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THERMAL ANALYSIS OF PARTICLE RATIOSAND p? SPECTRA AT RHIC�Woj
ie
h Florkowski, Woj
ie
h Broniowskiand Mariusz Mi
hale
H. Niewodni
za«ski Institute of Nu
lear Physi
s,Radzikowskiego 152, 31-342 Kraków, Poland(Re
eived De
ember 5, 2001)The thermal model of parti
le produ
tion is used to analyze the par-ti
le ratios and the p? spe
tra measured re
ently at RHIC. Our �t of theparti
le ratios yields the temperature at the 
hemi
al freeze-outT
hem = 165�7 MeV with the 
orresponding baryon 
hemi
al potential�B
hem= 41�5 MeV. The quality of the �t shows that the model works wellfor RHIC. The p? spe
tra are evaluated in an approa
h whi
h takes intoa

ount the modi�
ations of the initial thermal distributions by the se
-ondary de
ays of resonan
es. All two- and three-body de
ays are in
luded.This leads to an e�e
tive �
ooling� of the spe
tra in the data region byabout 30�40 MeV. We �nd that the pion spe
trum is 
hara
terized by theinverse slope whi
h agrees well with the value inferred from the RHIC data.PACS numbers: 25.75.Dw, 21.65.+f, 14.40.�n1. Introdu
tionRe
ently, a su

essful des
ription of the parti
le ratios measured in rela-tivisti
 heavy-ion 
ollisions has been a
hieved in the framework of so-
alledthermal models [1�9℄. An important ingredient of this approa
h is the properin
lusion of the hadroni
 resonan
es, whose de
ays 
ontribute in an essentialway to the �nal multipli
ities of the observed hadrons. In the �rst part ofthis paper the simple thermal model is used to �nd the optimal values ofthe thermodynami
 parameters 
hara
terizing the ratios measured at RHIC.In the se
ond part we 
al
ulate the p? spe
tra of hadrons in the thermalmodel, in
luding all resonan
es and using an analyti
 formula. The spe
tra,besides the original thermal distribution, re
eive large 
ontributions from thede
aying resonan
es. The in
lusion of all possible de
ays is important, sin
e� Resear
h supported in part by the Polish State Committee for S
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 Resear
h,grant no. 2 P03B 09419 (761)
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only in that way one 
an obtain a 
lean separation and identi�
ation of othere�e
ts su
h as expansion, �ow [10�16℄, or medium modi�
ations [17�19℄,whi
h in�uen
e the �nal shape of the p? distributions. The present analysis
omputes the spe
tra in a stati
 �reball, and is introdu
tory to the workof Ref. [20℄, where the e�e
ts of expansion are in
orporated and very goodagreement with experiment is a
hieved.2. Ratios of hadron multipli
itiesIn the thermal model the parti
le densities are 
al
ulated from the ideal-gas expressionni = gi2�2 1Z0 p2 dpexp h �Ei � �B
hemBi � �S
hemSi � �I
hemIi� = T
hem � 1i ; (1)where gi is the spin degenera
y fa
tor of the ith hadron, Bi; Si; Ii arethe baryon number, strangeness, and the third 
omponent of isospin, andEi = qp2 +m2i . The quantities �B
hem; �S
hem and �I
hem are the 
hemi-
al potentials enfor
ing the appropriate 
onservation laws. We note thatEq. (1) is used to 
al
ulate the �primordial� densities of stable hadrons andresonan
es at the 
hemi
al freeze-out. The �nal multipli
ities re
eive 
on-tributions from the primordial stable hadrons, as well as from the se
ondaryhadrons produ
ed by sequential de
ays of resonan
es after the freeze-out.We in
lude all light-�avor hadrons (with the appropriate bran
hing ratios)listed in the newest review of parti
le physi
s [21℄. We negle
t the �nite-size and ex
luded volume 
orre
tions1. The temperature, T
hem, and thebaryoni
 
hemi
al potential, �B
hem, are �tted by minimizing the expression�2 = nXk=1 �R expk �R thermk �2�2k ;where Rexpk is the kth measured ratio, �k is the 
orresponding error, andRthermk is the same ratio as determined from the thermal model. The poten-tials �S
hem and �I
hem are determined by the two requirements: the initialstrangeness of the system is zero, and the ratio of the baryon number to theele
tri
 
harge is the same as in the 
olliding nu
lei.1 If the sizes of mesons and baryons are equal, the ex
luded volume 
orre
tions pra
-ti
ally 
an
el in the parti
le ratios. This is due to the fa
t that the overwhelmingmajority of hadrons is heavy and may be treated as 
lassi
al parti
les. In this 
asewe may repla
e the Fermi�Dira
 (Bose�Einstein) distribution fun
tion in (1) by theBoltzmann distribution fun
tion, for whi
h the ex
luded volume 
orre
tions fa
tor-ize. We have 
he
ked that the use of the 
lassi
al statisti
s 
hanges the values of thethermodynami
 parameters by less than 3%.
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tra at RHIC 763TABLE IOur �t to the parti
le ratios measured at RHIC.Thermal model ExperimentT
hem [MeV℄ 165�7�B
hem [MeV℄ 41�5�S
hem [MeV℄ 9�I
hem [MeV℄ -1�2=n 0.97��=�+ 1:02 1:00� 0:02 [24℄, 0:99� 0:02 [25℄p=�� 0:09 0:08� 0:01 [26℄K�=K+ 0:92 0:88� 0:05 [27℄, 0:78� 0:12 [28℄0:91� 0:09 [24℄, 0:92� 0:06 [25℄K�=�� 0:16 0:15� 0:02 [27℄K�0=h� 0:046 0:060� 0:012 [27, 29℄K�0=h� 0:041 0:058� 0:012 [27, 29℄p=p 0:65 0:61� 0:07 [26℄, 0:54� 0:08 [28℄0:60� 0:07 [24℄, 0:61� 0:06 [25℄�=� 0:69 0:73� 0:03 [27℄�=� 0:76 0:82� 0:08 [27℄Table I presents our �t to the parti
le ratios measured at RHIC. In our
al
ulation, the identi
al ratios measured by di�erent groups are treatedseparately in the de�nition of �2 (number of points n = 16). In this waythe measurements done by di�erent groups enter independently. Very simi-lar results are obtained if we �rst average the results of di�erent groups toobtain the most likely value for ea
h 
onsidered ratio. Our optimal value ofT
hem = 165�7 MeV is 
onsistent with the value of the 
riti
al temperatureas inferred from the latti
e simulations of QCD (with three massless �avorsTC=154�8 MeV, whereas with two massless �avors TC=173�8 MeV [22℄).We have also 
al
ulated other 
hara
teristi
s of the freeze-out. In parti
ular,we �nd the energy density " = 0:5 GeV/fm3, the pressure P = 0.08 GeV/fm3,and the baryon density �B = 0.02 fm�3. Our 
al
ulation 
on�rms theCleymans�Redli
h 
onje
ture [5℄ that the energy per hadron at the 
hemi
al
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freeze-out is 1 GeV (our approa
h yields hEi = hNi = 1.0 GeV). We observe,however, that the average energy per baryon is mu
h larger than the averageenergy per meson: hEBi = hNBi = 1.6 GeV and hEMi = hNMi = 0.9 GeV. Sim-ilar di�eren
es o

ur also for other heavy-ion 
ollisions studied at AGS andSPS. They are 
aused by the di�erent growth rates of the meson and baryonmass spe
tra [23℄. In addition, we �nd that the ratios �=� and �=� arepra
ti
ally una�e
ted by the weak de
ays. In 
on
lusion, the thermal modelworks well for the RHIC parti
le ratios, with thermal parameters assuminganti
ipated values.We note that our T
hem is 9 MeV lower than 174 MeV of Ref. [30℄, and25 MeV lower than 190 MeV obtained in Ref. [31℄. Nevertheless, the resultsof the three 
al
ulations are 
onsistent within errors, as displayed in Fig. 1.An interesting feature shown in Fig. 1 is the 
hara
teristi
 valley of theoptimal parameters. The shape of this valley indi
ates that the quality ofthe �t does not 
hange if we moderately in
rease or de
rease both T
hemand �B
hem.

Fig. 1. The 
ontour plot of our �2=n treated as a fun
tion of T
hem and �B
hem. Ourresult (bla
k 
ir
le), the result of Ref. [30℄ (bla
k triangle), and the �t of Ref. [31℄(bla
k square) are all shown with the 
orresponding errors.3. Transverse-momentum spe
traNext, we 
ome to the dis
ussion of the pT spe
tra. Similarly to the par-ti
le multipli
ities, the momentum spe
tra of the observed hadrons 
ontaintwo 
ontributions. The �rst, �primordial� 
ontribution is purely thermal andis des
ribed by distribution fun
tions 
hara
terized by the thermodynami
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tra at RHIC 765parameters at freeze-out. The se
ond 
ontribution 
omes from sequentialde
ays of the resonan
es. Sin
e a substantial part of the produ
ed parti-
les 
omes from the de
ays, one may expe
t that the measured spe
tra aresigni�
antly 
hanged by this e�e
t. Indeed, it has been already known fora long time that the resonan
e de
ays modify the low-pT spe
trum, due tothe limited phase spa
e of the emitted parti
les [32�34℄. So far, however,a rather limited number of the resonan
es has been in
luded in su
h analysis.We take into a

ount all two- and three-body hadroni
 de
ays. In this studywe negle
t other e�e
ts whi
h 
an 
hange the spe
tra, su
h as expansion or�ow.Below we sket
h our method of dealing with two- and three-body de
ays.The initial momentum distribution fun
tion of a resonan
e in the �reball restframe, f(k), as well as the momentum distribution of the emitted parti
le inthe resonan
e's rest frame, are isotropi
. The latter is true, sin
e we averageover all possible polarization states. Thus, in the 
ase of a two-body de
ay,the spe
trum of the emitted parti
le (denoted by index 1) is obtained fromthe expressionef1 (jqj) = b 2JR + 12J1 + 1 Z d3k f (k) Z d3p4�p�2 Æ (jpj � p�) Æ(3) �L̂kp� q� ; (2)where p is the momentum of the emitted parti
le in the rest frame of theresonan
e, and L̂k is the Lorentz transformation to the �reball rest frame,L̂k p = p+ h(
k � 1) v2k vk � p+ 
k E�ivk : (3)Here k is the momentum of the resonan
e in the �reball, vk = k=qk2 +m2R,and 
k=�1�v2k��1=2. In Eq. (2) p� is the magnitude of p and E�=pp2�+m21.The standard formula givesp� = h �m2R � (m1 �m2)2� �m2R � (m1 +m2)2� i1=22mR ; (4)where mR is the mass of the resonan
e, whereas m1 and m2 are the massesof the emitted parti
les. The quantity b is the bran
hing ratio for the 
on-sidered 
hannel, and JR and J1 are the spins of the resonan
e and parti
le 1,respe
tively. The physi
al interpretation of Eq. (2) is 
lear: the isotropi
distribution of parti
le 1 in the resonan
e rest frame, Æ (jpj � p�) =(4�p�2),is boosted to the �reball frame, and there folded with the resonan
e distri-bution f(k).
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In order to write Eq. (2) in a more 
ompa
t form, we do the 
hange ofvariables: p0 = L̂kp ; d3p = EpEp0 d3p0 = E�Eq d3p0 : (5)The integration over p0 in (2) be
omes trivial and we �ndef1 (jqj) = b 2JR + 12J1 + 1 14�p�2 E�Eq Z d3k f (k) Æ ����L̂�1k q���� p�� : (6)Sin
e the quantity L̂�1k q is the momentum of the emitted parti
le in thereferen
e frame 
onne
ted with the resonan
e, we may rewrite Eq. (6) inthe expli
itly Lorentz-
ovariant wayef1 (jqj) = b 2JR + 12J1 + 1 14�p� 1Eq Z d3k f (k) Æ�k� q�mR �E�� : (7)Here k� and q� are the four-momenta of the resonan
e and of the emittedparti
le, respe
tively. We note that Eq. (7) was used previously by Sollfrank,Ko
h, and Heinz [32℄. In their approa
h, however, no assumptions about theisotropi
 emission were made, so f(k) and 
onsequently ef1(q) were treatedas the fun
tions of two arguments: rapidity and transverse momentum. Inour approa
h f(k) and ef1(q) depend only on the magnitude of the three-momenta, and integration over the polar and azimuthal angles in (7) 
an bedone analyti
ally. This leads to a simple expressionef1 (q) = b 2JR + 12J1 + 1 mR2Eqp�q k+(q)Zk�(q) dk k f (k) ; (8)where the limits of the integration are k�(q)=mR jE�q � p�Eqj =m21. Eq. (8)is a relativisti
 generalization of the formula derived in Ref. [34℄. Its sim-pli
ity turns out to be espe
ially important in the numeri
al treatment ofthe sequential de
ays.In the 
ase of three-body de
ays we 
an follow the same steps as above,with the extra modi�
ation 
onne
ted with the fa
t that di�erent values ofp� are possible now. This introdu
es an additional integration in Eq. (2).The distribution of the allowed values of p� may be obtained from the phase-spa
e integralN Z d3p1Ep1 d3p2Ep2 d3p3Ep3 Æ�mR�Ep1�Ep2�Ep3�Æ(3) (p1+p2+p3) ���M ���2; (9)
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tra at RHIC 767where p1;p2 and p3 are the momenta of the emitted parti
les, Ep1 ; Ep2and Ep3 are the 
orresponding energies (all measured in the resonan
e restframe), M is the matrix element des
ribing the three-body de
ay, and Nis the normalization 
onstant. For sake of simpli
ity we assume, similarlyas in [32℄, that M 
an be approximated by a 
onstant. Operationally, the�nal expression for three-body de
ays is a folding of two-body de
ays overp� with a weight following from elementary 
onsiderations based on Eq. (9).
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Fig. 2. The transverse-mass distributions of pions, kaons, protons and anti-protons.Our numeri
al pro
edure is as follows: We initialize the spe
tra of allhadrons as given by the thermal model. Next, we start from the heaviestparti
le, and pro
eed with the de
ay, thus feeding the spe
tra of the prod-u
ts. We repeat this step for all parti
les, going down with the mass, untilall resonan
es are taken into a

ount. Our results for the p? spe
tra areshown in Fig. 2. The initial thermal distributions are represented by thedashed lines, whereas the �nal distributions are represented by the solidlines. In the 
ase of pions the long-dashed line shows the result of in
ludingtwo-body de
ays only. We observe that the �nal distributions of hadronsare 
onsiderably steeper than the original distributions. We term this phe-nomenon as �
ooling� of the spe
tra by se
ondary de
ays. For the pions theinitial inverse slope, 
al
ulated in the range 0.3GeV < p? < 0:9GeV [35℄,equals 219 MeV. Hadroni
 de
ays 
ool it by 34 MeV down to 185 MeV.



768 W. Florkowski, W. Broniowski, M. Mi
hale
The last value agrees well with the measurement of the PHENIX Collab-oration [35℄ 2. The inverse slopes obtained for other hadrons are smallerthan those inferred from the data. De�nitely, other pro
esses in�uen
e theobserved spe
tra.Our 
al
ulation does not show any peaked low-p? enhan
ement in thepion spe
trum. It would, if for instan
e we had in
luded only the �(1232)de
ays. However, with all de
ays in
luded, the in
rease of the spe
trum isuniform due to the fa
t that di�erent de
ays populate di�erent momenta.The shape of the pion spe
trum in Fig. 2 is 
on
ave, thus the thermal modeldoes not reprodu
e the experimental 
onvex shape [35℄. One 
an see that the
ontributions from the three-body de
ays to the pion spe
trum are importantat small momenta, however, they are smaller than the 
ontributions fromthe two-body de
ays. The impa
t of three-body de
ays on other spe
tra isnegligible.Certainly, the expansion or �ow e�e
ts further modify the spe
tra. Theirin
lusion is ne
essary to obtain the 
omplete agreement with the data [20℄.However, the e�e
t of �
ooling� from se
ondary de
ays des
ribed in thispaper is an important ingredient of any analysis of momentum spe
tra inrelativisti
 heavy-ion 
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