) to � = 6 MeV, the alulated mass in the 1-loop ap-proximation. For all the other fermions marked exept for the neutrinos, no suhdistintion is needed sine the empirial mass and the alulated mass oinide.For neutrinos, the masses are so small and so lose to the low energy �xed point1p3 (1; 1; 1) as to be indistinguishable in the �gure. From the marked loations ofthe various fermion states, one an gauge the rotation speed of r with respet tohange in sale �. In partiular, one notes that rotation is slow near either of the2 �xed points.(i) Sine t is nearer than b to the �xed point (1; 0; 0), and b is nearerthan � , the mass leakage will also go in that order, namely: m=mt <ms=mb < m�=m� , whih agrees with the experimental values quotedin (1.1).(ii) Sine the neutrinos are muh further on the trajetory from the hargedleptons than the D quarks are from the U quarks, mixing angles aremuh larger for leptons than for quarks. This is again as seen in ex-periment as quoted in (1.2) and (1.3).



4070 Chan Hong-Mo, Tsou Sheung Tsun(iii) With a bit more sophistiation, using some elementary di�erential ge-ometry [35℄, it an be shown that the mixing matries an be approx-imately expressed in the form [36℄:0� 1 ��g�s ��g�s�g�s 1 �n�s�g�s ��n�s 1 1A (4.13)to �rst order in the ar-length �s separating the heaviest up statefrom the heaviest down state, where �g is the geodesi urvature, �nthe normal urvature, and �g the geodesi torsion of the trajetoryon a surfae. When the surfae is the unit sphere, as in our ase,�g = 0 and �n = 1. This means �rst that the orner elements of themixing matries, i.e. Vub and Vtd of CKM, and Ue3 of MNS, must bemuh smaller than the other elements, whih is seen to be the asein (1.2) and (1.3). Seondly, the 23 element is proportional roughlyto the separation �s, whih explains why the mixing angle U�3 foratmospheri neutrinos is so muh bigger than the orresponding angleVb; Vts for quarks, an experimental observation whih has aused muhreent exitement.Thus, even without a detailed alulation, one an already see that thereis a good hane of obtaining qualitatively reasonable result from the presentsheme for fermion mass and mixing parameters. The only question is reallywhether one an hoose the few parameters inherent in the sheme to explainsu�iently the existing data. This will be deided by expliit alulations,whih form the subjet of the next setion.Before we do so, however, we notie that in our above disussion fromequation (4.10) onwards, we have taken the vetor r fatored from the massmatrix to be a real vetor to onform with what was obtained from the DSM1-loop alulation begun in the preeding setion and ontinued in the next.This means that the CKM and MNS matries whih result are both goingto be real and an give no CP violation. But this is a limitation only of the1-loop alulation, not of the general onsiderations in this setion whihan be repeated virtually unhanged with r omplex, thus aounting for aCP-violating phase, as might beome neessary, for example, when higherloop e�ets are involved.5. 1-loop DSM result on masses and mixing anglesThe subjet of this setion is the alulation of the rotating fermion massmatrix to 1-loop order with the initial objet of explaining the mass andmixing patterns of quarks and leptons as experimentally observed. Sine



Fermion Generations and Mixing from Dualized Standard Model 4071the parameters of the problem have yet to be determined by �tting withdata, the question of appliability and auray of the 1-loop approxima-tion, and if so in what physial range, an in priniple only be answeredafter the alulation has been performed, and then only to the limit of ourunderstanding. However, antiipating our results, to a disussion of whihwe shall return at the end, we suggest that the alulation an be expetedgenerally to be valid to a rough auray of say 20 to 30 perent in mass ra-tios and mixing parameters over a range of energy sales starting from aboutthe top mass at 175 GeV down to about the muon mass at 105 MeV. As weshall see, however, there are speial irumstanes whih allow us to expetreasonable auray also for some other quantities suh as the elements Ue3and U�3 of the lepton mixing matrix assoiated with neutrino osillations,although these lie formally outside the above sale range. These onlusionshave muh to do with the existene of the two rotational �xed points men-tioned above at respetively in�nite and zero sales, near to whih the 1-loopapproximation has a better hane of being valid.Even to 1-loop order, of ourse, there are in priniple many diagramswhih an ontribute to the renormalization of the fermion mass matrix.However, if we aept the ontention made above, that mass �leakages� andmixings of fermions are due mainly to mass matrix rotations, then the prob-lem simpli�es tremendously [28℄. First of all, the insertions of the typepresent already in the onventional formulation of the Standard Model, notbeing diretly dependent on dual olour (i.e. the generation index) on-tribute pratially nothing to the rotation of the fermion mass matrix. Se-ondly, of the new diagrams involving the exhange of gauge and Higgs bosonsarrying dual olour or generation index whih are listed together in �gure 8,all exept the Higgs loop insertion already alulated give rotations only oforder �2=M2, with M of order 100 TeV, and are therefore negligible for thee�ets we seek. This is very fortunate, for it means that to 1-loop order,the result already alulated and qualitatively analysed in the preeding 2setions is all that we would need.To the auray we need, then, the fermion mass matrix to 1-loop orderis given by (3.25) in terms of a vetor r = (x0; y0; z0) in 3-dimensional gen-eration spae whih rotates with hanging sale aording to the evolutionequation (3.26). Referring bak to (3.26) and (3.27), one sees that apart froma mass sale mT for eah fermion speies, the remaining freedom is only inthe hoie of trajetory for the vetor r, and the Yukawa oupling strength� whih governs the speed of the vetor's rotation along the trajetory. Thevetor being by de�nition a unit vetor, the trajetory will be spei�ed bya hoie of some initial values, say yI ; zI of y0; z0. The oupling � ould, asmentioned already, depend on the fermion speies, but for onsisteny withthe present interpretation have to be the same for all. This an be seen
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(e)

(a) (b)

(c) (d)Fig. 8. One-loop diagrams with gauge and Higgs bosons arrying dual olour.either numerially as shown in [28℄ or else analytially from an approximatesolution of the evolution equation [32℄. One has then altogether just 3 realparameters to explain the mass ratios between generations and the mixingmatries between up and down states for both quarks and leptons.The equation (3.26), being linear, is easily integrated for any given valueof the oupling parameter � and any initial point on the trajetory, say(xI; yI; zI), at any hosen sale �I. The integration an be done numeriallyby iteration as in [28,31℄, where for the 1 perent auray aimed for whihwould be more than adequate for present purposes, roughly 500 steps ofiteration are made per deade hange in energy, the vetor r = (x0; y0; z0)being re-normalized to unit length after every step. Having obtained thenthe trajetory, i.e. the vetor r at every sale, it is an easy matter, followingthe proedure desribed in the above setion, and given the normalizationmT of the mass matries, to alulate the mass ratios between generationsfor eah of the 4 fermion speies T = U;D;L;N , as well as the elements ofboth the CKM and MNS mixing matrix for quarks and leptons respetively.However, although for the up and down quarks and harged leptons, thenormalization mT an be taken respetively as mt;mb;m� whih are allby now quite well measured [1℄, mT for neutrinos is still unknown, beinggiven in the above formulation by the Dira mass of the heaviest state �3(whih is most likely distint from the physial mass beause of the see-saw mehanism [33℄). Hene, only the numerial values of the mass ratiosfor T = U;D;L and the CKM mixing matrix for quarks are obtained atthis stage. These numbers, however, still depend on the given hoie ofparameters yI ; zI and �, and need not of ourse agree with the empirialvalues. One has thus �rst to determine the appropriate values of theseparameters by �tting to experiment.



Fermion Generations and Mixing from Dualized Standard Model 4073For onveniene and without loss of generality, we an take xI � yI � zIat some arbitrary high sale value �I whih is hosen to be 20 TeV in [28,31℄.The strategy is then to �t the 3 parameters yI ; zI and � to the 3 bestmeasured quantities among the fermion mass and mixing parameters whihare at present the mass ratios m=mt;m�=m� and the Cabbibo angle Vus �Vd. One then varies the parameters and realulates these 3 quantitieswith the above proedure until agreement is obtained with the experimentalvalues. A useful point to note is that whereas the mass ratiosm=mt;m�=m�depend mostly on the parameters � and yI , whih govern respetively thespeed of rotation and the urvature of the rotation trajetory, the Cabbiboangle is sensitive to zI whih governs the nonplanarity of the trajetory. Thebest �t obtained in [31℄ with the entral values given by the Partile PhysisBooklet at that time [39℄ for m=mt;m�=m� and the Cabbibo angle gives(see, however, footnote after equation (3.27)):� = 4:564 ; yI = 0:0017900 ; zI = 0:0000179 : (5.1)With these �tted parameters in hand, one an now alulate the tra-jetory to 1-loop level, the result of whih is shown in �gure 7. The speedat whih the vetor r = (x0; y0; z0) rotates with hange in sale � is notexpliitly shown in this �gure but an be gauged from the loations on thetrajetory of the various quark and lepton states eah marked at the sale �equal to the mass of that partiular state. The same result will be presentedagain later in �gure 10 in whih the �-dependene is made expliit. Onenoties in �gure 7 that the trajetory alulated with the parameters �ttedas above automatially puts the t quark very near the high energy �xedpoint (1; 0; 0), and the neutrinos bunhed up near the low energy �xed point1p3(1; 1; 1). This means that the qualitative arguments of the last setionapply, so that some reasonable values for the mixing angles and mass ratiosan already be antiipated. Besides one see that the rotation, as expeted,is slow near the high energy �xed point at (1; 0; 0) so that from � = 1to the sale of the top mass mt at 175 GeV, the vetor r has rotated onlyby an angle of about 0.03 radians. Even down to the sale of the muonmass m� at 105 MeV, the rotation angle is still of order only 0.3 radians,and that is the reason already mentioned at the beginning of the setionwhy one expets the 1-loop approximation to be still roughly valid downto this energy region, with 2-loop ontributions presumably of order of thesquare of the 1-loop, leading to about a 30 perent orretion. The rotation,however, will ontinue to aelerate as the sale moves further down so thatfor sales � less than the muon mass, the above 1-loop approximation willbeome unreliable. This means in pratie that it should normally be applied



4074 Chan Hong-Mo, Tsou Sheung Tsunonly to the 2 heavier generations of the U;D;L fermion speies and not toneutrinos, exept under speial irumstanes of whih there are some veryimportant examples to be explained later.Having alulated the rotation trajetory of the vetor r and hene ofthe fermion mass matrix (3.25), one an now follow the presription detailedin the preeding setion to evaluate the masses and state vetors of all the9 states of the U;D and L fermion speies, but with the above proviso thatonly the results for the 2 heavier generations are normally to be trusted.We note, however, that sine in eah fermion speies the state vetors ofthe 3 generations form together an orthonormal triad, the state vetor ofthe lightest generation is already determined by the state vetors of the2 heavier generations whih in turn are already determined at the masssale of the seond heaviest state. Hene, despite the proviso above, oneonludes that all 3 state vetors an be evaluated with on�dene alreadyat the 1-loop level. This is fortunate, for it means for quarks in partiularthat the triads for both U and D quarks are now determined and this allowsone immediately via (4.9) to evaluate the whole CKM matrix (apart fromthe CP-violating phase as explained above). The result obtained with theparameters in (5.1) is as follows [31℄:0� jVudj jVusj jVubjjVdj jVsj jVbjjVtdj jVtsj jVtbj 1A =0� 0:9745 � 0:9762 0:217 � 0:224 0:0043 � 0:00460:217 � 0:224 0:9733 � 0:9756 0:0354 � 0:05080:0120 � 0:0157 0:0336 � 0:0486 0:9988 � 0:9994 1A ; (5.2)where the range of values in the entries represent the spread in values givenby the data booklet for the �tted quantities m=mt;m�=m� and the Cab-bibo angle. It is seen that (5.2) not only shares the general features notedin the empirial CKM matrix (1.2) as expeted already by the qualitativeonsiderations in the preeding setion, but even agrees quantitatively withthe empirial CKM matrix all to within the quoted experimental errors.By the same token as for quarks, the above 1-loop alulation for therotation trajetory for the vetor r should give the state vetors of the 3harged leptons �; �; e with some on�dene. Expliitly, one obtains [31℄:j�i = (0:996732; 0:076223; 0:026756) ;j�i = (�0:075925; 0:774100; 0:628494) ;jei = (0:027068;�0:628482; 0:777354) : (5.3)



Fermion Generations and Mixing from Dualized Standard Model 4075However, these by themselves do not allow one to alulate the MNS mixingmatrix, for whih one will need also the state vetors of the neutrinos. Thepresent empirial bound on the mass of the eletron neutrino from e.g. tri-tium deay experiments is of order eV, whih in turn implies that the massdi�erenes of the heavier neutrinos �2 and �3 are restrited by neutrino os-illation experiments to order 0.1 eV or less. This puts all ative neutrinosin the eV mass sale range or lower, whih is learly way beyond the rangeof validity of the above 1-loop alulation. One again, however, there arefortunate speial irumstanes here that help us through. Aording to thepresription of the preeding setion, the state vetor of the heaviest neu-trino �3, as for the heaviest generation in all other fermion speies, is just thevetor r taken at the mass sale of �3, i.e. at eV sale or lower. Aordingto �gure 7, however, the vetor r at the eV sale would already be very loseto the low energy �xed point at 1p3(1; 1; 1) and an be well approximatedby it, thus: j�3i � 1p3(1; 1; 1) : (5.4)So applying the formula (4.9) for mixing matrix elements with the help of(5.3) above gives immediately:U�3 = h�j�3i = 0:7660 ;Ue3 = hej�3i = 0:1016 : (5.5)Again, one sees that these results agree with present data (1.3) within theexperimental errors. That the mixing element U�3 should be large and Ue3small was expeted already from the qualitative onsiderations of the pre-eding setion with elementary di�erential geometry. That U�3 should turnout, however, to be near maximal in agreement with osillation experimentson atmospheri neutrinos [5,6℄, and that the CHOOZ angle to be within theexperimental bounds [11℄, are partiular ahievements of the 1-loop alula-tion above.The mass of �2, being by de�nition even lower than that of �3, will beeven nearer the low energy �xed point 1p3(1; 1; 1). However, one annot asyet determine the state vetor of �2, whih being essentially the tangentvetor to the trajetory of r at the �xed point, will depend more on theatual trajetory, namely on how the trajetory approahes the �xed point.It is thus not expeted to be well reprodued by the above 1-loop alulationwhih will be unreliable at these energies. Indeed, should one persist never-theless to alulate j�2i and hene the mixing element Ue2 as we did in [31℄before we had realized learly the limitations of the 1-loop approximation,



4076 Chan Hong-Mo, Tsou Sheung Tsunone obtains Ue2 = 0:24 whih is largish as solar neutrino experiments showit to be but lies outside present experimental limits. We shall return laterto omment further on this point5.Having now exhausted the onsequenes of the above 1-loop alulationon the mixing matries, let us turn next to those on the mass ratios betweengenerations. Here the result is muh less onlusive, for several reasons.First, in ontrast to the above alulation of the mixing parameters, thealulation of lower generation masses depends on the assumption that thenormalization mT of the mass matrix written in the form (4.10) is roughlyonstant with hanging sale, whih may be reasonable over small salehanges, suh as that between the 2 heavier generations onsidered so far,but would be unreliable when larger sale hanges are involved as when thelightest states are also taken into aount. Seondly, of the 3 measured massratios involving only the 2 heavier generations, 2 ratios (m=mt;m�=m� )have already been used to �t the parameters of the model, leaving onlyms=mb whih is poorly measured. Although a value for ms=mb = 0:039 isobtained whih is within the wide experimental bounds, no great signi�anean be given to the agreement. Thirdly, the remaining lightest members ofthe U;D;L speies, namely u; d and e, all lie outside the sale range of ap-pliability of the 1-loop alulation so that its preditions for their massesannot be trusted. Should one persist as we did in [31℄, one would obtain forme a value of 6 MeV, an order of magnitude o� the empirial value 0.5 MeV,whih is already not too bad, onsidering that it is an extrapolation in alogarithmi sale over several orders of magnitude. Again, we shall returnlater for a omment on this. Fourthly, for the remaining u and d quarks,these have the additional ompliation of being tightly on�ned, while thepresription given in the last setion for alulating fermion masses appliesonly to free partiles. Indeed, we do not know at present how to alulatethe masses of these tightly on�ned states. The masses of u and d quotedin the data booklets [1, 39℄ were determined at values of the running saleof 1 and 2 GeV respetively. If we were to de�ne the masses of u and d asthe leakage of the vetor r at these sales to respetively the u and d stateswhih we already know, we would obtain masses of the order of MeV, whihis of the right order of magnitude. But we are not at all on�dent that this5 The above treatment of neutrino osillations to 1-loop level in DSM updates andsuperedes our earlier treatment in [38℄. The older treatment made additional as-sumptions on neutrino masses, and applied to only the vauum osillation solutionfor solar neutrinos. The present treatment needs no speial assumptions for neutrinosand applies as well to the experimentally favoured Large Mixing Angle (LMA) solu-tion for solar neutrinos, besides aounting properly for the limitations of the 1-loopapproximation.



Fermion Generations and Mixing from Dualized Standard Model 4077is the orret presription. As for neutrino masses, one has no preditions sofar from the above onsiderations, exept that they have in general nonzeromasses.To summarize, with 3 parameters �tted to experiment, one has alu-lated to 1-loop approximation the rotation trajetory whih allows one thento determine the mixing matries and mass ratios between generations. Hav-ing now explored all possibilities, one �nds agreement with data to withinexperimental errors for all quantities whih are inside the estimated rangeof appliability of the 1-loop approximation. These inlude all 9 elementsof the CKM matrix jVrsj; r = u; ; t; s = d; s; b, the 2 elements jU�3j; jUe3jof the MNS matrix, as well as the 3 mass ratios m=mt;ms=mb;m�=m� ,and together aount for 8 of the 25 or so independent �fundamental� pa-rameters of the Standard Model as usually formulated. For the remain-ing quantities whih lie outside the range of appliability of the 1-loop ap-proximation, namely jUe2j;me;mu;md, if one persists nevertheless with the1-loop approximation, one obtains sensible values of roughly the right orderas expeted already from our previous qualitative onsiderations but lyingoutside experimental bounds. In other words, apart from the one importantpiee of the puzzle of CP-violation of whih one has still found no trae, theDSM sheme taken to the 1-loop level seems at present to be in the happyposition of having been shown to be right in all ases where it is expeted tobe right and to have only qualitative but not quantitative agreement withdata in irumstanes where the 1-loop approximation made is expeted tobe unreliable.The above result has one perhaps unexpeted aspet in that the rotatione�et ruial for its derivation is obtained from 1-loop diagrams with heavydual olour Higgs boson exhanged where normally one would expet thatat the low energies one is dealing with the heavy bosons ould be integratedout and largely ignored. We think, however, that there are speial irum-stanes here whih di�er from the normal expetation. Given the initialassumption that these bosons exist, then they will in any ase ontribute at1-loop to the renormalization of the fermion mass matrix as alulated. Theterms proportional to ln� whih a�et the rotation our as wave funtionrenormalization and are not among those shown by Appelqvist and Carra-zone to be of order s=M2 in their deoupling theorem [40℄. Nevertheless,one might have expeted them to be overwhelmed at low energy sales bothby the higher loop ontributions of these heavy bosons, and by the loopdiagrams of the Standard Model partiles, suh as gluons and eletroweakgauge and Higgs bosons. However, as already mentioned, in the speial aseof mass matrix rotation that we are looking at, the higher loop orretionsdue to dual olour bosons are small beause of the proximity to the rota-tional �xed points in the sale regions under onsideration, while, even more



4078 Chan Hong-Mo, Tsou Sheung Tsunimportantly, the ontributions of the Standard Model partiles to the rota-tion give zero. For this reason, it appears that for lak of ompetition, the1-loop ontribution of the heavy bosons will still dominate and give alreadya reasonable approximation. However, without a more detailed investiga-tion, one annot go any further than this qualitative observation, and anat present only leave the positive results to speak for themselves.The onlusion of general agreement with data, however, holds at thismoment only as regards the fermion mass and mixing patterns, whih arethe only piees of data so far explored. Consequenes in other areas have yetto be examined later in Setion 7. Besides, the suess of the preditions, ofourse, need by no means imply that the whole hain of arguments leadingto the preditions are orret. Our next task therefore is to examine whihof the arguments are essential and whih are not for obtaining the abovepositive result.6. Diret empirial support for mass matrix rotationThe DSM 1-loop alulation reported above giving good agreement withexperiment on fermion mass and mixing parameters was �rst performednumerially [28,31℄ but has sine been heked by analyti alulations underertain approximations [32℄, and being baked up further by the qualitativeonsiderations of Setion 4, seems unlikely to be pure oinidene. Whatis unlear, however, is whether the apparent suess an be asribed to theassumptions that have been made, and if so to what extent and to whihof them. In other words, we wish to ask what the above alulation hasatually taught us about the underlying physis.It has already been pointed out in [31℄ that although the onept of non-Abelian duality as desribed in Setion 2 and the identi�ation of the dualolour symmetry with the horizontal symmtery of generations are seminalin �rst of all o�ering a geometri explanation for the existene of 3 fermiongenerations, and seondly in suggesting a new framework for alulating thefermion mass hierarhy and mixing phenomena, they are not absolutely es-sential for obtaining the desired result. Indeed, neither the Higgs potential(3.4) nor the Yukawa oupling term (3.8) from whih the alulation devel-ops have been shown to follow logially from non-Abelian duality, and solong as one has a horizontal symmetry with these two ingredients, the samealulation an be arried through with the same apparent suess withoutany referene to non-Abelian duality or to its identi�ation with generations.Furthermore, as far as the qualitative features of the fermion mass hierarhyand mixing are onerned, it would appear from the disussion of Setion 4that what is really ruial is that the mass matrix should rotate and thatthere should be rotational �xed points at in�nite and zero energy sales.



Fermion Generations and Mixing from Dualized Standard Model 4079Where the suggested Higgs potential and Yukawa oupling ome in is reallyonly in supplying the detailed �t to the experimental numbers. Super�iallyat least, it would seem oneivable that given a rotation trajetory depend-ing on several parameters, so long as it has the same rotational �xed pointsas above, then very similar results would obtain, regardless of the theoretialpremises from whih the rotation trajetory may arise.One an go even further and ask whether the rotation itself is neessary.To answer this question, one an proeed as follows, namely by turning theproblem around and disarding at �rst even the assumption of a rotationaltrajetory but seeking instead evidene for it diretly from experimentaldata. This seems at �rst sight a tall order, but turns out atually to bepratiable under ertain assumptions as we shall now explain. From thedisussion in Setion 4, one sees that so long as the mass matrix, for whateverreason, an have di�erent orientations at di�erent energy sales, then theusual de�nition of fermion masses and state vetors will have already to bere�ned. In partiular, even a rank 1 mass matrix (i.e. with only one nonzeroeigenvalue) will aquire nonzero masses for the 2 lower generations, and evenwhen the mass matries of up and down fermions are aligned in orientationat the same sale, there will be nontrivial mixing between them when thedi�erene in orientation at di�erent sales is taken into aount. And thesee�ets are immediately alulable one the di�erene in orientation of themass matrix at di�erent sales is known. Suppose then we assume thatall masses for the 2 lower generations as well as the mixing between up anddown states arise only from this e�et, we an then turn the argument aroundand ask what di�erenes in orientations are neessary at di�erent sales toprodue the experimentally observed mass ratios and mixings. When thisinformation is extrated from the data and plotted as a funtion of thesale, then if the hypothesis of a rotational trajetory is indeed orret,the data points will not be randomly sattered but should all lie on somesmooth urve. And if they do, one will then have evidene for the rotationaltrajetory diretly from experimental data.To see pratially how this an be done, let us �rst work in the simpli�edsenario with only the 2 heavier generations in eah fermion speies, whihwill bring out many of the salient points in a transparent manner. Besides,it will be seen to be already a good approximation for the high mass saleregion. The problem now being planar, the di�erene in orientation of avetor between 2 sales is given by an angle whih is additive in the sensethat the di�erene �13 from sale 1 to sale 3 equals the sum �12 + �23of the di�erene from sale 1 to sale 2 and that from sale 2 to sale 3.As explained above, we start with a rank 1 mass matrix (in the hermitianWeinberg notation), whih is thus neessarily of the fatorizable form (4.10)given in terms of a single vetor r and it is the dependene of this vetor on



4080 Chan Hong-Mo, Tsou Sheung Tsunthe energy sale we wish to trae, using experimental data on mass ratiosand mixing matrix elements. Consider �rst the mass ratio m=mt withmt = 174:3 � 5:1 GeV and m = 1:15� 1:35 GeV as given in [1℄. By (4.11)this is just sin2 �t, from whih one easily extrats the value of �t togetherwith the appropriate errors. Similarly, using (4.12) one extrats again easilyfrom the value of the CKM matrix element jVtbj the value of �tb. The samean be done for all other piees of data involving the 2 heavier generations inthe U;D;L fermion speies to dedue the di�erenes in orientation betweenthe di�erent mass sales. The result [41℄ is plotted in �gure 9, where one hasmade use of additivity to dedue, for example, that �ts = �tb + �bs, with �tbalready obtained from jVtbj above, and �bs from the mass ratio ms=mb [1,39℄.One sees in the �gure that the extrated data points all lie omfortably on a
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Fermion Generations and Mixing from Dualized Standard Model 4081with MINUIT to the data points in �gure 9 gives the dotted urve shownwhih is seen to be hardly distinguishable from the full urve obtained fromthe alulation in [31℄.The evidene ited above for the rotation hypothesis based on �gure 9is subjet to the planar approximation whih takes into aount only the 2heavier generations in eah fermion speies. However, it an be seen thatfor the numbers so far extrated the approximation is already su�ientlyaurate. Take for example the angle �ts whih was extrated above usingadditivity based on the assumption that the 3 vetors r at the 3 mass salesof t; b and s all lie on the same plane, whih is of ourse not exat. Indeed,the deviation from planarity is given by the Cabbibo angle, i.e. the anglebetween the state vetors of the u and d quarks whih are respetively normalto the planes spanned by the state vetors of t and  and those of b and s.From the empirial value of the Cabbibo angle of around 0.22 radians andthe fat that all the angles exhibited in the �gure 9 depend on the squareof the Cabbibo angle, one estimates that the error ommitted by the planarapproximation is of order of only 4 perent and hene does not a�et thesigni�ane of the evidene for rotation laimed above.The planar approximation, however, worsens as the sale lowers furtherand annot therefore be used to extend the analyses to the eletron andneutrinos regions whih are of ruial physial interest. Besides, it doesnot reveal the details in the o�-planar diretion whih ould in prinipleontain surprises upsetting the above positive result. For this reason, a full3 generation repeat of the above analysis is neessary in order to draw a �rmonlusion. Sine the mass matrix is of rank 1 by our initial assumption, itis still fatorizable in terms of a single vetor r whih hanges orientationwith hanging sale. And to extrat the variations of this vetor betweendi�erent mass sales is no di�erent in priniple for 3 generations than for2, only in pratie more ompliated. There are more angles involved andsimple additivity no longer applies, but with patiene the analysis an bearried through. Take, for example, the interesting ase of the vetor rtaken at the mass sale of the heaviest neutrino �3. The MNS mixing matrixelements jU�3j and jUe3j are now onstrained by osillation experiments withrespetively atmospheri [5,6℄ and terrestrial neutrinos [11,42℄ to within thefollowing bounds: 1=3 < jU�3j2 < 2=3 and jUe3j2 < 0:027. Now (4.9) givesjU�3j = h�j�3i and jUe3j = hej�3i. Hene, if the state vetors j�i; jei areexatly known as well as the quantities jU�3j, jUe3j, then the state vetor j�3iis determined up to disrete sign ambiguities. Even as matters stand, wherethe quantities involved are known only within ertain experimental bounds,it still means that the state vetor of �3 will be onstrained within wellde�ned limits, whih an then be heked for onsisteny with the rotationhypothesis. Furthermore, we reall from our earlier disussion that j�3i is



4082 Chan Hong-Mo, Tsou Sheung Tsunsupposed to have almost reahed the asymptoti limit of the �xed point atzero sale predited by the DSM, whih predition ould also thus be diretlyonfronted with the limits extrated from data.In any ase, the full 3 generation analysis has been arried out traingthe trajetory of r over some 14 orders of magnitude in energy sale from themass sale of the top quark to that of the seond heaviest neutrino �2 with theresult shown in �gure 10. The tehnial details involved an be found in [41℄.Figure 10 gives in a 3-dimensional plot the seond and third omponents ofthe vetor r extrated from the data for various sales orresponding to themasses of the fermions states. For tehnial reasons, these are given in aframe de�ned by the U quark triad as frame vetors (i.e. vt = (1; 0; 0);v =(0; 1; 0);vu = (0; 0; 1)), not in the old frame where the high energy �xedpoint appears as (1; 0; 0). Apart from the information from the masses of uand d whih is ambiguous for reasons already explained and that from thesolar neutrino angle whih annot easily be presented in this �gure (see later,however), the data points shown represent all the information on the vetor rthat ould at present be extrated from experiment on fermion masses andmixing. And it an be seen in the �gure that all these data, instead ofbeing a random olletion of points, are perfetly onsistent with them lyingon a smooth 3-D urve. The onsisteny an be srutinised further in the 3projetions of �gure 10 on to the 3 oordinate planes shown in �gures 11, 12,and 13, where it is seen in �gure 11 that even the osillation data from solarneutrinos missed out in �gure 10 satisfy this onsisteny, as indiated thereby the dotted urve. This overall onsisteny with the rotation hypothesisseems quite nontrivial espeially in the high sale region above the muonmass, given the auray of the data there.The full urve in the �gure 10 and its 3 projetions represents the 1-loopresult from the DSM alulation of [31℄ desribed in Setion 5. It is seen thatabove the sale � = m� it passes through all the data points within errors.That this is the ase was already disussed in the preeding setion, but asdisplayed in these �gures together with the experimental errors, it is easierto appreiate the signi�ane of the surprisingly good agreement betweenthe alulation and experiment. At sales below the muon mass, the 1-loopurve deviates from the data as expeted, thus missing the 2 allowed regionsfor r dedued respetively from the eletron mass and the solar neutrinoangle Ue2. It would be interesting to enquire, as we are now trying to do,whether a 2-loop alulation would improve the agreement in the low salerange.Although the DSM sheme has done extremely well in �tting the datawith only 3 parameters, one an still wonder whether all of its details arestritly neessary. Given that the vetor r extrated diretly from the dataalready seems to trae out a rotation trajetory, it would appear that, as de-
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Fig. 13. Projetion of �gure 10 on to the ��-plane. The full urve represents theDSM one-loop alulation of [31℄ and the dashed urve its suggested deformationat low sales to �t the data on me and Ue2.leave intat the phenomenologial suesses so far ahieved. What we havein mind is the possibility that a loser examination of duality may lead tosome unique forms for the Higgs potential and Yukawa oupling possiblydi�ering slightly from those at present assumed but yet ahieving similarphenomenologial suess. If so, that would be ideal.7. Other DSM onsequenesAs seen above, the Dualized Standard Model has been quite suessfulin explaining fermion mass hierarhy and mixing, although one is not en-tirely ertain as yet how muh of the details in its struture is essential forthis suess. There is, however, still another angle to explore before onean properly gauge the signi�ane of this seeming suess. The DSM in-volves new assumptions beyond those already tested by experiment withinthe ontext of the onventional Standard Model, and is therefore boundto give some new physial preditions. One has thus to ask �rst, whetherthese new preditions agree with all existing experiment, and seondly, ifthey manage to survive these tests, whether they an be further tested byexperiment in the near future.



4086 Chan Hong-Mo, Tsou Sheung TsunOne obvious diretion to explore is �avour-violation whih an our inthe DSM sheme in two ways. The �rst type is in ommon with all horizontalsymmetry models in whih the horizontal symmetry is mediated by bosonsarrying the generation index. The exhange of suh bosons would lead to�avour-hanging neutral urrent (FCNC) e�ets, of whih K meson deayto �e and ��e onversion in nulei are typial examples, as illustrated bythe diagrams in �gure 14. The masses MX of the mediating bosons arepresumably high or otherwise they should have been seen already, and theyare not. If so, then at the low energies where FCNC e�ets are studied inexperiment, the reation amplitudes would be suppressed by fators of orders=M2X , leading to suppression in rates of order (s=M2X)2. Hene, preditedrates of �avour-violations of this type an always be made su�iently smallto satisfy whatever experimental bounds by making MX large, so long asno upper bound for MX is presribed by the theory. For this reason, for�avour-violating e�ets of this type, present bounds from experiment pose noimminent threat to the DSM sheme, nor indeed to any horizontal symmetrymodel.
N NX� e

(a)
�eXsu (b)Fig. 14. Diagrams representing shematially (a) ��e onversion in nulei, (b)KL ! �e deay, as FCNC e�ets via the exhange of heavy bosons X arryinggeneration index.Speial to the DSM, however, is another type of �avour-violations whihis potentially muh more dangerous. One ruial property of the DSM ex-planation of fermion mass hierarhy and mixing is the rotation of the massmatrix with hanging sales. And mass matrix rotation means that a massmatrix diagonal at one sale will in general no longer be diagonal at anothersale. For example, suppose we examine Compton sattering of a photonfrom an eletron and the lepton mass matrix rotates as suggested in DSM.Then as detailed in Setion 4, the mass matrix is diagonal at the mass salesof the leptons, but not in general at other sales, and in partiular not atthe energy sale at whih the Compton sattering experiment is performed.



Fermion Generations and Mixing from Dualized Standard Model 4087The reation amplitude, whih depends on the mass matrix, an thus be ex-peted also not to be diagonal in the �avour states, hene leading to nonzeroross setions for the nondiagonal, �avour-violating reation:e! �; (7.1)for example. In other words, purely kinematially, one ould expet �avour-violation to result by virtue alone of the rotating mass matrix. And ina sheme suh as DSM where the rotation speed, being tied to the fermionmass and mixing patterns and not adjustable to satisfy experimental boundson �avour-violating reations, the onfrontation is potentially very danger-ous.This new type of �avour-violation due to a rotating mass matrix, towhih we have given the name �transmutation� for easy referene, we havestudied in some detail. It was found that, with the rotation speed on-strained by the fermion mass and mixing pattern, transmutation e�ets fromkinematis alone an be appreiable. For example, for the reation:e+e� �! �+��; (7.2)the integrated ross setion estimated from a rotation speed read from, forexample, �gure 9 or 10, is about 80 fb [43℄ at ps = 10:85 GeV, at whihenergy very high statistis is being olleted by experiments suh as BaBar[44℄ and Belle [45℄. Although by itself this does not seem a large ross setion,in view of the sensitivity of the above modern experiments with integratedluminosity of order 100 fb�1, it is in fat frighteningly large, and should inpriniple be already detetable.Fortunately for us, however, this estimate obtained from the kinematiale�ets alone of the rotating mass matrix is not yet the full predition of theDSM sheme. In DSM, as detailed in Setion 3, the rotation of the fermionmass matrix arises from insertions in the fermion propagator. Thus, to studytransmutation e�ets properly to 1-loop order, one will need to evaluatenot just the 1-loop insertion in the fermion propagator but all diagramsto the same 1-loop order. For example, for the reations (7.1) and (7.2),one will need to evaluate all the diagrams in respetively �gure 15 and 16plus some others of no relevane to present onsiderations. This alulationhas reently been done, and it was found that on summing all the relevant1-loop diagrams, transmutation e�ets largely anel leaving only terms oforder s=M2X in amplitude [29℄, with MX being again the generi mass ofthe mediating bosons arrying generation index. In other words, the nete�et of transmutation, i.e. �avour-violation due to mass matrix rotation, isjust to give an additional ontribution of the same order as �avour-hangingneutral urrent e�ets.
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Fig. 15. 1-loop diagrams ontributing to transmutation in Compton sattering.

Fig. 16. 1-loop diagrams ontributing to transmutation in Bhabha sattering.In DSM this anellation is not an aident but is based on quite generalgrounds. Expliitly, the alulation goes as follows. The relevant 1-loopinsertion to the fermion propagator (3.20) an be rewritten in the form:� (p) = �Æm�2 + 12(p/�m)BL + 12BR(p/�m) + �(p) ; (7.3)with BL = � 116�2 XK 1Z0 dx(1� x) f�yK [ �C � ln(Q20=�2)℄ �K 12 (1 + 5)+ �K [ �C � ln(Q20=�2)℄ �yK 12 (1� 5)g ;
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BR = � 116�2 XK 1Z0 dx(1� x) f�K [ �C � ln(Q20=�2)℄ �yK 12 (1 + 5)+ �yK [ �C � ln(Q20=�2)℄ �K 12 (1� 5)g ; (7.4)and �(p) of a form whih need not bother us here exept to note that itis �nite, independent of the renormalization sale, and of order s=M2K , MKbeing, one realls, the mass of the dual olour Higgs boson appearing in theloop. The insertion of (7.3) to an internal fermion line thus gives:1p/�m �! 1p/�m0 � �22 BL 1p/�m � �22 1p/�mBR � �2 1p/�m�(p) 1p/�m(7.5)and to an external fermion line:u(p) �! u0(p)� �22 BLu(p)� �2 1p/�m�(p)u(p) ; (7.6)�u(p) �! �u0(p)� �22 �u(p)BR � �2�u(p)�(p) 1p/�m ; (7.7)where u0(p) is a solution of the Dira equation with the renormalized massmatrix m0: (p/�m0)u0(p) = 0 : (7.8)These onlusions follow losely those in e.g. ordinary QED apart from that,m being a matrix and therefore nonommuting, BL and BR are di�erent.A similar alulation gives as the vertex insertion:��(p; p0) = 12�LL + 12LR� + �� (p; p0); (7.9)with LL = � 116�2 XK 1Z0 dx xZ0 dy f�yK [ �C � ln(P 2=�2)℄ �K 12 (1 + 5)+ �K [ �C � ln(P 2=�2)℄ �yK 12 (1� 5)g ;LR = � 116�2 XK 1Z0 dx xZ0 dy f�K [ �C � ln(P 2=�2)℄ �yK 12 (1 + 5)+ �yK [ �C � ln(P 2=�2)℄ �K 12 (1� 5)g; (7.10)



4090 Chan Hong-Mo, Tsou Sheung Tsunwhere �C is the divergent onstant in (3.21),P 2 = m2(1�y)+M2Ky�p2x(1�x)�p02(x�y)(1�x+y)+2pp0(1�x)(x�y);(7.11)and �� (p; p0) is �nite, sale-independent and again of order s=M2K .One noties that LL and LR in (7.10) are very similar in form to respe-tively BL and BR in (7.4). Indeed, it an be shown that the pairs eah di�eronly by terms of the order s=M2K . This is not really surprising, being justa onsequene of gauge invariane, and has a familiar parallel in ordinaryeletrodynamis.With these results in hand, let us proeed now to alulate the amplitudefor e ollision to 1-loop order. Adding to the tree diagrams the 1-loopdiagrams of �gure 15, and making use of the results in (7.5), (7.7), and(7.9), one obtains the result:�u0(p0)� i(p/+ k/)�m0 �u0(p)+�22 �u(p0) [�(LL �BL) + (LR �BR)�℄ i(p/+ k/)�m �u(p)+�22 �u(p0)� i(p/+ k/)�m [�(LL �BL) + (LR �BR)�℄u(p) ; (7.12)plus only terms of order s=M2K for large MK . We reall further that in thedi�erenes BL�LL and BR�LR, the divergent part and the sale dependeneboth anel, leaving in eah only a �nite part whih is again of order s=M2Kfor large MK . Hene, for large MK the renormalized amplitude (7.12) willredue simply to the �rst term there. And this �rst term has no nondiagonalelements sine by de�nition, u0(p0) is a solution of the Dira equation in (7.8)with mass m0 and therefore an eigenvetor of the renormalized mass matrixat any sale. In other words, transmutation anels here to order s=M2K aslaimed. A similar analysis for e+e� leads to the same onlusion. Indeed,apart from some minor though nontrivial di�erenes these results loselyresemble familiar results in ordinary eletrodynamis.The above result that transmutation e�ets or �avour-violations due tomass matrix rotation anel in DSM to order s=M2X , MX being the generimass sale of �avour-hanging neutral bosons, is a great relief, sine if theydid not, they ould easily lead to e�ets of suh a size as to ontradit ex-periment, if not immediately then in the very near future. And as explainedabove, suh a ontradition annot easily be avoided by readjusting param-eters. As it is, the �avour-violating e�ets from mass matrix rotation is ofthe same order as �avour-hanging neutral urrent (FCNC) e�ets and anthus be analysed together with the latter, to whih we now turn.



Fermion Generations and Mixing from Dualized Standard Model 4091Flavour-violation e�ets due to the diret exhange of �avour-hangingneutral or generation index-arrying bosons have so far been analysed byus in DSM only for the gauge not the Higgs bosons, the reason being thatthe former are to us theoretially better understood. We believe, however,that the results obtained would be similar for both. The analysis followslosely the usual pattern for other horizontal symmetry models, with thepreditions for �avour-violations strongly dependent on the exhanged bosonmass. There is, however, one very important di�erene, namely that theDSM sheme, being strongly onstrained by what has gone before will nowbe highly preditive. Indeed, one given an estimate of the exhanged gaugeboson mass, then the DSM sheme so far developed will be able to give quitepreise preditions for the rates or ross setions of most �avour-violatione�ets. The reason is that if one aepts the tenets of the DSM sheme,then both the oupling strength of the gauge boson and its branhing intovarious modes will be given. The �rst will be given by the Dira quantizationondition (2.13) relating the required oupling ~g of dual olour to the well-known oupling of ordinary olour g, while the seond will be given by theorientations of the state vetors of the various fermion states relative bothto one another and to the gauge bosons, and these orientations are alreadydetermined by the alulation in Setion 5 of the rotating mass matrix. Fora �rst estimate of FCNC e�ets of relevane to the present experimentalsituation, only the 1-boson exhange diagrams need be alulated, higherorder diagrams being suppressed by the high boson mass. And these 1-bosonexhange diagrams are alulable one given the gauge boson mass and theouplings to fermions. Hene, apart from some tehnial details onnetedwith the soft hadroni, nulear or atomi physis inherent in respetively, forexample, hadron deays, ��e onversion in nulei, and muonium onversion,whih an be handled by almost standard methods, the alulations arerelatively familiar and straightforward. We need therefore only quote heresome of the results as examples.From an analysis of meson FCNC deays and mass splittings, one �ndsthat the strongest present bound on the �avour-violating gauge boson massMX omes from KL �KS mass splitting whih gives a lower bound on theboson mass of order MX=~g � 400 TeV. Taking this estimate as benh-mark value, and using the ouplings to various hannels dedued in theDSM sheme, one an then alulate the branhing ratios for various FCNCmeson deays, some of the most interesting examples of whih are listedin Table I [30℄. Further, applying the same onsiderations to oherent ��eonversions in nulei with the same benhmark value for the gauge bosonmass, one obtains the onversion rates for some experimentally interestingnulei as shown in Table II [46℄. One noties �rst that the preditions listedin both tables are quite detailed and preise for reasons already explained,



4092 Chan Hong-Mo, Tsou Sheung Tsunand seondly, that several of these are already lose to the present experi-mental limits. This means that if any one of these FCNC e�ets is found inexperiment, hene giving an atual value for the gauge boson mass ratherthan just a lower limit, then the orrelated bounds listed in the two tablesan be used to give absolute preditions for all the others. Or else, if someother means is available to suggest a value for the gauge boson mass, thesame preditions an also be obtained. TABLE IBranhing ratios for rare leptoni and semileptoni K deays. The �rst olumnshows the DSM preditions from one-dual gauge boson exhange with the bosonmass sale at a benhmark value of 400 TeV. The seond olumn gives eitherthe present experimental limits on that proess if not yet observed or the atualmeasured value for that proess. In the latter ase, it means that the proess ango by other mehanisms suh as seond-order weak so that our preditions withdual gauge boson exhange will appear as orretions to these. All the empirialentries are from the data booklet [1℄. Theory ExperimentBr(K+ ! �+e+e�) 4� 10�15 2:9� 10�7Br(K+ ! �+�+��) 2� 10�15 7:6� 10�8Br(K+ ! �+e+��) 2� 10�15 7� 10�9Br(K+ ! �+e��+) 2� 10�15 2:1� 10�10Br(K+ ! �+���) 2� 10�14 1:5� 10�10Br(KL ! e+e�) 2� 10�13 9� 10�12Br(KL ! �+��) 7� 10�14 7:2� 10�9Br(KL ! e���) 1� 10�13 4:7� 10�12Br(KS ! �+��) 1� 10�16 3:2� 10�7Br(KS ! e+e�) 3� 10�16 1:4� 10�7 TABLE IITheoretial estimates for the ratio of the ��e onversion rate to the � apture rateompared with present experimental limits. These values are alulated with thedual gauge boson mass sale taken at the benhmark value of 400 TeV.Element Btheor:��e Bexp: lim:��e27Al 13 1:4 � 10�12 n:a:32S 16 1:9 � 10�12 7:0 � 10�1148Ti 22 2:3 � 10�12 4:3 � 10�12207Pb 82 2:7 � 10�12 4:6 � 10�12



Fermion Generations and Mixing from Dualized Standard Model 4093Does there then exist any means for estimating the �avour-hangingneutral boson mass without �rst observing �avour-violation? There is per-haps one way whih takes us interestingly to an entirely di�erent area ofphysis and another potentially dangerous predition of the DSM sheme.This arises as follows. The exhange of �avour-hanging gauge bosons whihleads to �avour-violations is suppressed at low energies by the large valueof the boson mass to order s=M2X in amplitude, whih is the normal reasongiven for FCNC e�ets being so small, and hene not yet observed. This is aopy of the explanation why �weak� interation were onsidered weak in theold days before the W and Z bosons were disovered although the ouplingsof these bosons, as we now know, are by no means so very small. Indeed, itis by now a familiar fat that when experimental energies rise beyond the Wand Z mass, weak interation ross setions beome sizeable. In the samemanner, therefore, for the proesses mediated by the even heavier �avour-hanging bosons, ross setions will beome large also when energy is as largeas the boson mass. In fat, if one believes DSM, then the e�etive interationwill beome very strong given that the boson oupling is onstrained by theDira quantization ondition (2.13) to be of order ~g � 10. This means thatany partile arrying the generation index whih allows it to ouple to the�avour-hanging bosons and hene interat by exhanging them will aquirevery strong interations at high energies of order ps � MX . In partiular,even neutrinos whih are believed now to exist in generations are expetedalso to aquire this new interation at high energy.This last is an astounding and at �rst sight very dangerous predition, foras we very well know, there is no indiation at all in present day experimentof suh a phenomenon. Indeed, we were very worried at �rst until we realizedthat the gauge boson mass is onstrained by present bounds on FCNC e�ets,as explained above, to be larger than around 400 TeV, whih is an enormousenergy not ahievable in the laboratory either today or in the near future.The only hane for observing e�ets at suh energy would be in osmirays, and even there the event rate would be very, very small. For a osmiray partile hitting a nuleon in the atmosphere, ps � 400 TeV orrespondsto a primary energy of about 1020 eV. Cosmi ray events at suh primaryenergies are known only in extensive air showers and even there are veryrare, inident on earth at an estimated rate of only about 1 event per squarekilometer per entury. Though rare, however, they have aught partiularattention, for ever sine their observation in experiment they have been atheoretial headahe, for the following reason.Although the origin of osmi rays is still largely unknown so that pri-mary energies in exess of 1020 eV are in priniple possible, there is a bound,known as the GZK ut-o�, on the energy of partiles arriving on earth froma distane of greater than about 50 Mp. Indeed, it was shown by Greisen



4094 Chan Hong-Mo, Tsou Sheung Tsunand by Zatsepin and Kuz'min [47℄ already in 1966 that a proton or nuleuswith suh primary energies would quikly degrade in energy by interatingwith the 2.7 K mirowave bakground via the following reation:p (N) +  �! p (N) + �; (7.13)and hene not arrive on earth with their primary energies intat, if they omefrom a distane of over 50 Mp. Yet, over the years some 10 suh events arelaimed to have been seen, and they are beautiful things developing into ashower [48℄ with as many as 1011 harged partiles!So what are they? Aording to Greisen, Zatsepin and Kuz'min, theyannot be protons or nulei oming from more than 50 Mp away. Theyare probably also not from a nearby soure, for within a radius of 50 Mp,there are no known astrophysial soures apable of produing partiles withsuh high energies. Likewise, they are thought not to be photons, whih analso interat with the mirowave bakground by pair prodution and heneannot maintain their high energy over long distanes. And they annot beneutrinos whih an survive the journey but, having only weak interations,annot produe air showers. That is, unless neutrinos an aquire stronginterations at these ultra high energies as predited above by the DSM.What would happen if one aepts that neutrinos do beome stronglyinterating for ps & 400 TeV as the DSM suggests? Then any soure suh asan ative galati nuleus whih is apable of produing protons of suh en-ergies will also be able to produe neutrinos at these energies just by protonollisions via the said strong interations. One produed, the neutrinos willbe able to esape from the ative galati nuleus, although protons annotbeause of the strong magneti �elds surrounding the soure. Further, theneutrinos will be able to survive the long journey through the mirowavebakground in ontrast to protons whih annot do so beause of the GZKreation (7.13). And when the neutrinos arrive on earth, they will interatstrongly by hypothesis with the air nulei to produe the extensive air show-ers seen. Thus the hypothesis seems neatly to have passed all the initialtests and quali�es as a viable andidate solution to the GZK problem. Inaddition, it has even an explanation for a possible e�et of these air showersreported by one experiment [50℄. Out of the dozen or so events laimed tohave been seen by this group, there are 3 doublets and 1 triplet observed, themembers of eah multiplet being ollimated within the experimental angu-lar resolution of 1�2 degrees. This suggests that members of eah multipletoriginate from the same soure. However, if the primaries were protons ornulei, even when they originated from the same soure, with in generaldi�erent energies they would have been de�eted di�erently by the inter-galati magneti �elds and lost their ommon diretion. Neutrinos, on the



Fermion Generations and Mixing from Dualized Standard Model 4095other hand, being neutral, would not be de�eted by the magneti �elds andwould remain ollimated if they originate from the same soure.Interestingly, the above suggestion of post-GZK air showers being dueto neutrinos aquiring strong interations at high energy an be subjetedto further experimental tests. First of all, the hypothesis being that neu-trinos interat strongly only at energies above the �avour-hanging bosonmass, it follows that the GZK threshold itself would put an upper boundon that mass. Harking bak then to our earlier disussion of FCNC e�ets,this is exatly what is needed to onstrain the magnitude of these e�ets.As it happens, the upper bound on the boson mass obtained from the GZKthreshold, as seen above, is lose to the lower bound obtained before fromKL �KS mass splitting. One would then obtain an atual estimate of theboson mass and ould thus onvert the previous bounds shown in e.g. Ta-bles I and II into atual preditions. Although this estimate for the bosonmass is very rude sine all e�ets involved depend on the mass raised tothe 4th power, nevertheless, it suggests in Tables I and II that FCNC e�etsmay be just around the orner for experimental observation, and that thesepreditions an soon be tested. Seondly, in osmi ray physis proper, thehypothesis also suggests that air showers above the GZK ut-o� should o-ur at lower heights in the atmosphere than those below the ut-o�. Theargument goes as follows. The average height of air showers depend on thepenetrating power of the inoming primary partile whih in turn dependson the partile's ross setion with air nulei. Now aording to our hypoth-esis, pre-GZK showers are from protons or nulei and post-GZK showersfrom neutrinos, and sine protons and neutrinos presumably have di�erentross setion with air nulei, they should our at di�erent average heights.In �gure 17 is shown the hange in average heights aross the GZK thresholdassuming di�erent ratios of neutrino/proton ross setions with air nulei.In partiular, if one assumes that the neutrino still appears as a point to theair nuleus at high energy, then the substitution of the known proton andair nuleus radii into a geometri piture gives an estimate for the ratio be-tween neutrino and proton ross setions of ��A=�pA � 1=2, orrespondingto a hange in height as shown in �gure 17 whih is sizeable. Suh an e�etmay thus be looked for in Auger [51℄ or other future experiments.Despite the sarity and still somewhat tenuous nature of the data onpost-GZK air showers, we have desribed the DSM piture for them at somelength, �rst for the sheer beauty of these events and our own fasinationwith them, and seondly for the speial role that they may play as a test forthe DSM sheme. As we have noted above already, despite the many tests towhih the DSM preditions have been subjeted and so far survived, not asingle one hangs ruially upon the hypothesis that the horizontal symmetryof fermion generations is indeed idential to dual olour as suggested, apart
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Fig. 17. Average equivalent vertial height of air showers as a funtion of the pri-mary energy aross the GZK ut-o� assuming post-GZK primaries of varying rosssetions.from this one on post-GZK air showers. There was an important point inthe above disussion that we have so far deliberately glossed over, namelythat even given that neutrinos do aquire a strong interation at extremeenergies, it still does not mean that they will neessarily give air showerson ollision with air nulei, for whih is needed not just a strong interationbetween the neutrino and the air nuleus but a large hadroni-sized rosssetion. An interation between the neutrino with the quarks inside the airnuleus whih is short-ranged, as would happen if the horizontal symmetryhas nothing to do with olour, say of the order of the massMX of the heavyboson exhanged, will still give only minusule ross setions no matterhow strong it is. However, it was argued in [52℄ that if the generationsymmetry is indeed idential to dual olour, then the neutrino at extremeenergy will interat not only strongly but oherently with the air nulei,hene giving hadroni sized ross setions su�ient to produe air showersin the atmosphere. Indeed, this onsideration is impliit in the geometripiture invoked above to infer a �A ross setion of about a half of that ofpA. Although the argument given there is only qualitative, it is an importantpoint to bear in mind in onsidering the above explanation of post-GZK airshowers as initiated by strongly interating neutrinos.



Fermion Generations and Mixing from Dualized Standard Model 4097In summary, as far as �avour-violation and related questions are on-erned, whih are the primary worry for the rotating mass matrix formingthe basis of the DSM's main results on fermion mass and mixing patterns,the sheme seems to have survived all tests so far performed, and in the aseof osmi ray air showers it seems even to have o�ered a new explanation foran old puzzle. However, the job of surviving tests and limits is never doneand an be prolonged ad in�nitum until one runs out of ideas or breath orboth. We have performed more tests, whih inlude for example an obviousone on neutrinoless double-beta deay [53℄, and whih DSM also survives.8. RemarksIn onlusion, it would seem that the DSM sheme has so far largelysueeded in what it sets out to ahieve, namely to suggest a raison d'êtrefor 3 fermion generations and to explain their unusual mass and mixingpatterns. Apart from CP-violation, even near quantitative results have beenobtained already with the 1-loop alulations performed in the energy regionwhere it is expeted to be valid. And in all areas explored up to now wherepotential di�ulties ould arise, no violation of existing experimental boundsis found.There is, however, still one feature in the present formulation of thesheme whih leaves something to be desired. The onstrution of the shemeas set out, for example, in Setion 3, seems to ome in 2 parts, �rst the the-oretial idea of deriving the generation symmetry and its breaking fromduality, and seond, the onstrution of a phenomenologial model in termsof a Higgs potential and a Yukawa oupling, whih though suggested by,annot laim to follow from, the initial duality onepts. And although du-ality does lead diretly to the predition of 3 and only 3 generations, the restof the result on mixing and so on are onsequenes of the phenomenologialmodel with at present but tenuous links to duality. Granted that even whenonsidered as a purely phenomenologial model, the derivation by itself ofthese latter results seems already not a mean ahievement, one is neverthe-less still some way from being able to laim that the origin of generations asdual olour is now understood.It seems to us, therefore, that to advane further, one should perhapsproeed in 2 diretions. First, one should seek testable preditions of thesheme whih depend diretly on the hypothesis that dual olour is gener-ation symmetry, of whih we mentioned a possible example with post-GZKair showers. Seondly, one should try to derive diretly from duality andrelated onepts either the above phenomenologial model itself or else asheme lose to it whih is apable of giving the same results. This is anideal to strive for, but whether it an be ahieved we do not know.
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