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NOVEL PHASE AT HIGH DENSITY AND THEIR ROLEIN THE STRUCTURE AND EVOLUTIONOF NEUTRON STARS�Sanjay ReddyCenter for Theoreti
al Physi
s, Massa
husetts Institute of Te
hnologyCambridge, MA 02139, USAandTheoreti
al Division, Los Alamos National LaboratoryLos Alamos, New Mexi
o, NM 87545, USA(Re
eived O
tober 21, 2002)We present a pedagogi
 dis
ussion on the role of novel phases of densebaryoni
 matter in �neutron� stars. Qualitative aspe
ts of the physi
s thatdrives phase transitions and some of its astrophysi
al 
onsequen
es aredis
ussed. Observable aspe
ts of neutron star stru
ture and early evolutionof the newly born neutron star are dis
ussed in some detail.PACS numbers: 12.38.Mh, 13.15.+g, 26.50.+x, 26.60.+
1. Introdu
tionDespite de
ades of study, the question � What is the ground state ofdense baryoni
 matter? � remains in the realm of theoreti
al spe
ulation.Advan
es in our understanding of strongly intera
ting many-parti
le sys-tems and QCD suggests numerous 
andidate states whi
h have 
ompetitivefree energy. Conventional many-body te
hniques, in
luding those of latti
egauge theory and non-relativisti
 variational and Greens fun
tion methods,have yet to make de�nitive statements regarding the phase stru
ture of mat-ter at densities of relevan
e to neutron stars. In these le
tures we dis
ussa few novel phases of matter and highlight some of their astrophysi
al 
on-sequen
es. They in
lude (i) baryoni
 matter with hyperons, (ii) kaon 
on-densation and (iii) normal and super
ondu
ting quark matter. The 
hoi
eof topi
s presented is a synthesis of 
ollaborative resear
h the author hasundertaken in the past four years. In this sense, the s
ope of the arti
le islimited and no attempt is made to present a 
omprehensive review. For adetailed review of assorted topi
s relating to the interior of neutron stars seeRef. [1℄.� Presented at the XLII Cra
ow S
hool of Theoreti
al Physi
s, Zakopane, PolandMay 31�June 9, 2002. (4101)



4102 S. ReddyTerrestrial experiments, su
h as heavy-ion 
olliders, have been employedto probe new phases of matter that are likely to o

ur at high energy density.These experiments have proven to be useful in exploring the high tempera-ture region of the phase diagram. They have had limited su

ess in probingthe high-density, low-temperature phases of QCD. Neutron stars are bestsuited to probe this region and thereby provide information that is 
omple-mentary to terrestrial e�orts. The �rst half of the le
tures provide a lowbrowoverview of plausible new phases inside neutron stars. In the latter part wedis
uss how these new phases will a�e
t observable properties of neutronstars. In parti
ular, we fo
us on the following topi
s to make 
onta
t withobservables: (i) mass and radius, (ii) the birth and early evolution of newlyborn neutron stars in a supernova explosion, as eviden
ed by the neutrinosthey emit. 2. Nu
leoni
 matterThe thermodynami
 properties of a many-parti
le system 
onsisting ofstrongly intera
ting nu
leons is di�
ult to 
al
ulate from �rst prin
iples,even if the underlying Hamiltonian were known. Over the past severalde
ades there have been numerous attempts to 
ompute the bulk propertiesof nu
lear and neutron-ri
h matter. These in
lude mi
ros
opi
 many-body
al
ulations using realisti
 nu
leon�nu
leon potentials and phenomenologi-
al relativisti
 and non-relativisti
 mean-�eld theories. The former approa
hstarts with a potential that provides a good des
ription of the measurednu
leon�nu
leon s
attering data and uses variational or Greens fun
tionte
hniques to obtain the thermodynami
 properties of the many-parti
lesystem. In mean �eld models the relation to nu
leon�nu
leon s
attering isabandoned in favor of a simpler form of the intera
tion whose parametersare determined by �tting the model predi
tions to empiri
al properties ofbulk nu
lear matter at nu
lear saturation density.Wale
ka's �eld theoreti
al model in whi
h the nu
leons intera
t with!, � and � mesons provides a reasonable des
ription of nu
lei and nu
learmatter [2℄. It has been used extensively to study nu
lear properties (for areview see Ref. [3℄). The model we dis
uss supplements the original Wale
kamodel with self-intera
tions between mesons and was introdu
ed by Bogutaand Bodmer [4℄. The model Lagrangian is given byLN = 	N�i
��� �m�N � g!N
�V� � g�N
�~�N � ~R��	N+ 12������ � 12m2��2 � U(�) � 14V��V ��+ 12m2!V�V � � 14 ~R�� � ~R�� + 12m2� ~R� � ~R� ; (2.1)
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leon �eld operator with ~�N the nu
leon isospin operator.Further, m�N = mN � g�N� is the nu
leon e�e
tive mass. This mass isredu
ed from the free nu
leon mass mN by the s
alar �eld �, taken to havem� = 600 MeV. The s
alar self-intera
tion term is given byU(�) = b3mN (g�N�)3 + 
4(g�N�)4 ; (2.2)where b and 
 are dimensionless 
oupling 
onstants. The kineti
 energyterms for the ve
tor �elds 
orresponding to the ! and � mesons involveV�� = ��V� � ��V�, and ~R�� = �� ~R� � �� ~R�, respe
tively.The �ve 
oupling 
onstants, g�N , g!N , g�N , b, and 
, are 
hosen as inRef. [5℄ to reprodu
e �ve empiri
al properties of nu
lear matter at saturationdensity: the saturation density itself is n0 = 0:16 fm�3; the binding energyper nu
leon is 16 MeV; the nu
lear 
ompression modulus is 240 MeV; thenu
leon e�e
tive mass at saturation density is 0:78mN ; and the symmetryenergy1 is 32.5 MeV.The model is solved in the mean-�eld approximation, wherein only thetime 
omponent of the meson �elds have nonzero expe
tation values. Thesymbols �0; !0 and �0 below denote expe
tation values that minimize the freeenergy. In the absen
e of neutrino trapping, 
harge-neutral stellar matter
an be 
hara
terized by the baryon and ele
tron 
hemi
al potentials sin
ethese are the only 
onserved 
harges. Weak intera
tion equilibrium ensuresthat �n��p = �e. The free energy density for su
h a system is given by [5℄
nu
lear(�B ; �e) = �P (�B ; �e)= 1�2 0B� kFnZ0 dk k2 ("n(k)� �n) + kFpZ0 dk k2 ("p(k)� �p)1CA+12 �m2��20 �m2!!20 �m2��20�+ U(�0)� �4e12�2 ; (2.3)where P (�B ; �e) is the pressure, �B = �n is the baryon 
hemi
al potentialand "n(k) = qk2 +m�N 2 + g!N!0 � 12g�N�0 ; (2.4)"p(k) = qk2 +m�N 2 + g!N!0 + 12g�N�0 ; (2.5)are the neutron and proton single parti
le energies in the mean �eld approx-imation. The 
orresponding Fermi momenta kFn and kFp, whi
h minimize1 The energy that depends on the di�eren
e in neutron and proton densities.



4104 S. Reddythe free energy at �xed baryon and ele
tron 
hemi
al potentials, are givenby solving "n(kFn) = �n ;"p(kFp) = �p : (2.6)Further, the mean �eld expe
tation values for the meson �elds that minimizeEq. (2.3) are given bym2��0 = g�N (ns(kFn) + ns(kFp))� dUd� ;m2!!0 = g!N (nB(kFn) + nB(kFp)) ;m2��0 = 12g� (nB(kFp)� nB(kFn)) ; (2.7)where baryon number and s
alar densities, nB and ns, respe
tively, are givenby nB(kF) = h	 yN	N i = Xi=n;p 1�2 kFiZ0 dk k2 ;ns(kF) = h �	N	N i = Xi=n;p 1�2 kFiZ0 dk k2 m�Nqk2 +m�N 2 : (2.8)Note that in Eq. (2.3) the ele
tron 
ontribution to the free energy has alsobeen in
luded. In bulk matter the 
ondition �
nu
lear=��e = 0, whi
h en-for
es ele
tri
-
harge neutrality, uniquely determines �e. The magnitudeand the density dependen
e of the ele
tron 
hemi
al potential is sensitive tothe value of the nu
lear symmetry energy, parametrized in this model as thestrength of the isove
tor intera
tion.The model des
ribed above provides us with a simple tool to understandthe various for
es at play in the des
ription of 
harge-neutral nu
leoni
 mat-ter in weak equilibrium. To study possible phase transitions we will employthis model to represent the nu
lear phase. Di�eren
es between the simplemodel employed here and detailed many-body 
al
ulations 
an, however,be important at high densities. This will in�uen
e both the lo
ation andthe nature of the phase transitions between the nu
lear and more exoti
phases to be 
onsidered below. Nonetheless, the qualitative aspe
ts of thephase transitions are generi
 and are observed even in the most sophisti
atedmany-body des
riptions of the nu
lear phase.Fig. 1 shows the thermodynami
 properties of 
harge-neutral stellar mat-ter 
al
ulated using the mean-�eld model. The left panel shows the baryon
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hemi
al potential, ele
tron 
hemi
al potential and the energy per parti
leas a fun
tion of the baryon density, normalized to the nu
lear saturationdensity n0 = 0:16 fm�3. The right panel shows energy density as a fun
tionof pressure and is usually referred to as the Equation of State (EoS). It isthis relation that is required to solve for the stru
ture of the neutron starand therefore determines neutron star the mass and radius.
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Fig. 1. The nu
lear equation of state. The left panel shows the density dependen
eof the baryon 
hemi
al potential, the ele
tron 
hemi
al potential and the energy perbaryon. The right panel shows the relation between energy density and pressure.3. Novel phasesWith in
reasing density the 
hemi
al potentials for baryon number andnegative ele
tri
-
harge in
rease rapidly due to the repulsive nature of strongintera
tions at short distan
es. This furnishes energy for the produ
tion ofstrange baryons and the 
ondensation of mesons. At even higher densitiesour knowledge of QCD and its asymptoti
 behavior leads us to expe
t thatthe quarks inside nu
leons will delo
alize and form a uniform Fermi sea ofquarks. These expe
tations are borne out by model 
al
ulations of thesephases. In what follows we 
onsider a few of these s
enarios in detail.3.1. HyperonsFig. 2 shows the variation of 
hemi
al potential asso
iated with neutraland 
harged baryons. The thi
k solid 
urves are predi
tions of the mean �eldmodel des
ribed in the previous se
tion and the thin lines 
orrespond to thenon-intera
ting Fermi gas model. The upper 
urve in ea
h of the above-mentioned 
ases 
orresponds to baryons with negative 
harge, the middle
urve to neutral baryons and the lowest 
urve 
orresponds to baryons withpositive 
harge. The upper and lower horizontal dashed lines indi
ate theva
uum masses of the �� and the � hyperons, respe
tively. The lo
ation



4106 S. Reddywhere the 
hemi
al potentials 
ross the va
uum masses are also indi
atedfor the intera
ting 
ase. This analysis negle
ts the strong intera
tions thebetween hyperons and nu
leons. If they were on-average attra
tive, the
orresponding se
ond-order phase transitions would o

ur at lower density.On the other hand, if they were repulsive, the transitions would be pushedto higher densities. Note also that strong intera
tions between nu
leonsalso plays an important role in determining the transition density. For the
ase of non-intera
ting nu
leons the transitions o

ur at densities that aresigni�
antly larger. The baryon 
hemi
al potential in all models whi
h in-
orporate strong intera
tions will be larger than the naive predi
tion of thefree Fermi gas model at high densities. This generi
 feature arises be
ausestrong intera
tions at short distan
es are repulsive.
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Fig. 2. Baryon 
hemi
al potentials in dense stellar matter 
omputed with (mean-�eld model, thi
k 
urves) and without (free Fermi gas model, thin 
urves) strongintera
tions are shown. In ea
h 
ase, the upper most 
urve is for negatively-
hargedbaryons, the middle 
urve is for neutral baryon and the lower 
urve is for positively-
harged baryons.These are se
ond-order transitions be
ause we are only 
onsidering theenergy 
ost for introdu
ing in�nitesimal hyperon populations. If the hyperon�hyperon intera
tions are strongly attra
tive, these phase transitions 
an be-
ome �rst-order. In this 
ase it is energeti
ally favorable to have manyhyperons appear together rather than for their population to grow in�nites-imally.Hyperon�nu
leon intera
tions are poorly 
onstrained due to the la
k ofexperimental data. The ex
eption is the � binding energy in hypernu
lei [6℄.This information was �rst employed in mean �eld models by Glendenning [7℄.
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ture and . . . 4107Hyperons are introdu
ed into the mean-�eld model dis
ussed in se
tion 2 byminimal 
oupling to the �, ! and � mesons, and there arise three 
orre-sponding 
ouplings 
onstants that must be 
onstrained. The binding energyof the � provides one 
onstraint whi
h relates the gH� and gH!, sin
e the� 
arries no isospin, and additionally the � meson mean �eld vanishes inisospin symmetri
 matter. In the simplest mean-�eld model, the hyperon
ouplings to the ve
tor meson 
ouplings are 
hosen to be similar to 2=3 ofthat of the nu
leons. This 
hoi
e is partially motivated by simple quarknumber and isospin 
ounting rules. The � binding energy is then used todetermine the strength of the 
oupling to the � meson. The model furtherassumes that the all hyperons 
ouple to the mesons with the same strength.This is likely to be a serious drawba
k of this simple model. There areseveral dire
t and indire
t indi
ations 
oming primarily from studies of ��atoms2 that indi
ate the �� experien
es a repulsive intera
tion in nu
learmatter [8℄.To summarize, strong intera
tions between nu
leons result in a rapid in-
rease of the baryon 
hemi
al potential at high density. The baryon 
hemi
alpotential is typi
ally larger than the lightest hyperon masses at a baryon den-sity between 1�3 times nu
lear density. Experimental inputs indi
ate thatstrong intera
tions between � parti
les and nu
leons are attra
tive and thisa
ts to lower the density for their appearan
e. The situation with the ��is less 
lear sin
e experiment suggests that they experien
e repulsive inter-a
tions in nu
lei, even though the presen
e of a negative-
harge 
hemi
alpotential in neutron stars favors their appearan
e.Hyperons 
ontribute more to the energy density of matter than to thepressure as 
ompared to nu
leons. This is easily understood by noting thatthey have larger masses and have smaller Fermi momenta. The 
hange inenergy density per unit 
hange in pressure is large relative to the nu
lear
ase, and this behavior is usually referred to as softening of the EoS. As wewill dis
uss in subsequent se
tions this will a
t to redu
e both the maximummass and the radius of neutron stars. Hyperons 
an also in�uen
e transportproperties and the thermal evolution of the star sin
e they furnish new de-grees of freedom that are less degenerate than the nu
leons, whi
h 
an morereadily parti
ipate in dissipative pro
esses.3.2. Kaon 
ondensationA large number of ele
trons are required to ensure 
harge neutrality indense nu
lear matter. The typi
al ele
tron 
hemi
al potential �e is about100 MeV at nu
lear density. With in
reasing density, �e in
reases to keeppa
e with the in
reasing proton number density. The magnitude of this2 This is an ele
tromagneti
 bound state of �� and a nu
leus.



4108 S. Reddyin
rease depends sensitively on the density dependen
e of the isove
tor in-tera
tion 
ontribution to the nu
lear symmetry energy. In Fig. 3 the densitydependen
e of the ele
tron 
hemi
al potential in the mean-�eld model isshown as the thi
k bla
k 
urve. For referen
e, the ele
tron 
hemi
al poten-tial for the 
ase of non-intera
ting nu
leons is also shown (thin bla
k line).Negatively 
harged bosons whose rest energy in the medium is less than theele
tron 
hemi
al potential will 
ondense via a se
ond-order phase transi-tion. The extent of 
ondensation will be regulated by repulsive intera
tionsbetween bosons in the s-wave 
hannel at low momenta.In the hadroni
 phase the likely 
andidates for 
ondensation are the ��and the K�. In va
uum, pions are signi�
antly lighter than kaons, but thissituation may be reversed in the dense medium due to strong intera
tionsbetween mesons and nu
leons. The physi
al basis for this expe
tation is thatthe e�e
tive theory of meson�nu
leon intera
tions, su
h as 
hiral perturba-tion theory, must in
orporate the repulsive s-wave intera
tions arising dueto the Pauli prin
iple between the 
onstituent quarks inside nu
leons andmesons. Mesons 
ontaining u or d quarks will experien
e repulsion, while onthe other hand, mesons 
ontaining �u or �d quarks and s (i.e., kaons) quarkswill experien
e attra
tion in the nu
lear medium3. Experiments with kaoni
atoms lend strong support to the aforementioned theoreti
al expe
tation ofattra
tion [9℄.
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ture and . . . 4109In Fig. 3 the va
uum pion and kaon masses are shown as the dashedlines. If the masses do not 
hange in the medium, the �gure indi
ates that�� 
ondensation o

urs in the vi
inity of nu
lear density and that K� 
on-densation does not o

ur for the densities 
onsidered. When intera
tionswith medium are in
luded, however, a uniformly 
harged pion 
ondensate isdisfavored due to a weak repulsive s-wave intera
tion. Instead, a spatiallyvarying 
ondensate 
an be favored due to attra
tive p-wave intera
tions (fora review see Ref. [10℄). The kaon�nu
leon intera
tion, on the other hand, isstrongly attra
tive. In what follows we only dis
uss kaon 
ondensation forthis simple reason.The idea that kaons 
ould 
ondense in dense nu
lear matter was dueto Kaplan and Nelson [11℄. Using a simpli�ed SUR(3) 
 SUL(3) 
hiral La-grangian they showed that the K� 
ould 
ondense at a density about threetimes nu
lear density. Subsequently several authors have studied in detailthe nature and the role of kaon 
ondensation in neutron star matter (for are
ent review see Ref. [12℄).Here, we will employ a simple s
hemati
 potential model for kaon�nu
leon intera
tions 
onsidered in Ref. [13℄ to illustrate the salient features.The s
attering length aK�n 
hara
terizes the low energy kaon�nu
leon in-tera
tion, and experiment indi
ates that aK�n � �0:4 fm. Following theauthors of Ref. [13℄ we will assume that the intera
tion potential 
an bemodeled as a square well. The parameters of the potential, i.e., the depthV0 = �122 MeV and range R = 0:7 fm, are determined by �tting to lowenergy nu
leon�kaon data (for further details see Ref. [13℄). Given this po-tential the 
hange in the e�e
tive mass of K� in a low-density medium ofneutrons 
an be 
omputed using the Lenz approximation. In this approxi-mation the attra
tive potential energy experien
ed by a kaon at rest 
an bedire
tly related to the s
attering length and is given byVLenz = � 2�mKn aK�n nn ; (3.1)where mKn is the redu
ed mass of the neutron�kaon system and nn is theneutron density. The e�e
tive mass of the kaon 
omputed using Eq. (3.1) isshown in the Fig. 3. In this 
ase, the kaon e�e
tive mass equals the ele
tron
hemi
al potential when nn � 3� 4 times nu
lear density. This 
orrespondsto the 
riti
al density for kaon 
ondensation.At higher densities, the Hartree or mean �eld approximation is expe
tedto be valid. In this 
ase the attra
tive potential energy of the kaon 
annotbe related dire
tly to on-shell low energy kaon�nu
leon s
attering data. TheHartree potential is given byVHartree = 4�3 V0 R3 nn ; (3.2)



4110 S. Reddywhere V0 and R are the depth and range of the K�-n potential. Fig. 3indi
ates that kaons would 
ondense in the Hartree approximation whennn � 5�6 times nu
lear density.3.3. Normal quark matterThe o

urren
e of the novel hadroni
 phases mentioned above dependssensitively on the nature of hadroni
 intera
tions and their many-body de-s
riptions. In 
ontrast, the asymptoti
 behavior of QCD, whi
h requiresthat intera
tions between quarks be
ome weak with in
reasing momenta,provides strong support to the notion that at su�
iently high densities nu-
leoni
 degrees of freedom must dissolve to form a nearly free (perturbative)gas of quarks. The pre
ise lo
ation of this phase transition will depend onmodel des
riptions of both the nu
lear and quark phases. This is be
auseall model studies indi
ate that the phase transition o

urs at rather lowdensities where perturbative methods do not apply.The bag model provides a simple des
ription of quark matter and 
on-�nement. The model was designed to provide a des
ription of the hadronmass spe
trum. The basi
 tenants of the model are a non-trivial va
uumand nearly free quark propagation in spa
es (bags) wherein the perturbativeva
uum has been restored. This restoration 
osts energy sin
e it requiresthe expulsion of the va
uum 
ondensates. The restoration energy per unitvolume is 
alled the bag 
onstant and is denoted as B. The model alsoprovides a very simple and intuitive des
ription of bulk quark matter. Thepressure in the bulk quark phase 
ontaining up (u), down (d) and strange(s) quarks is due to the kineti
 energy density of quarks and a negative bagpressure. At zero temperature this is given byPBag(�u; �d; �s) = ��i=u;d;s kFiZ0 
 d3k(2�)3 (qk2 +m2i � �i) �B ; (3.3)where 
 = 2spins � 3
olor is the degenera
y fa
tor and kFi is the Fermimomentum of ea
h quark �avor. The 
hemi
al potential for ea
h �avor�i = qk2Fi +m2i , where mi is the 
orresponding quark mass. In the limitof massless quarks and a 
ommon 
hemi
al potential for all the quarks, thepressure in the bag model has the following simple formPBag(�) = 34�2�4 �B ; (3.4)where � = �B=3 is the quark 
hemi
al potential. The pressure of bulk quarkmatter 
omputed using the Eq. (3.3) for B1=4 = 150 MeV and B1=4 = 200
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ture and . . . 4111MeV are shown in Fig. 4. The phase with the largest pressure is favored andthe �gure shows that the nu
lear-quark transition density is very sensitiveto the bag 
onstant. For the 
ase when B1=4 = 150 MeV (the upper most
urve), three �avor quark matter is the true ground state of matter andnu
lear matter is a metastable state [16℄. For larger values of B the transitiono

urs at higher densities.
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al potential for several quark matter EoS models.The pressure in the nu
lear mean �eld model is also shown for referen
e.Leading order e�e
ts of perturbative intera
tions between quarks 
analso be in
orporated in the bag model at high density. This has the e�e
tof renormalizing the kineti
 term. The pressure in this 
ase is given byPbag;�s(�) = 34�2 �1 + 2 �s� � �4 �B ; (3.5)where �s = g2=4� and g is the QCD 
oupling. At densities of relevan
eto neutron stars, perturbative expansion in �s is not valid. Nonetheless, itis still interesting to note that the order �2s 
al
ulation of the free energypredi
ts a behavior that is similar to that of bag model [14, 15℄. Re
ently,Fraga, Pisarski and S
ha�ner�Bieli
h re
omputed the equation of state ofmassless quark matter to O(�2s ). They �nd that the perturbative result iswell reprodu
ed by the following bag-model-inspired form for the pressureover a wide range of densities relevant to neutron stars [15℄,Pperturb(O(�2s ); �) = 34�ae��4 �Be� ; (3.6)



4112 S. Reddywhere ae� = 0:628 and B1=4e� = 199 MeV for the spe
i�
 
hoi
e for therenormalization subtra
tion point, � = 2� . The pressure obtained usingEq. (3.6) is also shown in Fig. 4. In the order �2s 
al
ulation, the transitiono

urs at even higher density 
ompared to the 
ase when B1=4 = 200 MeV.To summarize, mu
h like in the 
ase of hyperons and kaons, quark mattersoftens the equation of state. The softening is both due to a larger numberof degrees of freedom in the quark phase and the bag 
onstant whi
h makesa negative 
ontribution to the pressure and a positive 
ontribution to theenergy density. 3.4. Super
ondu
ting quark matterSin
e the early work of Bardeen, Cooper and S
hrie�er it has been wellknown that degenerate Fermi systems are unstable in the presen
e of arbi-trarily weak attra
tive intera
tions at the Fermi surfa
e [17℄. The instabilityis resolved by the formation of a Bose 
ondensate of Cooper pairs. As is wellknown, for the 
ase of 
harged fermions, like ele
trons, this leads to super-
ondu
tivity. In analogy, the presen
e of attra
tive intera
tions betweenquarks will lead to pairing and 
olor super
ondu
tivity. This was realizedseveral de
ades ago in early work by Barrios and Frauts
hi [18℄. Re
entrealization that the typi
al super
ondu
ting gaps in quark matter are largerthan those predi
ted in these early works has generated renewed interest.Model estimates of the gap at densities of relevan
e to neutron stars suggestthat � � 100 MeV when � = 400 MeV [19℄. Ex
ellent a

ounts of thesere
ent �ndings 
an be in Ref. [20℄. In what follows, we provide a brief in-trodu
tion to the subje
t and emphasize aspe
ts that impa
t neutron starphenomenology.It is simple to verify that the One-Gluon-Ex
hange (OGE) potential be-tween quarks is attra
tive in the antisymmetri
 (
olor-triplet) 
hannel, su
has (r1b2 � b1r2)=p2. The potential is given by V Aqq = �2�s=3r. Similarly,the OGE quark�quark potential in the symmetri
 (
olor-sextet) 
hannel isrepulsive, and the potential is V Sqq = �s=3r. The attra
tion in the triplet
hannel 
an result in s-wave pairing between quarks in spin zero and spinone 
hannels. Expli
it 
al
ulations show that the pairing energy, �, is es-pe
ially large for the spin-zero 
ase. This type of pairing 
an only o

urbetween unlike �avors of quarks to ensure that the diquark pair (whi
h is aboson) has a wavefun
tion that is symmetri
.For three massless �avors the 
ondensation pattern that minimizes thefree energy is 
alled the 
olor-�avor-lo
ked s
heme [21℄. Pairing o

urs be-tween states that are on opposite sides of the Fermi surfa
e. For masslessparti
les the spin-zero state involves either only left and only right-handedquarks. The non-zero 
ondensates in this phase are given byh i�a;L j�b;L"iji = �h i�a;R j�b;R"iji = � "��A "abA = � (Æ�a Æ�b � Æ�b Æ�a ) ; (3.7)
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ture and . . . 4113where �; � are 
olor indi
es, a; b are �avor indi
es, and i; j are spinor. TheLevi�Civita symbols in spinor spa
e, in �avor spa
e and in 
olor spa
e en-sures that the pair has spin-zero, and is anti-symmetri
 in �avor and 
olorspa
e respe
tively. The last equality of this equation expli
itly shows thatthe 
ondensation lo
ks 
olor and �avor indi
es.The 
hoi
e of the 
olors and �avors that are lo
ked, is of 
ourse, arbitrary.For one parti
ular 
hoi
e the pairing s
heme is illustrated in Fig. 5 4. In the
u        d         s

u        d         s

u        d         s

Fig. 5. Pairing s
heme in 
olor-�avor-lo
ked quark matter. The di�erent rows(
olumns) 
orrespond to di�erent 
olors (�avors).Color�Flavor-Lo
ked phase (CFL hen
eforth) all nine quarks parti
ipate inpairing. Consequently, the energy required to 
reate a quark ex
itationinvolves the breaking of a Cooper pair and the fermion ex
itation spe
trumis 
hara
terized by an energy gap � 2�. Further, gluons a
quire a mass viathe Higgs me
hanism by 
oupling to the 
olored 
ondensates. The lowestenergy 
olle
tive ex
itations in this phase 
orrespond to Goldstone bosons.The number and spe
trum of these Goldstone modes 
an be understood bynoting that the 
ondensate breaks baryon number and 
hiral symmetries.Baryon number is broken be
ause the CFL state is not an eigenstate of thebaryon number operator. This is 
ompletely analogous to super
ondu
tingstate of ele
trons, where the BCS ground state is not an eigenstate of theele
tron number.The CFL state breaks 
hiral symmetry by a novel me
hanism [21℄. Leftand right-handed 
ondensates are 
oupled be
ause the 
olor ex
hange is ave
tor intera
tion. Flavor rotations on the L 
ondensate must be 
ompen-sated by a rotation of the R 
ondensate [21℄, and therefore 
hiral symmetryis spontaneously broken. The o
tet of �avor Goldstone bosons that resultwill a
quire a mass be
ause quark masses expli
itly break 
hiral symmetry.The quantum numbers of these pseudo-Goldstone modes maps onto the me-son o
tet in va
uum. For this reason they are often 
ommonly referred toas the �pions� and �kaons� (or 
olle
tively as �mesons�) of the high-density4 This pi
ture illustration was suggested by George Berts
h.



4114 S. Reddyphase. Their masses have been 
omputed in earlier work by mat
hing thehigh density 
hiral e�e
tive theory to perturbative QCD. Unlike the va
uum
ase, the square of �meson� masses here is proportional to the produ
t ofquark masses [22℄. This results in an inverted hierar
hy, where the pions areheavier than the kaons. Expli
itly, at high density the masses are given bym2�� = a(mu +md)ms ;m2K� = a(mu +ms)md ;m2K0 = a(md +ms)mu ; (3.8)where a = 3�2=�2�2. In 
ontrast, the baryon number Goldstone bosonremains massless. This singlet mode is responsible for the super�uid natureof this phase [21℄. As will be dis
ussed in detail in subsequent se
tions, thismassless mode also plays a 
ru
ial role in determining the neutrino opa
ityof the CFL phase.Pairing at the Fermi surfa
e also 
ontributes to the pressure, whi
h ondimensional grounds, we 
an expe
t to be � �2�2. For three massless�avors, we 
an supplement the bag model pressure with the 
ontributiondue to super
ondu
tivity. In the CFL phase it is given [23℄PCFL = 34�2 �4 + 3�2 �2�2 �B ; (3.9)whi
h is to be 
ompared with Eq. (3.4).It is a reasonable approximation to negle
t the u and d quark massesat densities of relevan
e to neutron stars where � � 400 MeV. The strangequark mass ms � 200 MeV, on the other hand, 
annot be negle
ted. Thedi�eren
e in Fermi momenta between light quarks and the strange quark is� m2s=2�. Thus, when � �< m2s=2�, pairing involving strange quarks will besuppressed. In the limit of in�nite strange quark mass, i.e., in their absen
e,only light quarks pair. This phase is 
alled 2SC (two-�avor super
ondu
tor)and it is also 
hara
terized by pairs that are antisymmetri
 in �avor [19℄.Antisymmetry in 
olor spa
e ex
ludes one of the three 
olors from parti
i-pating in the 
ondensation. Thus SU(3)
olor is broken down to SU(2)
olor.Quarks of a parti
ular 
olor and three gluons remain massless. Further, un-like the CFL phase, no global symmetries are broken. The absen
e of themassless Goldstone bosons implies the absen
e of the super�uidity. In thissense, the 2SC phase appears quite unremarkable.Early attempts to bridge the �gap� between the 2SC phase and the CFLphase 
an be found in Ref. [24,25℄. They found that the CFL pairing s
hemeis preserved when ms �< p2��. For larger ms a �rst-order transition to the2SC phase o

urs. The response of the CFL phase to a �nite strange quarkmass in these earlier works ignored the role of the �avor Goldstone modes.
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ture and . . . 4115Bedaque and S
hafer showed that the strange quark mass appeared in thee�e
tive theory for Goldstone bosons in the form of a 
hemi
al potential foranti-strangeness [26℄. Sin
e mu < md, K0 is the lightest Goldstone modewith anti-strangeness in the high-density e�e
tive theory (see Eq. (3.8)).Consequently, when the 
hemi
al potential, ��s � m2s=2�, ex
eeds the massof the K0 boson they will 
ondense in the ground state. Using the asymp-toti
 formula for the meson masses given in Eq. (3.8), Bedaque and S
hafershowed that K0 
ondensation o

urs when ms>� (mu�2)1=3. The phase witha K0 
ondensate is distin
t from the CFL phase as it breaks additional sym-metries. However, sin
e the pairing s
heme itself remains unaltered we labelthis phase CFLK0 [27℄. In the presen
e of quark masses and 
hemi
al po-tentials, the CFL phase is symmetri
 under U(1)Y 
U(1) ~Q rotations, whereY is hyper
harge or strangeness and ~Q is the modi�ed ele
tri
-
harge in theCFL phase. In the CFLK0 phase hyper
harge or strangeness symmetry isspontaneously broken, resulting in the appearan
e of a massless Goldstoneboson.Mu
h like the strange-quark mass, the presen
e of an ele
tri
-
harge
hemi
al potential will a
t as sour
e to 
ondense 
harged mesons in the CFLphase if its strength ex
eeds the mass of the lightest 
harged boson. In theCFL phase, K+ and �� are the lowest energy 
harged-parti
le ex
itations.(TheK� ex
itations 
ost more energy due to the presen
e of the anti-strange
hemi
al potential indu
ed by the strange quark mass.) The phase diagramin the presen
e of an ele
tri
 
harge 
hemi
al potential and the strange quarkmass exhibits a ri
h stru
ture. For a detailed dis
ussion of these novel meson
ondensed phases and their roles in the birth and evolution of neutron starssee Ref. [27℄.An interesting feature of BCS-like pairing in simple systems with onlytwo degrees of freedom is the lo
king of the Fermi surfa
es in momentumspa
e. Consider pairing between massless u and d quarks in the presen
e ofan ele
tri
-
harge 
hemi
al potential. The 
harge 
hemi
al potential in theabsen
e of the pairing intera
tion will a
t to 
hange the relative number of uand d quarks. In the presen
e of pairing the state resists this 
hange. Within
reasing ele
tri
-
harge 
hemi
al potential the system exhibits no responseup to a 
riti
al value. When the di�eren
e in 
hemi
al potentials between theparti
les parti
ipating in the pairing ex
eeds 2�, the system responds via a�rst-order transition to the unpaired normal state. This rigidity was initiallythought to ensure equal numbers of u; d and s quarks in the CFL phase,despite the strange quark mass [28℄. A detailed analysis, however, showsthat rigidity in the 
olor-�avor-lo
ked phase takes on a di�erent form [29℄.It enfor
es equality between the 
olor and �avor quark number of those
olors and �avors that are lo
ked by pairing. For the pairing s
heme shown



4116 S. Reddyin Fig. 5 rigidity manifests in the form of the following equations [29℄nr = nu ; ng = nd ; nb = ns : (3.10)The above relations, 
ombined with the additional 
ondition of lo
al 
olorneutrality, ensure equal numbers of u, d and s quarks [29℄. Therefore, despitethe strange quark mass, the CFL and the CFLK0 phases are ele
tri
allyneutral. No ele
trons are present and there are no massless 
harged-parti
leex
itations. Thus, with regard to ele
tromagnetism, the CFL phase is atransparent insulator [30℄.4. Nature of the phase transitionThe novel phases dis
ussed above 
ould o

ur either via a �rst or se
ond-order phase transition. In the latter 
ase, the order parameter for the newphase is in�nitesimal at the 
riti
al density and smoothly grows with in-
reasing density. In these situations the ele
tri
-
harge 
hemi
al potentialis also able to adjust smoothly to maintain 
harge neutrality in the bulkphase. On the other hand, in the 
ase of �rst-order phase transitions theorder parameter 
hara
terizing the new phase has a �nite value at the onsetof the transition. The ele
tri
-
harge 
hemi
al potential required to ensureneutrality 
hanges dis
ontinuously a
ross the transition. In these situationsthe presen
e of two 
onserved 
harges, namely baryon number and ele
-tri
 
harge, allows for the possibility of phase 
o-existen
e, i.e., satis�es theGibbs 
riterion of equal 
hemi
al potentials and pressure.This phase with two 
o-existing phases is often referred to as the mixedphase. Charge neutrality is enfor
ed globally. The two 
o-existing phases,in our 
ase the nu
lear phase and the denser exoti
 phase, have oppo-site ele
tri
-
harges, and 
arry positive and negative 
harge respe
tively.The volume fra
tion o

upied by the exoti
 phase adjusts to ensure overallele
tri
-
harge neutrality. Denoting the volume fra
tion of the denser phaseas �, global 
harge neutrality requires� Qexoti
 + (1� �) Qnu
lear = 0 : (4.1)This was �rst noted by Glendenning [31℄ in the 
ontext of high density phasetransitions. The phase 
o-existen
e o

urs over a �nite interval in pressuredue to the presen
e of the extra degree of freedom, namely ele
tri
-
harge.However, as we dis
uss next, the extent and existen
e of su
h a mixed phasedepends on surfa
e tension between the two phases.To illustrate the physi
s of �rst-order phase transitions and the role ofsurfa
e and Coulomb energies in the mixed phase we 
onsider an expli
itexample. The phase transition from nu
lear matter to CFL quark matter is
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ture and . . . 4117�rst-order. The nu
lear phase has no strangeness and the bulk quark phasehas no ele
trons. The possibility of phase 
o-existen
e between these phaseswas investigated in Ref. [23℄. We highlight some of the main �ndings here.A s
hemati
 phase diagram is shown in Fig. 6. The nu
lear and CFL phasesare favored in the lower-left and upper-right shaded regions, respe
tively.With in
reasing baryon 
hemi
al potential, the ele
tron 
hemi
al potentialin the 
harge-neutral nu
lear phase grows, as shown by the solid 
urve thatends at the point labeled A. Nu
lear matter is positively 
harge in the regionbelow this 
urve and negatively 
harged in the region above. Similarly, theCFL phase is ele
tri
ally neutral when �e = 0, and is negatively (positively)
harged when �e > 0 (�e < 0). When �e ex
eeds the mass of the lightestnegatively 
harged Goldstone mode these modes 
ondense (via a se
ond-order phase transition) to provide an additional 
ontribution to the ele
tri
-
harge density [23℄. A positively 
harged nu
lear phase and a negatively
harged CFL phase 
an 
oexist along the line formed by the interse
tionof the two shaded regions (from A�D). Along this line, whi
h de�nes themixed phase, both phases have equal pressure and 
hemi
al potentials, i.e.,they satisfy the Gibbs 
riteria.
Nuclear
Matter

Quark
Matter

Ap *
p pDµe

D

B

C

A

eff

CFL

µFig. 6. A s
hemati
 phase diagram showing the nu
lear and CFL phases in theplane of quark 
hemi
al potential � and e�e
tive ele
tron 
hemi
al potential �e.Isobars are shown as thin solid lines, and neutrality lines for nu
lear and CFLmatter are thi
k lines. Ea
h phase is negatively 
harged above its neutrality line,and positively 
harged below it. Continuation onto the unfavored sheet is shownby broken lines [23℄.



4118 S. ReddyIn Fig. 7, a more detailed version of Fig. 6, the pressure of the bulknu
lear, bulk CFL and mixed phases are shown as a fun
tion of �, the quark
hemi
al potential. At intermediate values of �, the mixed phase has largerpressure and is therefore favored over both the nu
lear and CFL bulk phases.The ele
tron 
hemi
al potential, �e, required to ensure 
harge neutrality inthe bulk nu
lear phase, grows with � as shown. In the mixed phase neutralityrequires a positively-
harged nu
lear phase and a negatively-
harged CFLphase. This is easily a

omplished by lowering �e from that required tomaintain 
harge neutrality in the nu
lear phase (see Fig. 6). The rate atwhi
h �e de
reases in the mixed phase is shown in the �gure and is obtainedby requiring equal pressures in the both phases at a given �.
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Fig. 7. Behavior of the ele
tron 
hemi
al potential and the pressure of homogeneousneutral nu
lear matter, CFL matter and of the mixed phase, all as a fun
tion ofthe quark 
hemi
al potential �. Only bulk free energy is in
luded; surfa
e andCoulomb energy is negle
ted. The mixed phase o

urs between A and D. Theverti
al line 
onne
ting B and C denotes the � at whi
h the pressures of neutralCFL and nu
lear matter are equal. This is where a sharp interfa
e may o

ur. Thepressure of the mixed phase ex
eeds that of neutral CFL or neutral nu
lear matterbetween A and D [23℄.As noted earlier, in the mixed phase the Coulomb and surfa
e energy
osts must be met. The results shown in Fig. 7 ignore these 
orre
tions.In a simple des
ription of the mixed phase one 
onsiders a sharp boundarybetween the 
oexisting phases. A unit 
ell of the mixed phase is de�ned asthe minimum-size region that is ele
tri
ally neutral. Three di�erent simplegeometries are 
onsidered: spheres, rods and slabs [32℄. In ea
h of these
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ases, the surfa
e and Coulomb energy 
ost per unit volume are given byES = d x �QCDr0 ; (4.2)EC = 2� �emfd(x) (�Q)2 r20 ; (4.3)where d is the dimensionality of the stru
ture (d = 1; 2; and 3 for slab,rod and droplet 
on�gurations, respe
tively), � is the surfa
e tension, and�Q = Qnu
lear �QCFL+kaons is the 
harge-density 
ontrast between the twophases. The other fa
tors appearing in Eqs. (4.2), (4.3) are: x, the fra
tionof the denser phase; r0, the radius of the rarer phase (radius of drops or rodsand half-thi
kness of slabs); and fd(x), the geometri
al fa
tor that arises inthe 
al
ulation of the Coulomb energy whi
h 
an be written as [32℄fd(x) = 1d+ 2  2� d x1�2=dd� 2 + x! : (4.4)The �rst step in the 
al
ulation is to evaluate r0 by minimizing the sum ofEC and ES. The result isr0 = � d x �QCD4� �emfd(x) (�Q)2 �1=3 : (4.5)We then use this value of r0 in Eqs. (4.2), (4.3) to evaluate the surfa
e andCoulomb energy 
ost per unit volumeES +EC = 32 �4� �em d2 fd(x) x2�1=3 (�Q)2=3 �2=3QCD ; (4.6)where x equals � when � 6 0:5 and (1 � �) when 0:5 6 � 6 1. Thedependen
e �(�) is 
omputed using Eq. (4.1).We must now 
ompare this 
ost to the bulk free energy bene�t of themixed phase. The lowest 
urve in Fig. 8 shows �
, the di�eren
e betweenthe free energy density of the mixed phase (
al
ulated without the surfa
eand Coulomb energy 
ost) and the homogeneous ele
tri
ally neutral nu
learand CFL phases separated by a single sharp interfa
e, whi
hever of the twois lower. The mixed phase has lower bulk free energy, so �
, plotted inFig. 8, is negative. The remaining 
urves in Fig. 8 show the sum of thebulk free energy di�eren
e �
 and (ES + EC), the surfa
e and Coulombenergy 
ost of the mixed phase 
al
ulated using Eq. (4.6) for droplets, rodsand slabs. We employ three di�erent values of �QCD sin
e the QCD surfa
etension is, as yet, not very well known. Careful inspe
tion of the �gurereveals that for any value of �QCD, the mixed phase is des
ribed as a fun
tion
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Fig. 8. The free energy di�eren
e between the mixed phase and the homogeneousneutral nu
lear and CFL phases. In the lowest 
urve, the surfa
e and Coulombenergy 
osts of the mixed phase are negle
ted, and the mixed phase thereforehas the lower free energy. Other 
urves in
lude surfa
e and Coulomb energy fordi�erent values of �QCD and di�erent mixed phase geometry. As �QCD in
reases,the surfa
e and Coulomb pri
e paid by the mixed phase in
reases.of in
reasing density by a progression from drops to rods to slabs of CFLmatter within nu
lear matter followed by slabs to rods to drops of nu
learmatter within CFL matter. This is the same progression of geometries seenin the inner 
rust of a neutron star [32℄ or in the mixed phase at a �rst-orderphase transition between nu
lear matter and unpaired quark matter [33℄ orhadroni
 kaon 
ondensate [34℄. We have also 
he
ked that for �QCD = 10and 40 MeV/fm2, with the mixed phase geometry at any � taken to bethat favored, the sizes of regions of both phases (r0 and its suitably de�ned
ounterpart) are always �< 6 fm. In general, uniform regions of 
harge 
anonly exist on length s
ales small 
ompared to the Debye s
reening length.The Debye s
reening length in the quark and hadroni
 phase are typi
allyof the size 5 to 10 fm [33℄. When the size of the 
harged regions be
omes
omparable to the Debye s
reening length, it be
omes important to a

ountfor spatial variations of the 
harge density. This will in�uen
e the surfa
eand Coulomb energy estimates presented in Eq. (4.6). A detailed dis
ussionof the importan
e of these �nite-size e�e
ts is presented in Ref. [35℄.For any given �QCD, the mixed phase has lower free energy than ho-mogeneous neutral CFL or nu
lear matter wherever one of the 
urves inFig. 8 for that �QCD is negative. We see that some of the mixed phase will
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ture and . . . 4121survive if �QCD � 10 MeV=fm2 while for �QCD & 40 MeV=fm2 the mixedphase is not favored for any �. This means that if the QCD-s
ale surfa
etension �QCD & 40 MeV=fm2, a single sharp interfa
e will be favored. Theinterfa
e is 
hara
terized by a bipolar 
harge distribution, resulting in an in-tense ele
tri
 �eld whi
h ensures that the ele
tri
-
harge 
hemi
al potentialis 
ontinuous a
ross it (see Ref. [23℄ for details).5. Mass and radius of neutron starsThe equations that enfor
e the 
ondition of hydrostati
 equilibrium in
ompa
t stars, where general relativisti
 e�e
ts are important, are 
alled theTolman�Oppenheimer�Volkov (TOV) equations [36℄. They are given bydPdr = �G M(r) "(P )r2 
2 �1 + P" � �1 + 4�r3PM(r)
2��(1� 2GM(r)r
2 ��1dM(r)dr = 4�2 "(P ) ; (5.1)where P = P (r) and the equation of state spe
i�es "(P ), i.e., the energydensity as a fun
tion of the pressure, and M(r) is the total energy en
losedwithin radius r. For a given 
entral pressure, P (r = 0), the above equations
an be easily integrated out to the surfa
e of the star, where P = 0, toobtain the mass and radius of the obje
t.A family of stars all des
ribed by the same EoS 
an be obtained byparametri
ally varying the 
entral pressure and repeating the pro
edure de-s
ribed above. Fig. 9 shows the mass�radius 
urve obtained in this way fortwo di�erent nu
lear equation of states. The 
urve labeled �Mean-Field� 
or-responds to the model des
ribed in Se
tion 2 and the 
urve labeled APR is ami
ros
opi
 many-body 
al
ulation, by Akmal, Pandharipande and Raven-hall, of the EoS using realisti
 nu
leon�nu
leon potentials [37℄. The dashedlines labeled R = Rs and R = 1:52Rs (where Rs = 2GM=
2 is S
hwarz
hildradius) are model-independent 
onstraints that require all stable stars to beto their right. To the left of the line de�ned by R = Rs the obje
ts mustbe bla
k holes sin
e the event horizon is outside the obje
t, to the left ofthe line de�ned by R = 1:52Rs the star requires a very sti� EoS for whi
hthe speed of sound, 
s =pdP=d", ex
eeds the speed of light [38℄. The laststable orbit around a neutron star is lo
ated at a radius R = 3Rs. In somea

reting neutron star systems 
alled QPO's (Quasi-Periodi
 Os
illators)there is observational eviden
e of the existen
e of su
h orbits. This impliesthat they exist outside the physi
al radius of the star. This 
onstrains starsto lie to the left of the line de�ned by R = 3Rs. Finally, the a

urate mea-surement of the neutron star mass in the Hulse�Taylor binary system (PSR1913+16) introdu
es a further 
onstraint whi
h requires that the maximum



4122 S. Reddymass of the stars 
onstru
ted using any model EoS be at least as large as1:44 M� [39℄.
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Roo=10 Fig. 9. Mass�radius relation for nu
lear stars, where Mo is the mass of our sun.The radius of the neutron star as inferred from a point far away (
om-pared to Rs) is R1 = R=p1�Rs=R where R is the radius of the star, asinferred from the TOV equation. An a

urate determination of R1 wouldgreatly 
onstrain the allowed region in the mass radius diagram. For exam-ple, a pre
ise measurement of an R1 of 10 km 
onstrains all stars to lie onthe 
urve labeled R1 = 10 km in Fig. 9. The dis
overy of a nearby isolatedneutron star whi
h appears to emit nearly bla
k-body radiation promises toprovide valuable information about R1 [40℄. Assuming that the obje
t isemitting bla
k-body radiation, a measurement of the photon energy �ux Fand the distan
e to the obje
t d uniquely determine R1 asR1 = d s F�SBT 41 ; (5.2)where �SB is the Stefan�Boltzmann 
onstant and T1 is the temperature ofthe bla
k-body spe
trum inferred at in�nity. In the 
ase of RXJ 185635-3754,the X-ray spe
trum is �t to good approximation by a bla
k-body spe
trum.The distan
e to this obje
t d ' 117 p
 [42, 43℄. However, the opti
al andX-ray data 
annot be re
on
iled with a single temperature bla
k-body spe
-trum [41℄. Consequently a stringent 
onstraint of the form des
ribed by theR1 = 10 km 
urve is not yet possible [41, 43℄.Phase transitions at high density generi
ally result in an in
rease in theenergy density of matter at a given pressure. We will loosely refer to this assoftening. An EoS whose energy density (as a fun
tion of pressure) is on-average large 
ompared to the nu
lear EoS 
an be 
onsidered to be soft. A
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ture and . . . 4123larger energy density in
reases the gravitation attra
tion inside the 
ompa
tobje
t. Consequently, it will require higher 
entral pressures to a
hievehydrostati
 equilibrium for a given mass of the 
ompa
t obje
t. However,with in
reasing pressure, the energy density in
reases rapidly in a soft EoS.The 
ompetition between matter pressure and gravity is heavily sta
ked infavor of gravity in a star with a soft EoS. This results in lower maximummasses and smaller radii.This trend is shown in Fig. 10. The mass�radius relationship for a hy-brid 
ompa
t obje
t 
ontaining nu
lear matter at low density and pure quarkmatter at high density is shown (bla
k 
urve labeled NQ). Other exoti
 pos-sibilities like hyperons (NH), kaon 
ondensation (NK) and phase transitionsin whi
h a mixed nu
lear-quark phase is favored (NQM) have a similar ef-fe
t on the mass�radius 
urve. Kaon 
ondensation results in stars that arerelatively 
ompa
t while the hyperoni
 and the nu
lear-quark mixed phasestars favor modestly larger maximum masses and radii. The rough estimateof the region of the M�R diagram whi
h 
an be populated by exoti
 starsgiven the un
ertainties in these models is also indi
ated by the dashed box.Mass and radius are integral quantities and are sensitive to the EoS over awide range of densities. Therefore, in prin
iple one requires a large numberof di�erent and simultaneous mass�radius measurements to dire
tly infer theEoS. However, our knowledge of the nu
lear properties at nu
lear saturationdensity and nu
lei provide valuable additional information. This is en
oded
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Fig. 10. Mass�radius relation for several exoti
 stars. The symbols NK, NH andNQM refer to lo
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t the maximum masses of su
h stars to lie.They represent generi
 trends rather than pre
ise lo
ations. The mean-�eld EoS isemployed to represent the nu
lear part of the star.



4124 S. Reddyin most realisti
 equations of state and lead to the generi
 trends des
ribedabove. The a

urate measurement of both the mass and radius of star willprovide a very stringent 
onstraint on the high density EoS. For example,the dis
overy of a 
ompa
t obje
t with a R �< 8 km would provide strongsupport for the existen
e of novel phases inside neutron stars. On the otherhand, the a

urate measurement of neutron star mass M>� 1:8 M� wouldsupport the absen
e of phase transitions. While neither of these hypotheti
almeasurements will provide 
on
lusive eviden
e, they will provide valuableguidan
e to the theoreti
al models of high-density matter.6. Supernova neutrinosNeutrinos play an important role in stellar evolution. By virtue of theirweak intera
tions with matter, neutrinos provide a me
hanism for energyloss from dense stellar interiors. In neutron stars neutrinos are responsiblefor most of the energy radiated from their birth in a supernova explosionthrough several thousand years of subsequent evolution. In this se
tion wepresent an overview of some of the nu
lear/parti
le physi
s issues that playa role in understanding the rate of propagation and produ
tion of neutrinosinside neutron stars. The 
al
ulation of these rates is of 
urrent interest sin
eseveral resear
h groups are embarking on large-s
ale numeri
al simulationsof supernova and neutron star evolution [44�46℄. Even moderate 
hangesin the nu
lear mi
rophysi
s asso
iated with the weak intera
tion rates athigh density 
an impa
t ma
ros
opi
 features that are observable. An un-derstanding of the response of the strongly intera
ting nu
lear medium toneutrinos and its impa
t on neutron star evolution promises to provide ameans of probing the properties of the dense medium itself [47�49℄.In this se
tion we dis
uss neutrino intera
tions in dense matter 
ontain-ing nu
leons and leptons and neutrino intera
tions in exoti
 new phases thatare likely to o

ur in the dense inner 
ore of the neutron star. We empha-size the generi
 aspe
ts of the mi
rophysi
s that a�e
t the weak intera
tionrates and present supporting qualitative arguments (for a detailed a

ountsee Ref. [50℄). 6.1. Neutrino intera
tions in nu
leoni
 matterIt was realized over a de
ade ago that the e�e
ts due to degenera
yand strong intera
tions signi�
antly alter the neutrino mean free paths andneutrino emissivities in dense matter [51�54℄. However, it is only re
entlythat detailed 
al
ulations have be
ome available [55�65℄. The s
attering andabsorption rea
tions that 
ontribute to the neutrino opa
ity are�e +B ! e� +B0 ; ��e +B ! e+ +B0 ;�X +B ! �X +B0 ; �X + e� ! �X + e� ; (6.1)
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ture and . . . 4125where the s
attering rea
tions are 
ommon to all neutrino spe
ies and thedominant sour
e of opa
ity for the ele
tron neutrinos is due to the 
harged-
urrent rea
tion. The important neutrino produ
ing rea
tions in the neutronstar 
ontext aree � + p! n+ �e ; n! e� + p+ ��e ;n +n! n+ p+ e� + ��e ; n+ n! n+ n+ �X + ��X : (6.2)The weak intera
tion rates for the rea
tions in Eq. (6.1) and Eq. (6.2)are modi�ed in hot and dense matter be
ause of many in-medium e�e
ts.The most important of these are:(1) Composition: The rate for neutrino pro
esses depends sensitively on the
omposition of the medium, whi
h is itself sensitive to the nature of strongintera
tions. First, the di�erent degenera
ies of the di�erent fermions deter-mine the parti
le�hole response due to Pauli blo
king. For example, a largersymmetry energy favors higher proton fra
tions. This dire
tly impa
ts theweak rates be
ause neutrinos 
ouple di�erently to di�erent baryoni
 spe
iesand be
ause the Pauli and momentum-
onservation restri
tions on rates in-volving neutrons and protons are relaxed. Consequently, the net rates willdepend on the individual 
on
entrations.(2) In-medium dispersion relations: At high density the single-parti
le dis-persion relations are signi�
antly modi�ed from their non-intera
ting formsdue to e�e
ts of strong intera
tions. Intera
ting matter features smaller ef-fe
tive baryon masses and energy shifts relative to non-intera
ting matter.This in turn a�e
ts the weak intera
tion rates primarily be
ause it modi�esthe density of parti
le�hole states at the Fermi surfa
e.(3) Correlations: Low-energy neutrinos 
ouple mainly to the long wave-length density and spin-density �u
tuations of the strongly intera
ting nu-
lear plasma. Repulsive parti
le�hole intera
tions and Coulomb intera
tionsgenerally result in a suppression of the weak intera
tion rates sin
e they in-
rease the energy 
ost asso
iated with of su
h �u
tuations. On the otherhand, intera
tions 
an also result in low-lying 
olle
tive ex
itations to whi
hneutrinos 
an 
ouple. This a
ts to in
rease the weak intera
tion rates at lowenergy. Both of these e�e
ts may be 
al
ulated using the Random Phase Ap-proximation (RPA), in whi
h parti
le�hole ring diagrams are summed to allorders. Model 
al
ulations [51,53�55,58,60,62�64℄ indi
ate that at high den-sity the neutrino 
ross se
tions are suppressed relative to the 
ase in whi
hthese e�e
ts are ignored. In addition, these 
orrelations enhan
e the averageenergy transfer in neutrino-nu
leon 
ollisions. Improvements in determiningmany-body dynami
 form fa
tors and assessing the role of parti
le�parti
leintera
tions in dense matter at �nite temperature are ne
essary before thefull e�e
ts of many-body 
orrelations may be as
ertained.
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e of the various e�e
ts des
ribed above on neu-trino transport is only beginning to be studied systemati
ally. As a �rststep, we will fo
us on e�e
ts due to modi�
ations (1) through (3) above.To see how this is a

omplished we start with a general expression for thedi�erential 
ross se
tion [55, 62℄ for the pro
esses shown in Eq. (6.1)1V d3�d2
3dE3 = � G2F128�2 E3E1 �1� exp��q0 � (�2 � �4)kBT ���1�(1� f3(E3)) Im (L���R��) ; (6.3)where the in
oming neutrino energy is E1, the outgoing lepton energy is E3and the energy transfer q0 = E3 � E1. The fa
tor [1 � exp((�q0 � �2 +�4)=kBT )℄�1 maintains detailed balan
e for parti
le whi
h are in thermalequilibrium at temperature T and in 
hemi
al equilibrium with 
hemi
alpotentials �2 and �4, respe
tively. The �nal state blo
king of the outgoinglepton is a

ounted for by the Pauli blo
king fa
tor (1 � f3(E3)), where f3is the Fermi distribution fun
tion. The lepton tensor L�� is given byL�� = 8[2k�k� + (k � q)g�� � (k�q� + q�k�)� i"����k�q� ℄ ; (6.4)where k� is the in
oming neutrino four-momentum and q� is the four-momentum transfer. In writing the lepton tensor, we have negle
ted theele
tron mass terms, sin
e typi
al ele
tron energies are of the order of a fewhundred MeV.The target�parti
le retarded polarization tensor isIm�R�� = tanh�q0 + (�2 � �4)2T �Im ��� ; (6.5)where ��� is the time-ordered (or 
ausal) polarization and is given by���(q) = �iZ d4p(2�)4Tr [T (S2(p)��S4(p+ q)��)℄ : (6.6)The Greens' fun
tions Si(p) (the index i labels parti
le spe
ies) des
ribe thepropagation of baryons at �nite density and temperature [55℄. The 
urrentoperator �� is 
� for the ve
tor 
urrent and 
�
5 for the axial 
urrent. E�e
tsof strong and ele
tromagneti
 
orrelations may be in
luded by 
al
ulatingthe RPA polarization tensor�RPA = � +�RPAD� ; (6.7)where D denotes the strong intera
tion matrix (see Ref. [62℄ for more de-tails).
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ture and . . . 4127Neutrino mean free path, whi
h is inversely related to the 
ross se
tionper unit volume, 
al
ulated in relativisti
 RPA is shown in Fig. 11. Themodel employed in
orporates intera
tions via �, !, and � ex
hange as inWale
ka model [55,62℄. It is supplemented by pion ex
hange and a repulsive
onta
t term, whose strength is parameterized by a 
onstant g0 ' 0:6 toa

ount for short-range spin�isospin 
orrelations. The results indi
ate thatRPA 
orre
tions are most signi�
ant in the spin�isospin 
hannel and thatlow-temperature 
orrelation 
an suppress the 
ross se
tion by a fa
tor of twoor more. This is be
ause, in the Fermi-gas limit, the axial-ve
tor response

Fig. 11. Neutrino mean free paths in dense stellar matter 
ontaining neutron, pro-tons and ele
trons 
al
ulated in the relativisti
 RPA (�RPA) and normalized tothose 
omputed in the mean �eld or Hartree approximation (�H) [62℄.
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ontribution that is roughly three times larger than theve
tor response [53℄. Quantitative aspe
ts of the suppression depend onthe details of the model employed. Nonetheless, we note that most modelstudies thus far indi
ate similar suppression fa
tors.6.2. Neutrino intera
tions in novel phasesIn this se
tion we explore how phase transitions impa
t the weak in-tera
tion rates. As dis
ussed in earlier se
tions, novel phases of baryoni
matter are expe
ted to o

ur at densities a

essible in neutron stars. Thesenew phases in
lude pion 
ondensation, kaon 
ondensation, hyperons andquark matter. An understanding of how these phases might in�uen
e neu-trino propagation and emission is ne
essary if we are to inquire if thesephase transitions even o

ur inside neutron stars. To illustrate how theyneutrino rates we 
onsider three spe
i�
 examples of phase transitions: (1)generi
 �rst-order transitions; (2) super
ondu
ting quark matter and (3)
olor-�avor-lo
ked super
ondu
ting quark matter.6.2.1. Inhomogeneous phases: e�e
ts of �rst-order transitionsFirst-order phase transitions in neutron stars 
an result in the forma-tion of heterogeneous phases in whi
h a positively-
harged nu
lear phase
oexists with a negatively-
harged new phase whi
h is favored at higherdensities [31℄. This is a generi
 feature of �rst-order transitions in matterwith two 
onserved 
harges. In the neutron star 
ontext these 
orrespond tobaryon number and ele
tri
-
harge. Reddy, Berts
h and Prakash [66℄ havestudied the e�e
ts of inhomogeneous phases on �-matter intera
tions. Basedon simple estimates of the surfa
e tension between nu
lear matter and theexoti
 phase, typi
al droplet sizes range from 5�15 fm [67℄, and interdropletspa
ings are several times larger. The propagation of neutrinos whose wave-length is greater than the typi
al droplet size and less than the interdropletspa
ing, i.e., 2 MeV � E� � 40 MeV, will be greatly a�e
ted by the het-erogeneity of the mixed phase, as a 
onsequen
e of the 
oherent s
atteringof neutrinos from the droplet.The Lagrangian that des
ribes the neutral-
urrent 
oupling of neutrinosto the droplet is LW = GF2p2 ��
�(1� 
5)� J�D ; (6.8)where J�D is the neutral weak 
urrent 
arried by the droplet and GF =1:166�10�5 GeV�2 is the Fermi weak 
oupling 
onstant. For non-relativisti
droplets, J�D has only a time-like 
omponent, �W(x), where �W is the ex
essweak 
harge density in the droplet. The total weak 
harge en
losed in a
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ture and . . . 4129droplet of radius rd is NW = R rd0 d3x �W(x) and the asso
iated form fa
toris F (q) = (1=NW) rdZ0 d3x �W(x) sin qx=qx : (6.9)The di�erential 
ross se
tion for neutrinos s
attering from an isolated dropletis then d�d 
os � = E2�16�G2FN2W(1 + 
os �)F 2(q) : (6.10)In the above equation, E� is the neutrino energy and � is the s
attering angle.Sin
e the droplets are massive, we 
onsider only elasti
 s
attering for whi
hthe magnitude of the three-momentum transfer is q = p2E�(1� 
os �).We must embed the droplets in the medium to evaluate the neutrinotransport parameters. The droplet radius rd and the inter-droplet spa
-ing are determined by the interplay of surfa
e and Coulomb energies. Inthe Wigner�Seitz approximation, the unit-
ell radius is RW = (3=4�ND)1=3where the droplet density is ND. Multiple droplet s
attering 
annot be ne-gle
ted for E� �< 1=RW. The e�e
ts of other droplets is to 
an
el s
atteringin the forward dire
tion, be
ause the interferen
e is destru
tive ex
ept at ex-a
tly zero degrees, where it only produ
es a 
hange in the index of refra
tionof the medium.These e�e
ts are usually in
orporated by multiplying the di�erential
ross se
tion Eq. (6.10) by the stati
 form fa
tor of the medium. Thestati
 form fa
tor, de�ned in terms of the radial distribution fun
tion ofthe droplets, g(r), isS(q) = 1 +ND Z d3r exp i~q � ~r [g(r)� 1℄ : (6.11)The droplet 
orrelations, whi
h determine g(r), arise due to the Coulombfor
e and are measured in terms of the dimensionless Coulomb number � =Z2e2=(8�RWkT ). Due to the long-range 
hara
ter of the Coulomb for
e,the role of s
reening, and the �nite droplet size, g(r) 
annot be 
omputedanalyti
ally. We use a simple form for the radial distribution fun
tion g(r) =�(r�RW). This 
hoi
e for g(r) is equivalent to subtra
ting, from the weak
harge density �W, a uniform density whi
h has the same total weak 
hargeNW as the matter in the Wigner�Seitz 
ell. Thus, e�e
ts due to S(q) maybe in
orporated by repla
ing the form fa
tor F (q) by~F (q) = F (q)� 3 sin qRW � (qRW) 
os qRW(qRW)3 : (6.12)



4130 S. ReddyThe neutrino�droplet di�erential 
ross se
tion per unit volume then follows:1V d�d 
os � = ND E2�16�G2FN2W(1 + 
os �) ~F 2(q) : (6.13)Note that even for small droplet density ND, the fa
tor N2W a
ts to enhan
ethe droplet s
attering sin
e, as we shall see below NW � 800.To quantify the importan
e of droplets as a sour
e of opa
ity, we 
omparewith the standard s
enario in whi
h matter is uniform and 
omposed ofneutrons. The dominant sour
e of opa
ity is then due to s
attering fromthermal �u
tuations and, in the non-relativisti
 limit Eq. (6.3) redu
es to1V d�d 
os � = 3G2F E2�16� �
2V (1 + 
os �) + (3� 
os �)
2A�nn �kBTEFn � ; (6.14)where 
V and 
A are respe
tively the ve
tor and axial 
oupling 
onstantsof the neutron, nn is the neutron number density, EFn = k2Fn=2Mn is theneutron Fermi energy and T is the matter temperature [53℄. The transport
ross se
tions that are employed in studying the di�usive transport of neu-trinos in the 
ore of a neutron star are di�erential 
ross se
tions weightedby the angular fa
tor (1� 
os �). The transport mean free path, �(E�), fora given neutrino energy E� is given by1�(E�) = �T (E�)V = Z d 
os � (1� 
os �) � 1V d�d 
os �� : (6.15)Models of �rst-order phase transitions in dense matter provide the weak
harge and form fa
tors of the droplets and permit the evaluation of�-droplet s
attering 
ontributions to the opa
ity of the mixed phase. We
onsider two models, namely the �rst-order kaon 
ondensate and the quark�hadron phase transition. The neutrino mean free paths in the mixed phaseare shown in the left and right panels of Fig. 12, respe
tively. The results areshown for the indi
ated values of the baryon density nB and temperatureT , where the model predi
ts a mixed phase exists. The kaon droplets are
hara
terized by radii rd � 7 fm and inter-droplet spa
ings RW � 20 fm,and en
lose a net weak 
harge NW � 700. The quark droplets are 
hara
-terized by rd � 5 fm, and RW � 11 fm, and an en
losed ex
ess weak 
hargeNW � 850. For 
omparison, the neutrino mean free path in uniform neutronmatter at the same nB and T are also shown. The typi
al neutrino energyfor neutrino in thermal equilibrium is given by E� � �T (the fa
tor � hereis just a 
onvenient approximation). For these energies, it is apparent thatthere is a large 
oherent s
attering-indu
ed redu
tion in the mean free path.At mu
h lower energies, the interdroplet 
orrelations tend to s
reen the weak
harge of the droplet, and at higher energies the 
oheren
e is attenuated bythe droplet form fa
tor.
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Fig. 12. Neutrino mean free paths as a fun
tion of neutrino energy. Solid lines arefor matter in a mixed phase 
ontaining kaons (left panel) and quarks (right panel),and dashed 
urves are for uniform matter.The large redu
tion in neutrino mean free path found here implies that amixed phase will 
ool signi�
antly slower than homogeneous matter. Conse-quently, the observable neutrino luminosity at late times might be a�e
ted,as it is driven by the transport of energy from the deep interior.6.2.2. E�e
ts of quark super
ondu
tivityAs dis
ussed previously, re
ent theoreti
al works [18, 19℄ suggest thatquarks form Cooper pairs in medium, a natural 
onsequen
e of attra
tive in-tera
tions destabilizing the Fermi surfa
e. Model 
al
ulations, mostly basedon four-quark e�e
tive intera
tions (Nambu�Jona-Lasinio-like models), pre-di
t the restoration of spontaneously broken 
hiral symmetry through theonset of 
olor super
ondu
tivity at relatively low temperatures. They pre-di
t an energy gap of � � 100 MeV for a typi
al quark 
hemi
al potential of� � 400 MeV. As in BCS theory, the gap will weaken for T > 0, and at some
riti
al temperature T
 there is a (se
ond-order) transition to a normal orunpaired quark�gluon plasma. During 
ooling from an initial temperaturein ex
ess of T
, the formation of a gap in the fermion ex
itation spe
trumin quark matter will in�uen
e various transport properties of the system.Carter and I have studied its in�uen
e on the transport of neutrinos [68℄.The di�erential neutrino s
attering 
ross se
tion per unit volume in anin�nite and homogeneous system of relativisti
 fermions as 
al
ulated inlinear response theory is given by Eq. (6.3). The medium is 
hara
terizedby the quark polarization tensor ���. In the 
ase of free quarks, ea
h �avor
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ontributes a term of the form���(q) = �iTr
 Z d4p(2�)4Tr [S0(p)��S0(p+ q)��℄ ; (6.16)where S0(p) is the free quark propagator. At �nite 
hemi
al potential andtemperature the quark propagator is given byS0(p)bgaf = iÆbaÆgf  �+(p)p20 �E2p + ��(p)p20 � �E2p! (p�
� � �
0) : (6.17)This is written in terms of the parti
le and anti-parti
le proje
tion operators�+(p) and ��(p) respe
tively, where ��(p) = (1�
0~
 � p̂)=2. The ex
itationenergies are simply Ep = j~pj � � for massless quarks and �Ep = j~pj + � formassless anti-quarks. The outer tra
e in Eq. (6.16) is over 
olor and simpli-�es to 3. The inner tra
e is over spin, and the �� are the neutrino-quarkvertex fun
tions. Spe
i�
ally, the ve
tor polarization is 
omputed by 
hoos-ing (��; ��) = (
�; 
�). The axial and mixed ve
tor�axial polarizations aresimilarly obtained from (��; ��) = (
�
5; 
�
5) and (��; ��) = (
�; 
�
5),respe
tively.The free quark propagators in Eq. (6.16) are modi�ed in a super
ondu
t-ing medium. In 
al
ulating these e�e
ts, we will 
onsider the simpli�ed 
aseof QCD with two quark �avors whi
h obey SU(2)L 
 SU(2)R �avor symme-try, given that the light u and d quarks dominate low-energy phenomena.Furthermore we will assume that, through some unspe
i�ed e�e
tive inter-a
tions, quarks pair in a manner analogous to the BCS me
hanism [17℄. Therelevant 
onsequen
es of this are the restoration of 
hiral symmetry (hen
eall quarks are approximately massless) and the existen
e of an energy gapat zero temperature, �0. As dis
ussed earlier in se
tion 3.4, this super-
ondu
ting phase is 
alled the 2SC phase. The approximate temperaturedependen
e of the gap is taken from BCS theory�(T ) = �0s1�� TT
�2 ; (6.18)where the 
riti
al temperature T
 ' 0:57�0; this relation has been shownto hold for perturbative QCD and is thus a reasonable assumption for non-perturbative physi
s. Sin
e the s
alar diquark (in the �3 
olor representation)is the most attra
tive 
hannel, we 
onsider the anomalous propagator [69℄F (p)abfg = hqTfa(p)C
5qgb(�p)i= �i"ab3"fg� �+(p)p20 � �2p + ��(p)p20 � ��2p! 
5 C : (6.19)
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ture and . . . 4133Here, a; b are 
olor indi
es, f; g are �avor indi
es, "ab
 is the usual anti-symmetri
 tensor and we have 
onventionally 
hosen 3 to be the 
ondensate
olor. The quasi-parti
le energy is �p =p(j~pj � �)2 +�2, and for the anti-parti
le ��p = p(j~pj+ �)2 +�2. This propagator is also antisymmetri
 in�avor and spin, with C = �i
0
2 being the 
harge 
onjugation operator.The 
olor bias of the 
ondensate for
es a splitting of the normal quarkpropagator into 
olors transverse and parallel to the diquark. Quarks of
olor 3, parallel to the 
ondensate in 
olor spa
e, will be una�e
ted andpropagate freely. Their response is 
hara
terized by the polarization tensorgiven in Eq. (6.16), but without the tra
e over 
olor spa
e sin
e it involvesonly quarks of one 
olor. On the other hand, transverse quark 
olors 1 and2 parti
ipate in the diquark and thus their quasi-parti
le propagators aregiven asS(p)bgaf = iÆbaÆgf  �+(p)p2o � �2p + ��(p)p2o � ��2p! (p�
� � �
0) : (6.20)The appearan
e of an anomalous propagator in the super
ondu
tingphase indi
ates that the polarization tensor gets 
ontributions from boththe normal quasi-parti
le propagators Eq. (6.20) and anomalous propagatorEq. (6.19). Thus, to order G2F, Eq. (6.16) is repla
ed with the two 
ontri-butions 
orresponding to the normal and anomalous diagrams and is givenby ���(q) = �iZ d4p(2�)4 fTr [S0(p)��S0(p+ q)�� ℄+ 2Tr [S(p)��S(p+ q)��℄+ 2Tr [F (p)�� �F (p+ q)�� ℄	 : (6.21)The S(p)-F (p) mixed terms vanish and the remaining tra
e is over spin, asthe 
olor tra
e has been performed giving the fa
tors of 2.For neutrino s
attering we must 
onsider ve
tor, axial, and mixed ve
tor�axial 
hannels, all summed over �avors. The full polarization, to be used inevaluating Eq. (6.3), may be written��� =Xf h(
fV )2�V�� + (
fA)2�A�� � 2
fV 
fA�V A�� i : (6.22)The 
oupling 
onstants for up quarks are 
uV = 12� 43 sin2 �W and 
uA = 12 , andfor down quarks, 
dV = �12 + 23 sin2 �W and 
dA = �12 , where sin2 �W = 0:23is the Weinberg angle.



4134 S. ReddyThe di�erential 
ross se
tion, Eq. (6.3), and the total 
ross se
tion areobtained by integrating over all neutrino energy transfers and/or angles.Results for the neutrino mean free path, � = V=�, are shown in Fig. 13 asa fun
tion of in
oming neutrino energy E� (for ambient 
onditions of � =400 MeV and T = 30 MeV). They show the same energy dependen
e foundpreviously for free relativisti
 and degenerate fermion matter [61℄; � / 1=E2�for E� � T and � / 1=E� for E� � T . The results indi
ate that this energydependen
e is not modi�ed by the presen
e of a gap when � � T . Thus,the primary e�e
t of the super
ondu
ting phase is a mu
h larger mean freepath. This is 
onsistent with the suppression found in the ve
tor-longitudinalresponse fun
tion, �V00, whi
h dominates the polarization sum Eq. (6.22), atq0 < q.

Fig. 13. Left panel: Neutrino mean free path as a fun
tion of neutrino energy E� .Right panel: Neutrino mean free paths for E� = �T as a fun
tion of �(T )=T .These results are virtually independent of temperature for T �< 50 MeV. �� and �denote the mean free paths in the super
ondu
ting and normal phases, respe
tively.6.2.3. Neutrino intera
tions with 
olle
tive ex
itations (Goldstone modes)The dis
ussion in the pre
eding se
tion assumed that there were no lowenergy 
olle
tive ex
itations to whi
h the neutrinos 
ould 
ouple. As dis-
ussed in Se
. 3.4, this is true in the two-�avor super
ondu
ting (2SC) phaseof quark matter. For three �avors and when the strange quark mass is neg-ligible 
ompared to the 
hemi
al potential, the ground state is 
hara
terizedby pairing that involves all nine quarks in a pattern that lo
ks �avor and
olor [21℄. Naively we 
an expe
t signi�
ant di�eren
es in the weak inter-a
tion rates between the normal and the CFL phases of quark matter sin
e
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ture and . . . 4135the latter is 
hara
terized by a large gap in the quark ex
itation spe
trum.However, as detailed in Se
. 3.4, diquark 
ondensation in the CFL phasebreaks both baryon number and 
hiral symmetries. The Goldstone bosonsthat arise as a 
onsequen
e introdu
e low-lying 
olle
tive ex
itations to theotherwise rigid state. Thus, unlike in the normal phase where quark ex
ita-tions near the Fermi surfa
e provide the dominant 
ontribution to the weakintera
tion rates, in the CFL phase it is the dynami
s of the low-energy
olle
tive states� the Goldstone bosons �that are relevant. Neutrino inter-a
tions with Goldstone modes have been re
ently investigated by Jaikumaret al. [70℄ and Reddy et al. [71℄.There are several arti
les that des
ribe in detail the e�e
tive theory forGoldstone modes in CFL quark matter [22℄. We will not review them hereex
ept to note that it is possible to parameterize low energy ex
itationsabout the SU(3) symmetri
 CFL ground state in terms of the two �eldsB = H=p24fH and � = exp 2i(� � �=f� + �0=fA). The B �elds representGoldstone modes of broken baryon number H. The � �eld of broken 
hi-ral symmetry, i.e., the pseudo-s
alar o
tet of Goldstone modes �, and thepseudo-Goldstone boson �0.The massless Goldstone boson asso
iated with spontaneous breaking ofU(1)B 
ouples to the weak neutral 
urrent. This is be
ause the weak isospin
urrent 
ontains a �avor singlet 
omponent. Although neutrinos 
ouple tothe �avor o
tet of Goldstone bosons, it turns out that the neutrino meanfree path is mostly determined by pro
esses involving the massless baryonnumber Goldstone mode [71℄. For this reason, we fo
us our attention onthese latter pro
esses. The amplitude for pro
esses involving the U(1)BGoldstone boson H and the neutrino neutral 
urrent is given by [71℄AH��� = 4p3 GF fH ~p� j�Z ; (6.23)where ~p� = (E; v2~p) is the modi�ed four momentum of the Goldstone bosonand v = 
=p3 is its velo
ity [71℄. The de
ay 
onstants for the U(1)B and thepseudo-s
alar o
tet of Goldstone modes have also been 
omputed in earlierwork [22℄ and are given by f2H = 3�2=8�2 and f2� = (21 � 8 ln 2)�2=36�2,respe
tively.The neutrino mean free path due to the rea
tion � ! H� 
an be 
al
u-lated analyti
ally and is given by1��!H�(E�) = 25645� �v(1� v)2(4 + v)4 (1 + v)2 � G2F f2HE3� : (6.24)



4136 S. ReddyNeutrinos of all energies 
an absorb a thermal mode and s
atter intoeither a �nal state neutrino by neutral 
urrent pro
esses like �+H ! � and� + �0 ! � or via the 
harged-
urrent rea
tion into a �nal state ele
tronby the pro
ess �e + �� ! e�. These pro
esses are temperature dependent,sin
e they are proportional to the density of Goldstone modes in the initialstate. The mean free path due to these pro
esses, whi
h we 
olle
tivelyrefer to as Cerenkov absorption, 
an be 
omputed. Rea
tions involving theH boson dominate over other Cerenkov absorption pro
esses due to theirlarger population and stronger 
oupling to the neutral 
urrent [71℄. For this
ase we �nd the neutrino mean free path is given by1��H!�(E�) = F (v; 
)G2F f2H E3�F (v; 
) = 1283� �v (1 + v)2(1� v) � �g2(
) + 2v(1� v)g3(
)� (1 + v)(1� v)g4(
)� ;(6.25)where 
 = 2vE�=(1� v)kBT and the integrals gn(
) are de�ned bygn(
) = 1Z0 dx xnexp (
x)� 1 : (6.26)In 
ontrast to pro
esses involving the emission or absorption of the Gold-stone modes by neutrinos, the usual s
attering pro
ess involves the 
ouplingof the neutrino 
urrent to two mesons. The amplitude for these pro
essesvanishes for the H meson and is suppressed by the fa
tor p=f� where p isthe mode momentum for the �avor o
tet Goldstone modes. Fig. 14 showsthe 
ontribution of all Goldstone boson�neutrino pro
esses 
ontributing tothe neutrino mean free path in the CFL phase, in
luding the dominant 
on-tribution arising from pro
esses involving the massless mode.It is interesting to note that the existen
e of one massless Goldstone mode
ompensates for the large gap in the parti
le�hole ex
itation spe
trum. The
ontrast between the �ndings of the previous se
tion where no low energyGoldstone modes 
oupled to neutrinos to those presented here is striking.The mean free path in the CFL phase is surprisingly similar to that in normalnon-super
ondu
ting quark phase.
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Fig. 14. Neutrino mean free path in a CFL meson plasma as a fun
tion of temper-ature. The neutrino energy E� = �T and is 
hara
teristi
 of a thermal neutrino.�3B is the total 
ontribution of Cerenkov (absorption and emission) pro
esses tothe neutrino mean free path [71℄ and � refers 
olle
tively to the o
tet of Goldstonemodes. 7. Con
lusionsNeutron stars are ex
ellent laboratories to study possible phase transi-tions at high baryon density. We have attempted to provide a glimpse ofthe ri
h phenomena that may arise if su
h transitions were to o

ur insidethese 
ompa
t obje
ts. The real 
hallenge lies in being able to identify those
hara
teristi
s of the phase transitions that will uniquely a�e
t observableaspe
ts of the neutron star stru
ture and evolution. The stru
tural proper-ties of the star depend on the EoS of high-density matter. Generi
ally, wefound that phase transitions result in softening of the high-density EoS. Inthis 
ase, the maximum mass and radius of neutron stars are lowered.Neutrino produ
tion and propagation in dense matter dire
tly impa
tneutron stars thermal evolution. The presen
e of novel phases at high den-sity in�uen
es the low-energy weak intera
tion rates. For spe
i�
 examples
onsidered in this arti
le we found that the rates 
ould be either greatlyenhan
ed or redu
ed. In some instan
es, the neutrino rates are left un-
hanged, albeit via novel 
ompensating me
hanisms. The theory of 
ore
ollapse supernova evolution, and neutron star 
ooling, 
ombined with fu-ture observations of supernova neutrinos and multi-wavelength photons fromneutron stars has the potential to probe the inner 
ore of these remarkable
ompa
t obje
ts.
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