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In this paper we discuss the phenomenon of the Andreev reflection
of quarks at the interface between the 2SC and the Color-Flavor-Locked
(CFL) superconductors appeared in QCD at asymptotically high densities.
We also give the general introduction to the Andreev reflection in the con-
densed matter systems as well as the review of this subject in high density

QCD.
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1. Introduction

Quantum Chromodynamics is a non-Abelian quantum field theory de-
scribing interactions between quarks and gluons. It describes the effect of
confinement at low energy [1] and asymptotic freedom at high energy [2]
compared to the QCD scale Aqcp ~ 200 MeV. The only known systematic
approach to low energy QCD are lattice calculations. The physics of the
high energy QCD can be controlled by the perturbation analysis in strong
coupling constant. There are three different types of phenomena of strong
interactions which one can hope to describe in the perturbative regime: high
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energy scattering processes, high temperature and high baryon density sys-
tems. The energy scale for these phenomena are set by: the value of the
four-momentum transfer \/@ exchanged in the process, the value of tem-
perature T and the value of the Fermi energy Er (or quark chemical poten-
tial p) respectively. The high energy scattering processes were already well
tested in deep inelastic scattering of leptons on protons or electron-positron
annihilation (DESY, CERN). The samples of the matter at high tempera-
ture (T' ~ 200-300 MeV) and low baryon density one can hope to achieve
in high energy ions colliders (RHIC). However lattice calculations show that
the expected temperatures are too low by the factor of 3—4 for the applica-
tion of the perturbative QCD. Then one has to rely on the non-perturbative
analysis: lattice calculations, universal features of phase transitions or mod-
els. Finally the high baryon density quark matter at low temperatures is
expected to exist in the cores of the compact stars [3]. Unfortunately, here
also the densities are not high enough for direct perturbative calculations (by
many orders of magnitude). Then the only possible approaches are based on
universal features of the phase transitions and models. The lattice approach
fails at non-zero density physics because of the sign problem.

In this paper we focus on the high baryon density phases at T = 0.
Since long ago one expected superconducting phenomena in this kinematical
region [4]. However only recently there have been a new interest in the
subject because new features were found in the theory [5-7|. If the energy
scale is set by the quark chemical potential 1 one can expect that at high
enough densities there are a gas of free quarks and gluons. However the
interaction between quarks mediated by the one-gluon exchange is attractive
in the colour 3 channel. This leads to the well known phenomenon of the
Cooper instability of the Fermi sea and finally results in the creation of a
new vacuum — the condensate of Cooper pairs. This is the version of the
BCS theory of superconductivity [8] applied to the interacting quark matter.
The picture is generally correct, however somehow oversimplified. There are
subtle but important differences between BCS theory and superconductivity
in QCD which follow from the non-Abelian character of the interaction in
quark-quark scattering (e.g. [7]). The review of the whole subject can be
found in [9]. Despite of some differences the high density QCD shares a
lot of features with condensed matter systems. Indeed at high density the
relativistic quantum field theory effects are suppressed and one can apply
just non-relativistic field theory or relativistic quantum mechanics to study
interesting phenomena.

Our subject of interest are scattering processes at the interfaces between
different types of QCD phases. These are the analogs of the Andreev re-
flection [10] in condensed matter systems. This reflection appears at the
junction between conductors and superconductors. In the case of dense
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QCD the role of conductor is played by the free Fermi gas of quarks and
superconductor is 25C or CFL phase of QCD. In this paper we consider the
interface between 2SC and CFL phases. We shall show that this interface
is the most general in a sense that it already contains the other cases: free
quarks/2SC [11] and more: 2SC/2SC’ and one only peculiar to 2SC/CFL.
The case of free quarks/CFL interface [12]| has to be considered indepen-
dently.

The interest in the dynamics of the matter flow through the phase bound-
aries is of importance because such interfaces can be present in the protoneu-
tron stars. Indeed in the final stage of neutron star cooling one expects that
the star can go through the all possible phase transitions [13]| including
2SC/CFL case. This last transition is expected to be the first order [14]
thus one expects the existence of the mixed phase: CFL-bubbles in the 25C
medium as well as 2SC-bubbles in the CFL medium. In such the condi-
tions the Andreev reflection is frequent phenomena and should be taken
into account in the calculations of detail processes of the protoneutron star
evolution.

In Sections 2 and 3 we provide the general introduction to supercon-
ductivity and Andreev reflection in condensed matter systems. Section 4
contains short description of 25C and CFL phases, whereas in Section 5 we
describe the Andreev reflection in QCD. There are also three Appendices
which give more detailed calculations.

2. Conductors and superconductors

Let us start with the simple effective Hamiltonian describing supercon-
ducting state of the system at zero temperature:

H = /d%[z ol (t,7) <—% —EF) Pal(t,T)

a=1,}
AR + AR IREA]

The Fermi field operator v (t,7) (14(t,7)) describes the annihilation
(creation) of the particle of mass m and spin « at the point 7 and the
time ¢. The particles also carry charge however in our simple example we
do not consider the electromagnetic fields thus this feature is unimportant
for our purpose. The quantity Fr defines the Fermi surface below which all
energy levels are occupied in accordance with Pauli principle. The so called
pair potential A(7) varies in space and describes the superconducting gap
in excitation spectrum of the system — the essence of superconductivity.
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The last 2 terms in the above effective Hamiltonian are a mean-field approx-
imation of attractive four-Fermi point interaction. The pair potential A is
related to the anomalous particle—particle correlator:

Aap(t,7) = (a(t, 7)Ps(t, 7)) = AL, T)eap- (2)

One can treat this Hamiltonian as the description of the interaction between
particles 1) at given classical pair potential A(7). We assumed that this
interaction is independent of the spin. In that sense the spin is not dynamical
degree of freedom but only a quantum number that distinguishes between 2
types of particles.

Let us mention that the Hamiltonian (1) does not conserve particle num-
ber . This results from the fact that the pair potential describes the con-
densate of Cooper pairs which is a source of particles in our approximation.
Let us also notice that the energy is conserved however not necessarily mo-
mentum. The momentum conservation is related to the space dependence
of the gap parameter A(7).

The equations of motion that follow from the Hamiltonian (1) and stan-
dard anticomutation relations for Fermi fields take the form of so called
Bogoliubov-de-Gennes equations [15]:

i8t< ﬁ(t,??) ) (-2 -EBE AD < ﬁ(t,??) ) )
= . ) :

P (¢,7) A7) L+ Erp ] (t,7)

These operator equations are linear which means that we are free to treat

them as the usual wavefunction equations (hermitian conjugate changing to

complex conjugate). The physical interpretation of the wavefunctions comes

from the following reasoning. In the case of A = 0 equations (3) decouple
from each other:

W) = (-% —EF) Pr(t.7).
i) = (3 +Be) wiie ). )

The plane wave solutions:

o=(W6R)-(imcmrm) e

lead to the dispersion relations:

E = ¢ for particles,
E = —¢, for holes, (6)

! In this situation charge is also not conserved.
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where ¢, = ¢ 2/2m — Ep is a measure of the kinetic energy with respect
to Fermi level and E describes the energy excitation above (below) Fermi
energy for particles (holes) 2. Let us mention the interesting detail that for
the holes the group velocity is opposite to momentum @ = —g/m thus the
wavefunction 13 (¢,7) describes the hole which is moving from right to left
for # = (0,0,z) 3. The above physical picture can be treated as a simple
description of the conductors. The energy spectrum contains particles and
holes in the vicinity of Fermi surface which can be excited easily for the
negligible cost of energy.

Let us now consider equations (3) with A(#) = const., which gives us
the model of superconductor. The plane-waves are still the solutions of (3):

[ fqexp(—iEt + igr)
¢ = < gZ exp(—iEt + iqr) ) ’ (7)

where momentum dependent constants satisfy the equations:

(28

The selfconsistency condition for the set of homogenous equations gives the
dispersion relation:

B2 =2+ A% 9)

This is famous gapped energy spectrum of the quasiparticles in the super-
conductor. The wavefunction describing quasiparticles are given by the so-
lutions of (8):

¢ = D v %(1 &/ B)exp(id)2) exp (i@, 7 — 1 Et)
(1 = €/B) exp(~id/2) ’
4 F 21~ £/B) exp(id/2) exp(ig_7 — iEt), (10)
(1 + ¢/E) exp(—id/2) - ’

where ¢ = /E? —|A|?, 0 is a phase of the gap parameter, D, F some
constants and momenta of the excitations are given by the relations:
7l
— = kg £ ¢£. 11
o FE¢ (11)

2 The apparent correlation between spin and particle-hole interpretation is accidental.
We can have the same set of equations with exchanged spin indices.
% One can also say that the hole has a negative mass.
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The first (second) wave-function of (10) is particle-like (hole-like) excitation
because for E > |A| it reduces to the particle (hole) wavefunction. Let us
notice that for the excitation with energy E < |A| the momenta are complex
and thus quasiparticles do not propagate in the medium in such a case.

3. Andreev reflection in condensed matter systems

Let us consider the conductor-superconductor junction (NS). This can be
modelled by equations (3) when the pair potential takes appropriate shape.
In the simplest case one can consider the plane junction perpendicular to
the z-axis located in the point z = 0. Then the gap parameter is only a
function of z coordinate A(7) = A(z). The exact form of the pair potential
depends on the details of the junction however some general features can be
already obtained in the simple model of the step junction A(z) = AO(z)
which describes a conductor for z < 0 and superconductor with a constant
gap A for z > 0. The task is to solve the stationary problem of coupled
Schrodinger equations (3) with boundary conditions:

1. for z = —oo excitations are particles or holes (conductor),
2. for z — +o0o excitations are quasiparticles (superconductor),

3. for z = 0 wavefunctions and their first spatial derivatives are continu-
ous.

For definiteness let us consider that the particle of given energy F incoming
from the left hits the junction at z = 0. After the collision the particle
and/or hole can be reflected back and the qusiparticles can be excited in
superconductor. Thus for the conductor side (z < 0):

[ exp(ikz) + Bexp(—ikz)
< = < C exp(ipz) ) ’ (12)

where k = /2m(Ep + E), p = /2m(Fr — FE) and the constants B and
C are related to the probability of the reflection for the particle and hole,
respectively. For the superconductor side (z > 0) the wave-functions are
given by formula (10) with ¥ = (0,0, 2). The momenta are given by: qi =

+w + im|é|/w where w = \/m(EF+\/E%—§2) for E < A and g+ =

+./2m(Er £ &) for E > A. The constants D and F describe the probability
of the particle-like and hole-like quasiparticles excitations. The continuity
conditions at z = 0 lead to the 4 equations for 4 constants B,C, D and F.
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The solutions of these equations are:

1
5=0(g)

E—¢ 1

C O —
R <EF>
2K 1

D = O —
Bre <EF)

F=0 (ELF) . (13)

Thus one can conclude that the dominant contribution comes from the hole
reflection in conductor and particle-like excitation in superconductor. The
other contributions are suppressed by the powers of Fermi energy. For the
interpretation of our result let us consider the transition coefficients. From
the equations (3) follows the conservation of probability current:

(|z/1¢|2 + 1yl + V- (z/JTwT — 1V + 9, V9] — Ve, ) = 0.

(14)

This probability current through the NS junction has a form:
. 0 for E < |A| s
Iz Ef_gvp—i—O( ) for E > |A| (15)

where vp = /2Fr /m is Fermi velocity. The result of the vanishing current
for energies below the gap is exact. The transition and reflection coefficients
read:

Rhole = 1, Tquasi =0 for F < |A| s
E — 2
Rhole = E——i-é’ Tquasi = E——fg for £ > |A| . (16)

Thus for the energies of the incoming particle below the gap only the hole
is reflected. This is easy to understand because there is no possibility to
transport energy into the superconductor below the gap. Let us notice that
in the Andreev reflection the charge is not conserved. This follows from the
fact that our Hamiltonian does not conserve particle number. Obviously
at the microscopic level the charge is conserved. The interpretation of the
process is simple: the incoming particle creates the Cooper pair with another
particle from the Fermi sea and “dilutes” in the condensate. The lack of the
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second particle is visible as a hole. Additionally the Andreev reflection
process conserves the energy and momentum (up to 1/Ep corrections). It
is also called retro-reflection because the outgoing hole after reflection is a
time reversal picture of the incoming particle before the reflection. This is
approximate picture exact only in the limit of the vanishing particle energy
E = 0. Although the probability current vanishes at the NS junction the
charge current is excessed. Indeed the charge current at the conductor side
is double because the particle and hole currents add to each other. The
charge current is conserved at the interface thus at the superconducting side
we also have to encounter doubled charge current. This current is carried
by the condensate (supercurrent) itself because the quasiparticles penetrate
only on the depth of the order vp/|£|.

For the energy of the incoming particle above the gap the coefficients
Ryole and Tquasi give us the probabilities of the reflection of the hole or the
transmission of the quasiparticle into superconductor. For E > |A| the
coefficients Rpole — 0, Tquasi — 1 as it should be.

These predictions were checked experimentally many times, e.g., by the
direct measurement of the reflected holes [16]. The Andreev reflection can
influence transport processes at the NS junctions which were already shown
by Andreev [10]. Other effects like excess current, charge imbalance and
supercurrent conversion were also considered (e.g., [17]).

4. Superconductivity in QCD

The perturbative approach to high density QCD is well established at
much higher densities than one can expect in the cores of the compact stars.
Thus the use of models are inevitable in the description of interesting physics.
This is the approach we chose in this paper. The one gluon exchange suggests
that the diquark condensate is created in colour and flavour anti-symmetric
scalar channel. Similar feature one can also find using instanton-based mod-
els. The effective Hamiltonian describing quark interaction with the pseu-
doscalar condensate at the high baryon density can be written in the general
form (for the review see [9]):

H= / Ao | Y i (—id -V =y + Y AR W Cysu) +he.|
ayi a,bisj
(17)
where 1% are Dirac bispinors, a,b colour indices, 4, j flavour indices, C the
charge conjugation matrix and p is the quark chemical potential. At zero
temperature the condensate Affb is a vacuum expectation value of the 2-point
field correlator:

(iTCrs]) = A%, (18)
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The formula (17) is a relativistic generalisation of the Hamiltonian (1) with
the more complicated gap structure.
In the case of two flavours, the gap matrix (18) becomes:

Afi = A~5ij5ab3 ; (19)

where the third direction in colour space was chosen arbitrarily. This com-
bination breaks gauge symmetry SU(3). —+SU(2). whereas chiral symmetry
SU(2)1,xSU(2)g remains untouched. This is the 25C phase. The Cooper
pairs are created between the quarks of different two colours and flavours
and third colour quarks are unpaired. The lowest energy excitations are of
course unpaired quarks. The quasiparticles are separated by the gap A from
the vacuum. The value of the gap depends on the model and is usually in
the range 50-150 MeV.

For the case of three flavours the gap parameter takes the form *:

AZ]I‘J = Aé‘ijk&?kab. (20)

This is color-flavour locked (CFL) phase. The gauge symmetry and global
chiral symmetry are broken according to the scheme SU(3)xSU(3)1,xSU(3)r
—SU(3)1,4+r+te- The baryon U(1) symmetry is also broken. All quarks
are gapped in Cooper pairs with different colours and flavours. The low-
est excitations are nine Nambu—Goldstone bosons related to the sponta-
neous symmetry breaking of global symmetries. There is also additional
Nambu—Goldstone boson connected to the breaking of restored axial sym-
metry Ua(1). The value of the gap is model dependent of the order of the
2SC gap but usually slightly smaller.
The gap matrix can be written in general as:

0 Aud Aus
Aud 0 Ads
Aus Ads 0
0 —Aud
A= —Aug 0
0 —Aus
—Aus 0
0 —Ays
—Ags 0
(21)
in the basis
(Ureda dgreena Sblues dred; Ugreen, Sred; Ublue; Sgreen dblue)a (22)

4 There is also a small admixture of the condensate in colour symmetric 6 channel but
we neglect it in our considerations.
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where

Ays = Ags =0, Ayg= A, for 28C, (23)
Ays = Ags = Ayg = A, for CFL. (24)

From the gap matrix structure one can easily recognise the (ured, dgreen),
(Ugreen; Ureq) pairings in 2SC phase. The quasiparticle excitations are two
doublet representations of the remaining unbroken symmetry SU(2)1xSU(2),
of given chirality L. The second similar set exists for opposite chirality. The
unpaired quarks are singlets under colour rotations SU(2). and doublets un-
der chiral symmetries. All of the excitations have the same gap A. The
detail wave-functions of quasiparticle are given in Appendix B. For the CFL
phase we have pairings: (dred;Ugreen); (Sred;Ublue); (Sgreens dbiue) similar to
the 2SC and the combination of (ured; dgreens Sbiue) Which is essentially new
for the CFL phase. After diagonalisation of the matrix we can find 8 ex-
citations with the gap A and one excitation with the gap 2A. These are
octet and singlet representations of the unbroken SU(3)pigrt. Symmetry.
The detail calculations are given in Appendix C.

5. Andreev reflection in superconducting QCD

In this section, let us consider the Andreev reflection at the interface
consisting of two different superconductors in QCD, that is, the 2SC/CFL
interface since we find it is the most general case among the possible inter-
faces. As is obvious from the expression of the gap matrix (21) with the
conditions (23) and (24), there are three kinds of possibilities of the quark
scatterings at this interface.

® (Sred; Uplue) and/or (Sgreen; dplue): in this case, the Andreev reflection
is similar to QGP/2SC because strange quark as well as blue up and
down quarks are unpaired in the 25C phase. This interface has already
been studied [11].

® (dyred, Ugreen): in this case, the reflection is 25C/2SC’-like because the
gap of each phase is, in general, different.

® (Ured, dgreen, Sblue): in this case, the reflection is a mixture of (QGP-
2SC)/CFL interface. This happens because in the 2SC phase the
Ured, dgreen quarks are paired whereas strange quarks remain free.

Since the last two cases are specific to the 2SC/CFL interface and have not
been studied so far, let us restrict our consideration into those cases. The
comparison to other possibilities would be given at the end of this section.



Andreev Reflection in Superconducting QCD 4151

Let us start with the 25C/2SC’ case. Physical setup we are interested
in is that the interface is placed at z = 0 in space. For z < 0, we have 2S5C
phase and for z > 0, CFL phase and we provide the boundary condition
that matches the wavefunctions at z = 0.

For z < 0, the wavefunction takes the form as (below we put m = 0 for
simplicity)

i% [E4x i%  [E+A

LTA, U LTA U
| €\ 2E PR ikiz—iBt | 4 €21/ 2E PR ik z—iEt
Ve(z) = : e + e
efz%s Ef)\thT
2 ML

i BT
S
el E—)\(pu ) )
2FE TR —ikoz—iEt
+B —i% B4, diT ¢ ’ (25)
€ 2 1,
while for z > 0,

ile [E+¢

E4E u
N (2’) - C e 2F (pTR eiplzfiEt
> ~i% [E—£,diT
€ 2r ML
ide [E—¢ 4
D € 2\ 32E PR oiP27 Bt (26)

—ide [E4EpdiT
1=
e "2/ Shyy

where k1 = p+MNky=—p+Apr=p+€&and pp=—pu+¢ £ =VE? — A?
and A = V E? — A2, Ais the gap in the 2SC phase. The angles §, and d, are
phases of the gap parameters in 25C and CFL superconductors respectively.
The bispinors ¢g, hr, are described in Appendix A.

By matching these wavefunctions at z = 0, we find the results as follows;

A = 0,
— \/(E_f)(E—f—)\)em—\/(E+§)(E_>\) o
? \/(Entf)(EqL/\)—\/(E—ﬁ)(E—A)emJr (1/);
2\l
C = 0 |
N R CESY R e PO
vl 27)

where o = §; — 0. is a phase difference of the gaps crossing the interface.
Note here that the coefficients A and D exactly vanish in the massless limit.
First of all, the transition and reflection coefficients, when E > A, A, are
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given by the formulae:

AN 1
(E+&(E+XN)1+4+72—2rcosa’
R=1-T, (28)

£\ 2
T:— =
||

where

_ JE=NE-=9
”‘¢@H¢ME+@’ (29)

whereas for A < E < A, T = 0 and of course R = 1. The conserved

current is defined as j = ¢T>07'1/J> = 1/1T<52¢< and coincides at both sides of
the interface:

0 for A>E>A

J= ¢ 4x? i
{ QIMF (E+&(E+N)(1+72—2r cos a) for E>A,A

(30)

The coefficients and currents depend on the phase difference a of the gap
parameters. We suggest that this combination is a gauge invariant quantity.
Indeed in the case of U(1) superconductors « variable is responsible for many
interesting physical phenomena like, for example, the Josephson effect.

Let us move to the case (QGP-2SC)/CFL interface (the mixed case). In
this case, the basis of the wavefunction must be

u
red
d
green
¢s
blue

: 31)
pIE,
green
stT
blue

For z > 0, we can use the equation (58) from Appendix C. In the 2SC side
the wavefunction takes the form:

0s
CERVE 2 Pir
0
U (z) = 8 etk12
—i%s [R_X,diT
e "2/ SF hyy,

0
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i

(&

+ A
e
e
+ C
€
0
0
2
+ F 0
0

0

5
—i% [E-)\3diT
2/ SEh

i

.5
—i%s [E-)X\puiT
>\ Sl

R efzkg,z +G

ds E+)\, u
A\ 2E PR

0
0

0 e—ik1z + B

0

0

3
S [Et1 d
2\ 3R PR

0 e—ik1z + D

0
0

OO OO

0
stT
hi

-5
ez75 E—

A
S5 PR
0
0
0
—ids [E4NpdiT
i SEhL

0

0
% [E-)
"2/ 55 ‘P%{
0
—i%  [E4)putT
RERVAT) hyy,
0

0

€

(&

—ikgz

4153

—tkoz

e—ik2z

(32)

The first wavefunction describes the incoming quasiparticle, second and third
the reflected quasiparticles of the same kind. The next two wavefunctions are
quasiparticles of the second kind whereas the last two describe the possibility
of the reflection of the unpaired strange quark. The momenta of the strange
quark and hole are k3 = p+FE and k4 = —p+ E, the other were already given
previously. On the other hand, for z > 0, we have the wavefunction given
by the formula (54) in Appendix C. In the massless limit we consider here
the momenta in the wave function (54) are given by ¢1 = u+£&, g0 = —p+&,
p1 = p+C and ps = —pu+ . Solving the boundary condition which connects
U (z) with ¥~ (z), we find the following results (the phase exp(ids/2) was
absorbed into the redefinition of constants G, H, K and N):

B =

D =

2e (el g (x — 22) + . + 2)\

—l+

(1 —e@lz)(3 +ez(z — 22))(E + A)’

2e(22 — 2)\

(1 —eilx)(3+el(x —22))(E+ )’

A | 2B (z + z)e %
EV E+X3+el(zx—2z)’

A 2F

(1 +1(z — 2)e'®)e %

T EVE+X(1-elz)(3+el(s —22))]
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[ [ 2E pe e
 EV E+X3+e(z—22)]
A | 2E ze 10
N = — :
EV E+X3+el(z—2z)’ (33)

£ [E—A E-¢
E+€’l E+ X E+C (34)

Other coefficients (A,C, D, F,J,L and P) vanish. Let us notice that the
modulus square of the above coefficients depends only on the phase difference
a crossing the interface. Similarly to the case of 25C/2SC’ junction this
quantity we consider is gauge independent. ~

The probability current for z < 0 and F > A,2A is

3
F(1 =B = [DP") - |G| . (35)

where

j=wlaw,. =2,

The analytical result is not given by short expression thus we rather show the
current dependence on the energy in the Fig. 1 for generic set of parameters.
Let us notice that the current starts at energy £ = A and then rises up to
the point £ = 2A where there is a jump. This behaviour is expected because
below the gap there is no probability current and at the energy twice the
gap additional current appears from the singlet excitation in the CFL phase.

75 100 125 150 175 200 225

Fig. 1. Dependence of the probability current (35) as a function of energy E [MeV]
for two sets of parameters: A =80 MeV, A =60 MeV (black curve) and A =100
MeV, A = 60 MeV (gray curve).
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For comparison let us show the result for transition and reflection coef-
ficients in the QGP/CFL scattering:

T _ { 0 for B < |A]

% forE > |A]

s { g for B < |A| |
ETE for B > |A]

o { 20< forE<2|A| | (36)
SE0) or E > 2|A|

where T4 are transition coefficients for quasiparicles in the CFL basis de-
scribed by the wavefunctions (58) given in the Appendix C. Let us note that

because of the energy conservation there is always only one hole reflected in
the QGP phase:

red —

§ — orap[(B? + [ClI€]) cos(26) — E(I¢| - [€]) sin(20)]  forE<|a|

s+ ggglg ~ 3 +1};[E cos(26) — [¢]sin(9)] for|aj<E<2|A]|
%E—:Lg + %E—jrg — %E—:Lg cos(20) fore>2|A|

Rgreen = Rlilue =

5+ orapl(E? + |C||f|) cos(26) — E(|¢] — [£]) sin(20)]  fore<|a

s+ 955;% + 35 E+% [E cos(20) — |¢|sin(0)] for|a|<E<2|A|
%E—jrg + %E—f + 5 77e ¢ cos(26) fore>2|A|

(37)

where |¢| = V4|A]? — E?|¢] = /|A|?> — E?. Reflection and transition
coefficients sum up to unity for any value of energy E of incoming particle.
The coefficients (37) depends on the phase 0 of the gap parameter. However
this single phase is a gauge dependent quantity. Thus to get the physical
answer we have to average over the phase angle. The sinus and cosinus
average to zero giving the final answer in the form:

% fore<|A|
red = %;_%‘Eg;;}g_f for|A|<E<2|A|
9Frc T 9FFE fore>2|4|
% fore<|A|
Rl n=Rie =3 5T oy forlal<p<a| (38)
15+ it fores2))
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For the case of QGP/2SC scattering the results are the same as given by
equations (15), (16). The only difference is that instead of Fermi velocity
vp in the probability current (15) we have relativistic expression 2pp (the
Fermi momentum pr is essentially equal to quark chemical potential p in our
approximation). Let us notice that the reflection and transition coefficients
are exactly the same like in the non-relativistic case.

6. Conclusions

In this paper we consider the general structure of the Andreev reflec-
tion between two superconductors 25C and CFL in the high density QCD.
We also give the review of the Andreev reflection between QGP/2SC and
QGP/CFL phases as well as in condensed matter systems.

The essence of the AR stems from the peculiar behaviour of particles
which hit the interface. If the energy of the incoming particle from the
conductor side is below the energy gap in superconductor then the hole is
reflected from the interface. The energy and momentum ° are conserved,
however, there is an apparent violation of the charge conservation. This last
effect stems from the fact that the superconductor serves as an infinite supply
of Cooper pairs. At the microscopic level charge is conserved, of course.
The Andreev reflection can be understood as follows: the incoming particle
takes another particle from the Fermi sea and creates a Cooper pair which
dissolves in the condensate. Then the hole is left in the conductor with the
appropriate kinematics constraind by energy and momentum conservation.

This pattern is exactly repeated in QCD superconductors. The differ-
ences come from the more complicated structure of Cooper pairing of quarks.
There are more quantum numbers describing QGP phase as well as the quasi-
particle structures in QCD superconductors are richer. The treatment of the
Andreev reflection processes are similar to the case of nonrelativistic physics,
however, more attention has to be taken for the gauge invariance of the fi-
nal results. It appears that the probability currents are gauge independent
quantities but the transition 7" and the reflection R coefficients require more
attention. Our effective Hamiltonian (17) is not gauge invariant, neverthe-
less one can trace the gauge behaviour by tracing the dependence of the final
result on the phase § of the gap parameter. Obviously the phase § itself is
not gauge invariant quantity. In the QGP/2SC case the coefficients T and
R are gauge invariant, however, this is not true for the QGP/CFL interface
(37). Let us first notice that one should expect the gauge invariant answers
for T and R coefficients because the reflected holes can be distinguished by
their flavour quantum number (not a colour). We suggest that the averaging

® The momentum conservation is violated at the O(1/Er) level and can be neglected
in the first approximation.
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of the final result over the phase d rebuilds the gauge invariant answer. This
is reasonable. Indeed to perform the Andreev reflection experiment one has
to prepare the ensemble of the QGP/CFL interfaces. Then each sample
has its own unphysical gap phase. Then performing the experiment on the
unsamble is equivalent to average over the phase ¢. Finally in the case of
2SC/CFL interface the physical quantities depend on the phase difference
« crossing the boundary. This is actually expected result because, similarly
to U(1) superconductors, the angle « is a gauge independent variable.

The Andreev reflection has many interesting physical effects in condensed
matter systems [10,16,17]. In the high density QCD situation is more com-
plicated. The only known place one can expect the colour superconductors
are the cores of protoneutron or Neutron Stars. Any subtle effects of An-
dreev reflection that happen inside these objects far away from our labora-
tories may be never observed. However there is at least one possibility one
can imagine. The Andreev reflection affects the transport properties at the
interfaces. If the protoneutron stars go through the first order phase tran-
sitions between QGP or/and 2SC or/and CFL phases during their history
cooling then one can expect the mixed phase to be present in the core of
the stars. In this situation the Andreev reflection influences the dynamics
of the bubbles grow between different phases. These in turn influence the
neutrino emission. Thus the time dependence of neutrino luminosity from
supernovae can carry the information of the Andreev processes which took
place inside the protoneutron stars. These intriguing possibilities require
more attention.

M.S was supported by a fellowship from the Foundation for Polish Sci-
ence. M.S. was also supported in part by the Polish State Committee for
Scientific Research (KBN), grant no. 2P 03B 094 19.

Appendix A
Particles, holes and Dirac algebra

Let us consider the equations of motion for free quarks at chemical po-
tential .

=3

W(t,7) = (=id-V +myo — p)(t,7),
il (t,7) = —iVel(t,7) - @ — ¢l (t,7) (myo — p). (39)
Remembering that relativistic effects are suppressed at high density the

Dirac field operator (¢, 7) can have a one-particle interpretation of annihi-
lating a fermion of given spin at the point (¢,7) in space-time. We can also
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change the operator equation (39) into the wavefunction equation. The first
equation of (39) describes the particles and the second one the holes. Using
the decomposition:

p(t,7) = Zarsorﬁ@ exp(iq - 7 — icet),

Wi, 7) = Zv*h* (=@ exp(iq - 7 — ict) (40)

one can easily solve equations (39). To finish this let us define the bispinors
©rr(k) and @, 1,(k) through the equations:

l

)
) (41)

(- k+my— pw)orr(k) = epprl

ol L(E) (- E+myg — p) = el

TR

where r describes the spin and momentum k can be in general complex
vector. From this reason one has to distinguish between the right- and
left-handed eigenvectors, which are denoted by the capital letters L, R. For
complex k (pTL is not hermitian conjugate to ¢, r. The solutions of the
equations take the form:

) B ( \/m+5+ X r )
\/WXT ’

Y

(PT,R(

(PTL(E) = ( VM A€+ XTV%_HJ (42)

where X, )Z:[ are spinors and where € = k2 +m? — p8. The spinors can be
defined in the helicity basis:

X1,G k= +kx! (43)

(B (o & —mayo+p) = ehl((—F),
(c- k— myo + ,U)hr,R(_E) = ghr,R(_E) ) (44)

6 There is another solution with ¢ = —Vk? + m? — 1 which is not interesting for our
purposes.
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where £ = —e and bispinors are given by formulae:

- Vm — €+ pixr
hT,R(_k) = Gk 3
Vet X"

- 5k
o) = (vivm—eFm —vi—2 % . 45
T,L( ) (XT‘ m €+ i, Xr m—e—{—,u ( )

The bispinors defined above fulfil simple algebraic relations which are useful
in the calculations:

‘PI,L‘PS,R = hj«,th,R = 2V/k2 + m26,,,

—1 = =
(P;LC'%h:[Ihs,R = pLrCyshrr =2V k> +m? { ] j :I : :* (46)

The bispinors defined above together with (40) are solutions of (39) and
have simple physical meaning. The wavefunction:

P(t,7) = prr(K) exp (—iet + ik - 7) (47)

B
V k2 +m? and energy ¢ above the Fermi Sea. From the other hand the
wavefunction:

describes the particle of spin projection up, velocity ¥ = where £ =

Pl (t,7) = h1 (—F) exp (—iet + ik - 7) (48)

describes the hole of spin projection down, velocity —#, and energy € below
the Fermi Sea.

Appendix B

258C quasiparticles

From the Hamiltonian (17) and the gap structure (21) for 2SC phase
(23), using usual commutation relations for Fermi fields, one can derive the
equation of motion:

W‘}ged = (_10_2 -V + myo — N)d}ged - A075¢g:een )
Wgreen = (=i -V + 1m0 — 1) freen — ACT5iea (49)
where we exchange the field operators by the wave functions similarly like

in the nonrelativistic case. This can be done because the presence of the
Fermi sea suppresses the contribution of antiquarks. There is similar set of



4160 M. SADZIKOWSKI, M. TACHIBANA

equations for another (ugreen,dred) pair. It is convenient to use the plane
wave decomposition:

Pt 7) = D apip(q) exp(iq -7 — iEt),

T

Poroen (t7) = D> Briptp (@) exp(iq - 7 — iEt), (50)

where the bispinors ¢ and h are defined in Appendix A. «,, [, are some
constants. The subscripts u, d and s describe flavour and colour of quarks.
Plugging (50) into (49), using the relations given in Appendix A one can
find the wavefunctions [11]:

L [E4A !
v = (i )= TV (Ot =C'¢Ln) ) inysim
’ green q

!
+ e 2F (DQD%R - D soiR) inZ*Z-Et (51)
id bl
e \/Z2(DR{I" + D'}

where ¢ is a phase of the gap parameter, pjo = /(p+tX)2—m?, X =

E? —|A]2 and C,C',D,D’ are some constants. The first wavefunction
describes the particle-like excitation whereas the second one describes the
hole-like quasiparticle. This is quite similar to the description of the nonrel-
ativistic quasiparticles. Indeed if one compares (51) with the wavefunctions
(10) the similarity is striking. It also occurs that the Andreev reflection
in the QGP/2SC case is a direct analog of the Andreev reflection at the
nonrelativistic conductor/superconductor junction.

The extension of the wave function (51) to the case of the 25C supercon-
ductor with 3 flavours is straightforward. The exact expressions are given
in Section 5.

Appendix C
CFL quasiparticles

Let us now discuss the CFL quasiparticle wavefunctions for the states
Ured; dgreen, Sblue- The equations of motions that follow from (17) take the
form:

'M/.);Led = (_Z& 6

.o d I
“l}green = (_lo"v

myo — M)l/}ged - AC’Y5( g;(een + wgfue)?
m7yo — M)¢green - AC75 (¢11feti + d}lifue)?
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Wie = (—i@ -V +my0 — w)Piue — AC’Y5(¢md +pen),

iy = =iV - & — i (myo — ) — A" (g8 green + Yihe) C5:
W’green = —Zv%reen a gleen(mvo — 1) — A (i + Yie) Cs:
iote = —iVeile - @ = Pilo(myo — p) — A" (g + Peen)Cys- (52)

To find the quasiparticle wavefunctions for A = const, it is convenient
to use the following decompositions:

¢red t T Z aT(Pr R q—*)ezq r—iEt , red F) Z arh:q‘L q»)eiq‘.f‘_iEt :
Ql} reen ,BTQDT R q")ezq = ZEt reen f‘) /Br h“T (Deilfr_'—iEt ’
& i

o F o F
"/Jblue t T Z’Yr(er @ezqr ' t’ }syirue Z’Yr @ezqr ’ t

(53)

where ¢ and h are defined in Appendix A. «a;, 8, and ~y, are some constants.
The subscripts u,d and s describe flavour and colour of quarks in obvious
way.

Plugging (53) into (52), using the bispinor algebraic relations given in
Appendix A and assuming constant value of the gap parameter A, one
obtains the wavefunction describing the quasiparticle excitations of given
energy F in the CFL phase:

U
red
d
green
1/}8
U(t,r) = wgltlﬁg
37
grf%n
S
djblue
- jo E—
EAg) £y
— A PR — A PR
0 o 0 .
= H hu]LT e“h T —+ J hUTT el 2T
it dbF
hiL hiL,
L 0 0
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+K

+N

where ¢ =
and P12 =
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E+¢

A PR

0
_E+¢

A <P¢R

0
4T
hjL
24
EC ‘PTR
2A
E—C ‘PTR

E g ‘PTR

hu]‘T
1L

thT

hS'i'T

VE?—|A]? and ¢ =

V(p+£¢)?—m? H,J,K,L,N and P are arbitrary constants.

ol +L

T 4 p

—4[AR.

E—
A*£ iR

0
_E=¢

A ‘PTR

0
T
i,
2A
e <PTR
2A
Tic %R
FrePim
AT
1L
thT

hS'i'T

q1,2

3

eszt

(54)

(1 £ €)?

Similar expression is obtained for the opposite spin content. Instead of using
Ured, dgreen, Shlue Dasis one can use the CFL-basis:

=00

A

in which the gap matrix (21) is diagonal, where

M, A=1

Explicitly:

g

Sl-&l-

(d}red

d
(d}ged + ¢green

d
¢green) ’

.,8 are Gell-Mann matrices and \? =

- 2¢lsalue) )

d
(d}ged + ¢green + Ql}lilue) .

In the CFL-basis one can write quasiparticle wavefunctions as:

R) eiﬁé T

hole

¢9
¢?}FLE< zartlcle) \/_N<

o <<PT

R) P17 4\/3P (

B¢t
h T

-1,

(55)

(56)
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E—
s (7)o (5
hole i

E+ E—
3 — gartlcle 2H + K A*£ PR g 2J + L A*g PR\ igT
”(/)CFL_ 1T (§] + 1T e .
Diole V2 —h,y, —h

The excitation ’I/J%FL describes the singlet quasiparticle with the gap 2A
whereas 'I/J%FL, ’l/J%FL describe octet quasiparticles with the gap A. The prob-
ability currents:

-

A _ A At oA
Q/Jpartlcleal/}paT‘t’L‘Cle + 1/}holea1/}hole (59)

are conserved and can be used to calculate the transition coefficients in the
scattering processes.
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