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1182 G. Marmo, W.M. Tulzyjew, P. Urba«ski1. IntrodutionWe distinguish three types of situations to whih methods of analytialmehanis an be applied. A mehanial system an be studied as an isolatedsystem not subjet to external interferene. The study of planetary motionis an example. The motion of a mehanial system in a �nite time intervalan be studied. The external interation with the system is limited to settingup or observing the initial and �nal onditions without interfering with thesystem during its motion. Suh situations are studied in old-time ballistis.The motion of system in a �nite time interval an be onsidered with boththe boundary onditions and the motion itself during the time interval aresubjet to ontrol. Suh situations are studied in modern ballistis of guidedmissiles. The �ight of an airplane or the motion of a ar are also examples ofsuh situations. Early formulations of analytial mehanis were appliableto all three types of situations. Reent geometrial formulations left out thepossibility of analyzing the external interation with a mehanial systemduring its motion. The external interation an take di�erent forms. Onepossibility is to in�uene the motion of a mehanial objet by subjetingthe objet to onstraints varying in time. Driving a ar is an example ofthis type of ontrol. A geometri study of this type of ontrol was initiatedby Marle [1�3℄. Another possibility is to ontrol a mehanial system byapplying external fores. This happens when trajetory of a spae vehileor the orbit of a satellite are orreted by remotely ativating jet enginesmounted on the vehile.A geometri framework for analytial mehanis with external fores isthe subjet of the present paper. Four versions of this framework are on-sidered. The �rst version is a variational formulation. Variational priniplesfound in urrent literature are almost exlusively versions of the Hamiltonpriniple. A reent paper by Gràia, Marìn-Solano and Muñoz-Leanda [4℄gives a lear geometri desription of the Hamilton priniple in presene ofonstraints. Hamilton's priniple does not take into aount momenta atthe boundary or external fores. A variational priniple with boundary mo-menta was used by Shwinger [5℄. The variational priniple with boundaryterms appearing in [6℄ is not related to Shwinger's priniple. We use avariational priniple with boundary terms and external fores. The seondversion of the framework is the Lagrangian formulation of mehanis andthe third is the Hamiltonian formulation. The Lagrangian formulation usu-ally presented is ompletely equivalent to the Hamilton priniple and doesnot inlude momenta or external fores. Momenta but not external foresare present in the usual Hamiltonian formulation. In our interpretation aLagrangian system and the orresponding Hamiltonian system are the sameobjet desribed in terms of two di�erent generating funtions � the La-



Dynamis of Autonomous Systems with External Fores 1183grangian and the Hamiltonian. The last version is the Poisson formulationdi�erent from the Hamiltonian formulation only in the use of the Poissonstruture of the phase spae in plae of the equivalent sympleti struture.Our formulations are based on some well known and some little knowngeometri onstrutions. These are presented in an extensive introdutorysetion. Work related to our formulations an be found in the referenes[7�11℄. 2. Geometri onstrutions2.1. Tangent funtorsLet M be a di�erential manifold. A loal hart (x�) : M ! Rm of Mwith oordinates x� : M ! R will be treated as de�ned on all of M . Simplemodi�ations have to be applied to onstrutions involving harts if trulyloal harts are used.In the set C1(M jR) of di�erentiable mappings from R to M we in-trodue an equivalene relation. Two mappings  and 0 are equivalent if0(0) = (0) and D(f Æ 0)(0) = D(f Æ )(0) for eah di�erentiable funtionf : M ! R.The set of equivalene lasses will be denoted by TM . The equivalenelass of a urve  : R ! M will be denoted by t(0). The set TM is theset of tangent vetors in M or the tangent bundle of M .We have the surjetive mapping�M : TM !M : t(0) 7! (0): (1)From a funtion f : M ! R we onstrut funtionsf1;0 : TM ! R : t(0) 7! (f Æ )(0) (2)and f1;1 : TM ! R : t(0) 7! D(f Æ )(0): (3)These onstrutions an be applied to funtions de�ned on open subsets ofM . The funtions f1;0 and f1;1 onstruted from a funtion f on U � Mare de�ned on �M�1(U). The funtion f1;0 is the omposition f Æ �M .The set TM is a di�erential manifold. A loal hart (x�) : M ! Rmindues a loal hart (x�; _x�) : TM ! R2m (4)of TM . The loal oordinates x� and _x� are the funtions x�1;0 and x�1;1onstruted from the oordinates of M . Note that we are using the symbolx� to denote loal oordinates of M and also of TM . The diagram



1184 G. Marmo, W.M. Tulzyjew, P. Urba«skiTM�M
��M (5)is a di�erential �bration.Eah urve  : R!M has a tangent prolongationt : R! TM : t 7! t(t+ �)(0): (6)The value t(t) of the prolongation t depends only on the de�nition ofthe urve  in the immediate neighbourhood of t 2 R. It follows thata loal urve  : I ! M de�ned on an open subset I � R has a wellde�ned prolongation t : I ! TM . The urve  is obtained from t as theprojetion �M Æ t.Let M and N be di�erential manifolds and let � : M ! N be a di�er-entiable mapping. We have the mappingT� : TM ! TN : t(0) 7! t(� Æ )(0): (7)The diagram TM�M

��

T� // TN�N
��M � // N (8)is a di�erential �bration morphism. IfM , N , and O are di�erential manifoldsand � : M ! N and � : N ! O are di�erentiable mappings, thenT(� Æ �) = T� Æ T�: (9)We have introdued a ovariant funtor T in the ategory of di�erentialmanifolds and di�erentiable mappings.We introdue a seond equivalene relation in the set C1(M jR) of dif-ferentiable mappings from R to M . Two mappings  and 0 are equivalentif 0(0) = (0), D(f Æ 0)(0) = D(f Æ )(0), and D2(f Æ 0)(0) = D2(f Æ )(0)for eah di�erentiable funtion f : M ! R. The set of equivalene lasseswill be denoted by T2M and the equivalene lass of a urve  : R ! Mwill be denoted by t2(0). The set T2M is the set of seond tangent vetorsin M or the seond tangent bundle of M .We have surjetive mappings�2M : T2M !M : t2(0) 7! (0) (10)



Dynamis of Autonomous Systems with External Fores 1185and �12M : T2M ! TM : t2(0) 7! t(0) (11)satisfying �M Æ �12M = �2M .From a funtion f : M ! R we onstrut funtionsf2;0 : T2M ! R : t2(0) 7! (f Æ )(0); (12)f2;1 : T2M ! R : t2(0) 7! D(f Æ )(0); (13)and f2;2 : T2M ! R : t2(0) 7! D2(f Æ )(0): (14)These onstrutions an be applied to funtions de�ned on open subsetsof M .The set T2M is a di�erential manifold. A loal hart (x�) : M ! Rmindues a loal hart (x�; _x�; �x�) : T2M ! R3m (15)of TM . The loal oordinates x�, _x�, and �x� are the funtions x�2;0, x�2;1,and x�2;2 onstruted from the oordinates of M . Note that x� denote loaloordinates of M and also of T2M . DiagramsT2M�2M
��M T2M�12M

��TM (16)
are di�erential �brations.Eah urve  : R!M has a seond tangent prolongationt2 : R! T2M : t 7! t2(t+ �)(0): (17)Seond tangent prolongations of loal urves an be onstruted. Relations�2M Æ t2 =  and �12M Æ t2 = t hold.Let M and N be di�erential manifolds and let � : M ! N be a di�er-entiable mapping. We have the mappingT2� : T2M ! T2N : t2(0) 7! t2(� Æ )(0): (18)



1186 G. Marmo, W.M. Tulzyjew, P. Urba«skiDiagrams T2M�2M
��

T2� // T2N�2N
��M � // N (19)

and T2M�12M
��

T2� // T2N�12N
��TM T� // TN (20)

are morphisms of di�erential �brations. If M , N , and O are di�erentialmanifolds and � : M ! N and � : N ! O are di�erentiable mappings, thenT2(� Æ �) = T2� Æ T2�: (21)We have introdued a ovariant funtor T2 in the ategory of di�erentialmanifolds and di�erentiable mappings.2.1.1. Tangent and otangent vetorsThe �bration TM�M
��M (22)

is a vetor �bration. It is alled the tangent �bration. Sine representatives ofvetors (urves inM) an not be added the onstrution of linear operationsin �bres of �M is somewhat indiret. Let v, v1, and v2 be elements of thesame �bre TxM = �M�1(x). We writev = v1 + v2 (23)if f1;1(v) = f1;1(v1) + f1;1(v2) (24)



Dynamis of Autonomous Systems with External Fores 1187for eah funtion f on M . Note thatf1;1(v) = hdf; vi: (25)We have de�ned a relation between three elements of a �bre TxM . Thisrelation will turn into a binary operation if we show that for eah pair(v1; v2) 2 TxM � TxM there is an unique vetor v 2 TxM suh that v =v1 + v2. The oordinate onstrution(x� Æ )(t) = x�(v1) + ( _x�(v1) + _x�(v2))t (26)of a representative  of v proves existene. Let v and v0 be in relationsv = v1 + v2 and v0 = v1 + v2 with v1 and v2. Thenf1;1(v0) = f1;1(v1) + f1;1(v2) = f1;1(v) (27)for eah funtion f . It follows that v0 = v. This proves uniqueness.Let v and u be elements of TxM and let k be a number. We writev = ku (28)if f1;1(v) = kf1;1(u) (29)for eah funtion f on M . The oordinate onstrution(x� Æ )(t) = x�(u) + k _x�(u)t (30)shows that for eah k 2 R and u 2 TxM there is a vetor v 2 TxM suhthat v = ku. If v and v0 are two suh vetors, thenf1;1(v0) = kf1;1(u) = f1;1(v): (31)It follows that the vetor v is unique.We have de�ned operations+ : TM �(�M ;�M )TM ! TM (32)and � : R� TM ! TM: (33)The symbol TM �(�M ;�M )TM denotes the �bre produtf(v1; v2) 2 TM � TM ; �M (v1) = �M (v2)g: (34)



1188 G. Marmo, W.M. Tulzyjew, P. Urba«skiA setion X : M ! TM of the tangent �bration �M is a vetor �eld.The zero setion will be denoted by O�M .Let C1(RjM) denote the algebra of di�erentiable funtions on a di�er-ential manifold M . In the set C1(RjM) �M we introdue an equivalenerelation. Two pairs (f; x) and (f 0; x0) are equivalent if x0 = x andD(f 0 Æ )(0) = D(f Æ )(0) (35)for eah di�erentiable urve  : R ! M suh that (0) = x. The set ofequivalene lasses denoted by T�M is alled the otangent bundle of M .Elements of T�M are alled otangent vetors. The equivalene lass of(f; x) denoted by df(x) is alled the di�erential of f at x. The mapping�M : T�M !M : df(x) 7! x (36)is alled the otangent bundle projetion.The otangent bundle T�M is a di�erential manifold. A loal hart(x�) : M ! Rm indues a loal hart (x�; p�) : T�M ! R2m. The loaloordinates x� and p� are the funtionsx� : T�M ! R : df(x) 7! x�(x) (37)and p� : T�M ! R : df(x) 7! D(f Æ �;x)(0); (38)where �;x are urves in M haraterized byx�(�;x(t)) = x�(x) + Æ��t (39)for t su�iently lose to 0 2 R. Note that x� is used to denote loaloordinates in M and also in T�M .The diagram T�M�M
��M (40)

is a di�erential vetor �bration. It is alled the otangent �bration. Thelinear operations in �bres of the otangent �bration have natural de�nitions+ : T�M �(�M ;�M )T�M ! T�M : (df1(x);df2(x)) 7! d(f1 + f2)(x) (41)



Dynamis of Autonomous Systems with External Fores 1189and � : R�T�M ! T�M : (k;df(x)) 7! d(kf)(x): (42)The mappingh ; i : T�M �(�M ;�M )TM ! R : (df(a); t(0)) 7! D(f Æ )(0) (43)is a di�erentiable, bilinear, and nondegenerate pairing. The symbolT�M �(�M ;�M )TM is again the �bre produt de�ned as the equalizerT�M �(�M ;�M )TM = f(p; v) 2 T�M � TM ; �M (p) = �M (v)g (44)of the projetions �M and �M . The tangent �bration and the otangent�bration are a dual pair of vetor �brations.The Liouville form is a 1-form #M on T�M de�ned as#M : T(T�M) ! R : w 7! h�T�M (w);T�M (w)i: (45)A 1-form on M an interpreted as a setion of the otangent projetion�M . If � : M ! T�M , thenh��#M ; vi = h#M ;T�(v)i= h�T�M (T�(v));T�M (T�(v))i= h�(�M (v));T(�M Æ �)(v)i= h�; vi (46)for eah v 2 TM . Hene, ��#M = �. The zero setion of the otangent�bration will be denoted by O�M .The otangent bundle T�M together with the 2-form !M = d#M forma sympleti manifold (T�M;!M ). It follows from the loal expressions#M = p�dx� (47)and !M = dp� ^ dx� (48)that the form !M is non degenerate.



1190 G. Marmo, W.M. Tulzyjew, P. Urba«ski2.1.2. Speial sympleti struturesLet (P; !) be a sympleti manifold. A speial sympleti struture for(P; !) is a diagram (P; #)�
��M (49)

where � : P ! Q is a vetor �bration and # is a vertial one-form on Psuh that d# = !. An additional requirement is the existene of a vetor�bration morphism P�
��

� // T�M�M
��M M (50)

suh that # = ��#M . This morphism is neessarily an isomorphism. Foreah w 2 TP we haveh#;wi = h��#M ; wi= h#M ;T�(w)i= h�T�M (T�(w));T�M (T�(w))i= h�(�P (w));T(�M Æ �)(w)i= h�(�P (w));T�(w)i: (51)It follows that the mapping � : P ! T�M is ompletely haraterized byh�(p); vi = h#;wi; (52)where v 2 T�(p)M and w is any vetor in TpP suh that T�(w) = v. Weonlude that if the morphism (50) assoiated with a speial sympletistruture exists, then it is unique. It an be shown that if the 1-form #interpreted as a mapping # : TP ! R is linear on �bres of the vetor�bration T� : TP ! TM , then the morphism (50) exists. We will usuallypresent a speial sympleti struture together with the assoiated vetor�bration isomorphism.



Dynamis of Autonomous Systems with External Fores 11912.1.3. Generating funtions and Legendre transformationsLet (P; #)�
��M P�

��

� // T�M�M
��M M (53)

be a speial sympleti struture for a sympleti manifold (P; !) with itsassoiated vetor �bre morphism. Let S � P be the image im(�) of a setion� : M ! P of �. If S is a Lagrangian submanifold of (P; !), then the 1-form��# is losed sine d��# = ��! = 0. Let this form be exat. A funtionF : M ! R suh that ��# = dF is alled a generating funtion of S relativeto the speial sympleti struture (53). From��# = ����#M = (� Æ �)�#M = � Æ � (54)it follows that � = ��1 Æ dF . FromdF = (� Æ �)�dF = ����dF = ��d(F Æ �) (55)it follows that ��# = ��d(F Æ �). Consequently ��# = ��d(F Æ �) for anymapping � : R ! P suh that im(�) � S. This is in partiular true for theanonial injetion �S : S ! P . Sine the forms # and d(F Æ �) are bothvertial we have # Æ �S = d(F Æ �) Æ �S or #jS = d(F Æ �)jS. The set S anbe obtained from its generating funtion F as the equalizerS = fp 2 P ; #(p) = d(F Æ �)(p)g (56)of the two forms. If S = im(�) is not Lagrangian we de�ne its generatingform relative to the speial sympleti struture (53) as the 1-form ' on Msuh that ��# = '. Relations � = ��1 Æ ' andS = fp 2 P ; #(p) = (��')(p)g (57)replae the orresponding relations of the Lagrangian ase.Let (P; #0)�0
��M 0 P�0

��

�0 // T�M 0�0M
��M 0 M 0 (58)



1192 G. Marmo, W.M. Tulzyjew, P. Urba«skibe a seond speial sympleti struture for (P; !). The di�erene #0 � #is a losed form. Let it be exat and let G be a funtion on P suh that#0�# = dG. Let S be the image im(�0) of a setion �0 : M 0 ! P of �0. Thefuntion F 0 = (F Æ � +G) Æ �0 (59)is a generating funtion of S relative to the new speial sympleti struturesinedF 0=�0�d(F Æ�+G)=�0�d(F Æ�)+�0�(#0�#)=�0�d(F Æ�)��0�#+�0�#0=�0�#0:(60)The passage from F to F 0 is a version of the Legendre transformation. IfS = im(�) = im(�0) is generated by a generating form ' with respet to thespeial sympleti struture (53), then the form'0 = �0�(��'+ dG) (61)is the generating form of S relative to the speial sympleti struture (58).2.1.4. Iterated tangent bundles TTM , TT2M , and T2TMThe sets TTM , TT2M , and T2TM obtained by repeated appliation oftangent funtors are di�erential manifolds. From a funtion f : M ! R weonstrut sets of funtionsff1;0;1;0; f1;0;1;1; f1;1;1;0; f1;1;1;1g (62)on TTM , ff1;0;2;0; f1;0;2;1; f1;0;2;2; f1;1;2;0; f1;1;2;1; f1;1;2;2g (63)on TT2M , andff2;0;1;0; f2;0;1;1; f2;1;1;0; f2;1;1;1; f2;2;1;0; f2;2;1;1g (64)on T2TM . The funtions are obtained by repeated appliation of the on-strutions introdued in formulae (2) and (3). The general de�nition isfk0;k;i;j = (fk;j)k0;i (65)with suitable values of the indies. These onstrutions apply to loal fun-tions as well. By applying these onstrutions to the loal oordinates for ahart (x�) : M ! Rm we onstrut harts(x�1;0;1;0; x�1;0;1;1; x�1;1;1;0; x�1;1;1;1) : TTM ! R4m; (66)(x�1;0;2;0; x�1;0;2;1; x�1;0;2;2; x�1;1;2;0; x!1;1;2;1; x�1;1;2;2) : TT2M ! R6m;(67)



Dynamis of Autonomous Systems with External Fores 1193and(x�2;0;1;0; x�2;0;1;1; x�2;1;1;0; x�2;1;1;1; x!2;2;1;0; x�2;2;1;1) : T2TM ! R6m:(68)Coordinates in TTM are usually denoted by (x�; _x�; Æx�; Æ _x�), oordinatesin TT2M are denoted by (x�; _x�; �x�; Æx� ; Æ _x! ; Æ�x�), and oordinates in T2TMould be denoted by (x�; _x�; x0�; _x0� ; x00!; _x00�).Eah element of one of the spaes TTM , TT2M , and T2TM is onve-niently represented by a mapping � : R2 !M . Mappings� : R! TM : s 7! t�(s; �)(0) (69)and � : R! T2M : s 7! t2�(s; �)(0) (70)derived from the mapping � serve as representatives of elements t�(0) 2TTM , t�(0) 2 TT2M , and t2�(0) 2 T2TM . We denote these elements byt1;1�(0; 0), t1;2�(0; 0), and t2;1�(0; 0) respetively. The mapping � hara-terized by x�(�(s; t)) = x�(x) + t _x�(x) + sÆx�(x) + stÆ _x�(x) (71)for (s; t) su�iently lose to (0; 0) 2 R2 is a representative of an element x ofTTM . This oordinate onstrution proves the existene of representatives.The orresponding oordinate onstrutions of representatives of elementsy 2 TT2M and z 2 T2TM are provided byx�(�(s; t)) = x�(y) + t _x�(y) + 12 t2�x�(y) + sÆx�(x) + stÆ _x�(y) + 12s2tÆ _x�(y)(72)andx�(�(s; t)) = x�(z) + t _x�(z) + sx0�(z) + st _x0�(z) + 12s2x00�(z) + 12s2t _x00�(z)(73)respetively. Relations�k00k0TkM (tk0;k�(0; 0)) = tk00;k�(0; 0) (74)and Tk0�k00kM (tk0;k�(0; 0)) = tk0;k00�(0; 0) (75)are easily veri�ed. The de�nition (65) is equivalent tofk0;k;i;j(tk0;k�(0; 0)) = D(i;j)(f Æ �)(0; 0): (76)The equalities hdfk;i; wi = f1;k;1;i(w) (77)



1194 G. Marmo, W.M. Tulzyjew, P. Urba«skifor k = 1 or k = 2, i 6 k, and w 2 TTk follow fromhdfk;i; t1;k�(0; 0)i = D(fk;i Æ �)(0)= dds(fk;i(tk�(s; �)(0)))js=0= �i+1�s�ti (f(�(s; t)(0)))js=0;t=0= D(1;i)(fÆ�)(0;0)= f1;k;1;i(t1;k�(0; 0)) (78)with � : R! TkM : s 7! tk�(s; �)(0): (79)From a mapping � : R2 ! M we derive the mapping e� : R2 ! Mby setting e�(t; s) = �(s; t). This onstrution is used in the de�nitions ofmappings �1;1M : TTM ! TTM : t1;1�(0; 0) 7! t1;1e�(0; 0); (80)�1;2M : TT2M ! T2TM : t1;2�(0; 0) 7! t2;1e�(0; 0); (81)and �2;1M : T2TM ! TT2M : t2;1�(0; 0) 7! t1;2e�(0; 0): (82)Diagrams Tk0TkM�k00k0TkM
��

�k0;kM // TkTk0MTk�k00k0M
��Tk00TkM �k00;kM // TkTk00M

(83)
for k00 6 k0 are ommutative and relations�k;k0M Æ �k0;kM = 1Tk0TkM (84)are satis�ed for all appliable values of k, k0, and k00. The speial ase�M = �1;1M is the most frequently used. It is known as the anonialinvolution in TTM .



Dynamis of Autonomous Systems with External Fores 11952.1.5. DerivationsLet 
(M) be the exterior algebra of di�erential forms on a di�erentialmanifold M . A linear operator a : 
(M) ! 
(M) is alled a derivation of
(M) of degree p if a� is a form of degree q + p anda(� ^ �) = a� ^ � + (�1)pq� ^ a� (85)when � is a form of degree q and � is any form onM . The exterior di�erentiald : 
(M) ! 
(M) is a derivation of degree 1. The ommutator[a; a0℄ = aa0 � (�1)pp0a0a (86)of derivations a and a0 of degrees p and p0 respetively is a derivation ofdegree p + p0. A derivation a is said to be of type i� if af = 0 for eahfuntion f on M . A derivation a is said to be of type d� if [a;d℄ = 0. IfiA is a derivation of type i�, then dA = [iA;d℄ is a derivation of type d�.Derivations are loal operators: if a is a derivation and � is a di�erentialform on M vanishing on an open subset U �M , then a� vanishes on U . Aderivation is fully haraterized by its ation on funtions and di�erentialsof funtions sine eah di�erential form is loally represented as a sum ofexterior produts of di�erentials of funtions multiplied by funtions. Aderivation of type d� is fully haraterized by its ation on funtions.A vetor-valued p-form is a linear mappingA : ^pTM ! TM: (87)If w 2 ^pTaM , then A(w) 2 TaM . Following Fröliher and Nijenhuis [13℄ weassoiate with a vetor-valued p-form A a derivation iA of type i� and degreep� 1 and the derivation dA = [iA;d℄. The derivation iA is haraterized byits ation on 1-forms. If � is a 1-form, then iA� is a p-form andhiA�;wi = h�;A(w)i (88)for eah w 2 ^pTM .For k = 1 or k = 2, and eah n 2 N we de�ne a linear mappingF (k;n) : TTkM ! TTkM : t1;k�(0; 0) ! t1;k�n(0; 0); (89)where � is a mapping from R2 to M and�n : R2 !M : (s; t) 7! �(stn; t): (90)Relations F (k; 0) = 1TTkM ; (91)



1196 G. Marmo, W.M. Tulzyjew, P. Urba«skiF (k;n0) Æ F (k;n) = F (k;n0 + n); (92)and F (k;n) = 0 if n > k (93)are easily established. It follows that F (1; 1), F (2; 1), and F (2; 2) are theonly non trivial ases. The diagramsTTkM�TkM
��

F (k;n)
// TTkM�TkM

��TkM TkM (94)
are ommutative sine �n(0; �) = �(0; �) and the diagramsTT2MT�12M

��

F (2;n)
// TT2MT�12M

��TTM F (1;n)
// TTM (95)

are obviously ommutative. The mappings F (k;n) are vetor-valued1-forms.Proposition 1 hdfk;i; F (k;n)(w)i = i!(i� n)!hdfk;i�n; wi (96)if i > n and hdfk;i; F (k;n)(w)i = 0 (97)if i < n.



Dynamis of Autonomous Systems with External Fores 1197Proof : The proof is established by the alulationshdfk;i; F (k;n)(t1;k�(0; 0))i = f1;k;1;i(F (k;n)(t1;k�(0; 0)))= D(1;i)(f Æ �n)(0; 0)= �i+1�s�ti (f(�(stn; t)))js=0;t=0= �i�ti (tn ��uf(�(u; t)))ju=0;t=0= i!(i� n)! �i�n+1�u�ti�n (f(�(u; t)))ju=0;t=0= i!(i� n)!D(1;i�n)(f Æ �)(0; 0)= i!(i� n)!hdfk;i�n; t1;k�(0; 0)i (98)if i > n andhdfk;i; F (k;n)(t1;k�(0; 0))i = �i�ti �tn ��uf(�(u; t))�ju=0;t=0 = 0 (99)if i < n.Here are the non trivial ases of formulae (96) and (97):hdf1;0; F (1; 1)(w)i = 0; (100)hdf1;1; F (1; 1)(w)i = hdf1;0; wi; (101)hdf2;0; F (2; 1)(w)i = 0; (102)hdf2;1; F (2; 1)(w)i = hdf2;0; wi; (103)hdf2;2; F (2; 1)(w)i = 2hdf2;1; wi; (104)hdf2;0; F (2; 2)(w)i = 0; (105)hdf2;1; F (2; 2)(w)i = 0; (106)hdf2;2; F (2; 2)(w)i = 2hdf2;0; wi: (107)It follows from formulae (100) and (102) that if w 2 im(F (1; 1)), thenhdf1;0; wi = 0 and if w 2 im(F (2; 1)), then hdf2;0; wi = 0 for eah funtionf on M .



1198 G. Marmo, W.M. Tulzyjew, P. Urba«skiProposition 2If w 2 TTM and hdf1;0; wi = 0 for eah funtion f , then w 2 im(F (1; 1))and if w 2 TT2M and hdf2;0; wi = 0 for eah funtion f , then w 2im(F (2; 1)).Proof : Let (x�; _x�; Æx�; Æ _x�) : TTM ! R4m be a hart of TTM derivedfrom a hart (x�) : M ! Rm. If w 2 TTM and hdf1;0; wi = 0 for eahfuntion f , then Æx�(w) = hdx�; wi = 0. A representative � of w suh that(x� Æ �)(s; t) = x�(w) + _x�(w)t+ Æ _x�(w)st (108)an be hosen. If � is the mapping� : R2 !M : (s; t) 7! limu!t�(su�n; u); (109)then � = �1 and w = F (1; 1)(t1;1�(0; 0)).We use in TT2M oordinates (x�; _x�; �x�; Æx� ; Æ _x! ; Æ�x�) derived from ahart (x�) : M ! Rm. If w 2 TT2M and hdf2;0; wi = 0 for eah funtionf , then Æx�(w) = 0. We hoose a representative � of w suh that(x� Æ�)(s; t) = x�(w)+ _x�(w)t+ 12 �x�(w)t2+ Æ _x�(w)st+ 12Æ�x�(w)st2: (110)If � is the mapping de�ned in formula (109), then � = �1 and w = F (2; 1)(t2;1�(0; 0)):Proposition 3im(F (1; 1)) = ker(F (1; 1)) and im(F (2; 1)) = ker(F (2; 2)).Proof : From F (1; 1) Æ F (1; 1) = F (1; 2) = 0 and F (2; 1) Æ F (2; 2) =F (2; 3) = 0 we derive the inlusions im(F (1; 1)) � ker(F (1; 1)) andim(F (2; 1)) � ker(F (2; 2)). If F (1; 1)(w) = 0, thenhdf1;0; wi = hdf1;1; F (1; 1)(w)i = 0: (111)Hene w 2 im(F (1; 1)). If F (2; 2)(w) = 0, thenhdf2;0; wi = 12 hdf2;2; F (2; 2)(w)i = 0: (112)Hene w 2 im(F (2; 1)).Proposition 4ker(T�M ) = ker(F (1; 1)) and ker(T�2M ) = ker(F (2; 2))Proof : The results follow diretly from the identitieshdf1;1; F (1; 1)(w)i = hdf1;0; wi = hdf;T�M(w)i (113)



Dynamis of Autonomous Systems with External Fores 1199for w 2 TTM andhdf2;2; F (2; 2)(w)i = 2hdf2;0; wi = 2hdf;T�2M (w)i (114)for w 2 TT2M .The relations ker(T�M ) = im(F (1; 1)) and ker(T�2M ) = im(F (2; 1))follow from the two above propositions.Let 
1(M) and 
2(M) denote the exterior algebras of di�erential formson the tangent bundles TM and T2M respetively. We will denote by �21Mthe homomorphism �12M � : 
1(M) ! 
2(M): (115)Derivations iF (k;n) and dF (k;n) are assoiated with the vetor-valued 1-forms F (k;n). The diagram
1(M)�21M
��

iF (1;1)
// 
1(M)�21M

��
2(M) iF (2;1)
// 
2(M) (116)

is ommutative.The artile [12℄ o�ers a generalization of the Fröliher and Nijenhuistheory. Let ' : N ! M be a di�erentiable mapping. The mapping '� :�(M) ! �(N) is a homomorphism of the exterior algebras. A derivation ofdegree p relative to '� is a linear operator a : �(M) ! �(N) suh that a� isa form on N of degree q + p anda(� ^ �) = a� ^ '�� + (�1)pq'�� ^ a� (117)if � is a form on M of degree q and � is any form on M . A derivationof the algebra �(M) is a derivation relative to the identity mapping 1M .A derivation a relative to ' is said to be of type i� if af = 0 for eahfuntion f on M . A relative derivation a of degree p is said to be of typed� if ad � (�1)pda = 0. If iA is a derivation of type i� relative to ', thendA = iAd� (�1)pdiA is a derivation of type d� relative to '. Note that theexpressions ad � (�1)pda and iAd � (�1)pdiA are not ommutators sineeah of these expressions involves two di�erent exterior di�erentials d. If ais a derivation of degree p relative to '� and ' : O ! N is a di�erentiablemapping, then the operator '�a : �(M) ! �(O) is a derivation of degree prelative to (' Æ ')� sine'�a(� ^ �) = '�a� ^ '�'�� + (�1)pq'�'�� ^ '�a�= '�a� ^ (' Æ ')�� + (�1)pq(' Æ ')�� ^ '�a� (118)



1200 G. Marmo, W.M. Tulzyjew, P. Urba«skiif � is a form onM of degree q and � is any form onM . If a is a derivation oftype i� or d�, then '�a is a derivation of the same type. Relative derivationsare again loal operators and are ompletely haraterized by their ationon funtions and di�erentials of funtions.A vetor-valued p-form relative to ' : N !M is a linear mappingA : ^pTN ! TM (119)suh that if w 2 ^pTbN , then A(w) 2 T'(b)M . We assoiate with a vetor-valued p-form A relative to ' a derivation iA relative to '� of type i� anddegree p�1 and the relative derivation dA = iAd�(�1)pdiA. If � is a 1-formon M , then iA� is a p-form on N andhiA�;wi = h�;A(w)i (120)for eah w 2 ^pTN .Let T (0) : TM ! TM be the identity mapping interpreted as a defor-mation of the tangent projetion �M : TM ! M . We assoiate with T (0)derivations iT (0) : 
(M) ! 
1(M) and dT (0) : 
(M) ! 
1(M) relativeto �M = �M�. The derivation iT (0) is a derivation of degree �1. If � is a(q + 1)-form on M , then iT (0)� is a q-form on TM and if w1; : : : ; wq areelements of TTM suh that �TM (w1) = : : : = �TM(wq), thenhiT (0)�;w1 ^ : : : ^ wqi = h�; �TM (w1) ^ T�M(w1) ^ : : : ^ T�M(wq)i: (121)Let X : M ! TM be a vetor �eld. The operator X�iT (0) is a derivationof 
(M) of type i� and degree �1. For eah 1-form � on M we haveX�iT (0)� = iT (0)� ÆX = h�; T (0) ÆXi = h�;Xi = iX�: (122)Hene, X�iT (0) = iX . The relation X�dT (0) = dX is established byX�dT (0) = X�(iT (0)d + diT (0)) = X�iT (0)d + dX�iT (0) = iXd + diX = dX :(123)Let f be a funtion on M . For eah vetor v = _�(0) = t�(0) 2 TM we�nd dT (0)f(v) = iT (0)df(v)= hdf; T (0)(v)i= hdf; vi= D(f Æ �)(0): (124)Hene, iT (0)df = f1;1, dT (0)f = f1;1, and dT (0)df = df1;1.



Dynamis of Autonomous Systems with External Fores 1201For eah vetor w 2 TTM there is a mapping Æ� : R ! TM suh thatw = �1;1(tÆ�(0)). Let w1; : : : ; wq be elements of TTM suh that�TM (w1) = : : : = �TM (wq) (125)and let Æ�1 : R! TM; : : : ; Æ�q : R! TM (126)be the mappings suh thatw1 = �1;1(tÆ�1(0)); : : : ; wq = �1;1(tÆ�q(0)): (127)We will require that these mappings satisfy the ondition�M Æ Æ�1 = � � � = �M Æ Æ�q: (128)The following onstrution proves the existene of suh mappings. Let(x�; _x�) : TM ! R2m be a hart of TM and (x�; _x�; Æx�; Æ _x�) : TTM !R4m a hart of TTM derived from a hart (x�) : M ! Rm. MappingsÆ�1; : : : ; Æ�q haraterized by(x�; _x�)(Æ�1(t)) = (x�(w1) + t _x�(w1); Æx�(w1) + tÆ _x�(w1)):::::::::::::::::::::::::::::::::::::::(x�; _x�)(Æ�q(t)) = (x�(wq) + t _x�(wq); Æx�(wq) + tÆ _x�(w1)) (129)for t lose to 0 2 R have the required property sine x�(w1) = : : : = x�(wq)and _x�(w1) = : : : = _x�(wq). We denote by � the mapping �M Æ Æ�1 = : : : =�M ÆÆ�q. The following proposition is stated in terms of the mappings � andÆ�1; : : : ; Æ�q.Proposition 5If q > 0 and � is a q-form on M , then dT (0)� is a q-form on TM andhdT (0)�;w1 ^ : : : ^ wqi = Dh�; Æ�1 ^ : : : ^ Æ�qi(0) ; (130)where w1; : : : ; wq are vetors in TTM suh that �TM(w1) = : : : = �TM (wq).Proof : Let an operator a : 
(M) ! 
1(M) of degree 0 be de�ned byaf = dT (0)f (131)for eah funtion f on M andha�;w1 ^ : : : ^ wqi = Dh�; Æ�1 ^ : : : ^ Æ�qi(0); (132)



1202 G. Marmo, W.M. Tulzyjew, P. Urba«skiif q > 0, � is a q-form on M , and w1; : : : ; wq are elements of TTM suh that�TM (w1) = : : : = �TM(wq).We show that a is a derivation relative to �M . If f1 and f2 are funtionson M , thena(fg) = dT (0)(fg) = dT (0)fgÆ�M+fÆ�MdT (0)g = afgÆ�M+fÆ�Mag: (133)If f is a funtion on M and � is a q-form on M with q > 0, thenha(f�); w1 ^ : : : ^ wqi = Dhf�; Æ�1 ^ : : : ^ Æ�qi(0)= D((f Æ �)h�; Æ�1 ^ : : : ^ Æ�qi)(0)= hdf; t�(0)ih�;T�M (w1) ^ : : : ^ T�M(wq)i+f(�(0))Dh�; Æ�1 ^ : : : ^ Æ�qi(0)= af(t�(0))h�M�;w1 ^ : : : ^ wqi+�Mf(t�(0))ha�;w1 ^ : : : ^ wqi= haf�M�+ �Mfa�;w1 ^ : : : ^ wqi: (134)If �1 and �2 are forms on M of degrees q1 > 0 and q2 > 0, respetively, andq = q1 + q2, then (�(�) = sign(�))ha(�1 ^ �2); w1 ^ : : : ^ wqi = Dh�1 ^ �2; Æ�1 ^ : : : ^ Æ�qi(0)= 1q1!q2! X�2Sq �(�)D �
�1; Æ��(1) ^ : : : ^ Æ��(q1)� 
�2; Æ��(q1+1) ^ : : : ^ Æ��(q)�� (0)= 1q1!q2! X�2Sq �(�) �D 
�1; Æ��(1)^ : : : ^Æ��(q1)� (0) 
�2; Æ��(q1+1) ^ : : : ^ Æ��(q)� (0)+D 
�1; Æ��(1) ^ : : : ^ Æ��(q1)� (0) 
�2; Æ��(q1+1) ^ : : : ^ Æ��(q)� (0)�= 1q1!q2! X�2Sq�(�) �
a�1; w�(1)^ : : : ^w�(q1)� 
�2;T�M (w�(q1+1)) ^ : : : ^ T�M (w�(q))�+
�1;T�M (w�(1)) ^ : : : ^ T�M (w�(q1))� 
a�2; w�(q1+1) ^ : : : ^ w�(q)��= 1q1!q2! X�2Sq �(�) �
a�1; w�(1) ^ : : : ^ w�(q1)� 
�M�2; w�(q1+1) ^ : : : ^ w�(q)�+
�M�1; w�(1) ^ : : : ^ w�(q1)� 
a�2; w�(q1+1) ^ : : : ^ w�(q)��= ha�1 ^ �M�2 + �M�1 ^ a�2; w1 ^ : : : ^ wqi: (135)This ompletes the proof that a is a derivation relative to �M .Let w be an element of TTM . We assoiate the mappingÆ� : R! TM : t 7! t�(�; t)(0) (136)



Dynamis of Autonomous Systems with External Fores 1203with a representative � : R2 !M of w. If f is a funtion on M , thenhadf;wi = Dhdf; Æ�i(0)= ddthdf; Æ�(t)ijt=0= ddthdf; t�(�; t)(0)ijt=0= D(1;1)(f Æ �)(0; 0)= f1;1;1;1(t1;1�(0; 0))= hdf1;1; t1;1�(0; 0)i= hdT (0)df;wi: (137)The equality adf = dT (0)df together with dT (0)f = af for eah funtion fimply the equality dT (0) = a.The mapping T (1) : T2M ! TTM : t2�(0) 7! tt�(0) (138)is a vetor valued 0-form relative to �12M . We assoiate with T (1) deriva-tions iT (1) : 
1(M) ! 
2(M) and dT (1) : 
1(M) ! 
2(M) relative to�21M . Derivations iT (1) and dT (1) have properties analogous to those ofderivations iT (0) and dT (0). If � is a (q + 1)-form on TM , then iT (1)�is a q-form on T2M and if w1; : : : ; wq are elements of TT2M suh that�T2M (w1) = : : : = �T2M (wq), thenhiT (1)�;w1^: : :^wqi = h�; �T2M (w1)^T�12M (w1)^: : :^T�12M (wq)i: (139)Let F be a funtion on TM . For eah element a = t2�(0) 2 T2M wehave dT (1)F (a) = iT (1)dF (a)= hdF; T (1)(t2�(0))i= hdF; tt�(0)i= D(F Æ t�)(0): (140)If w1; : : : ; wq are elements of TT2M suh that�T2M (w1) = : : : = �T2M (wq); (141)then it is possible to hoose mappingsÆ�1 : R! TM; : : : ; Æ�q : R! TM (142)



1204 G. Marmo, W.M. Tulzyjew, P. Urba«skisuh that w1 = �2;1(t2Æ�1(0)); : : : ; wq = �2;1(t2Æ�q(0)) (143)and �M Æ Æ�1 = � � � = �M Æ Æ�q: (144)Let (x�; _x�) : TM ! R2m be a hart of TM and (x�; _x�; �x�; Æx� ; Æ _x!; Æ�x�) :TT2M ! R6m a hart of TT2M derived from a hart (x�) : M ! Rm.Mappings Æ�1; : : : ; Æ�q suh that(x�; _x�)(Æ�1(t))=�x�(w1)+t _x�(w1) + t22 �x�(w1); Æx�(w1)+tÆ _x�(w1)+ t22 Æ�x�(w1)�:::::::::::::::::::::::::(x�; _x�)(Æ�q(t))=�x�(wq)+t _x�(wq)+ t22 �x�(wq); Æx�(wq)+tÆ _x�(wq)+ t22 Æ�x�(wq)�(145)for t lose to 0 2 R are a orret hoie sine x�(w1) = : : : = x�(wq),_x�(w1) = : : : = _x�(wq), and �x�(w1) = : : : = �x�(wq). We introdue mappingsÆ _�1 = �1;1 Æ tÆ�q; : : : ; Æ _�q = �1;1 Æ tÆ�q: (146)The following proposition is stated in terms of these mappings.Proposition 6If q > 0 and � is a q-form on TM , then dT (1)� is a q-form on T2M andhdT (1)�;w1 ^ : : : ^ wqi = Dh�; Æ _�1 ^ : : : ^ Æ _�qi(0) (147)where w1; : : : ; wq are vetors in TT2M suh that �T2M (w1)= : : :=�T2M (wq).Proof : The proof of this proposition is analogous to that of Proposition 5.An operator a : 
1(M) ! 
2(M) of degree 0 is de�ned byag = dT (1)g (148)for eah funtion g on TM andha�;w1 ^ : : : ^ wqi = Dh�; Æ _�1 ^ : : : ^ Æ _�qi(0); (149)if q > 0, � is a q-form on TM , and w1; : : : ; wq are elements of TT2M suhthat �TM (w1) = : : : = �TM (wq). It is shown that a is a derivation relativeto �21M by performing essentially the same alulations as in the proof ofProposition 5.



Dynamis of Autonomous Systems with External Fores 1205With a representative � : R2 ! M of an element w = t1;2�(0; 0) ofTT2M we assoiate the mappingÆ _� : R! TTM : t 7! t1;1�(�; t): (150)If f is a funtion on M , thenhadf1;0; wi = Dhdf1;0; Æ _�i(0)= ddthdf1;0; Æ�(t)ijt=0= ddthdf1;0; t1;1�(�; t)(0)ijt=0= ddthf1;1;1;0; t1;1�(�; t)(0)ijt=0= ddt �D(1;0)(f Æ �)(0; t)�jt=0= D(1;1)(f Æ �)(0; 0)= f1;2;1;1(t1;2�(0; 0))= f1;2;1;1(w))= hdf2;1; wi= hdT (1)df1;0; wi (151)and hadf1;1; wi = Dhdf1;1; Æ _�i(0)= ddthdf1;1; Æ _�(t)ijt=0= ddthdf1;1; t1;1�(�; t)(0)ijt=0= ddthf1;1;1;1; t1;1�(�; t)(0)ijt=0= ddt �D(1;1)(f Æ �)(0; t)�jt=0= D(1;2)(f Æ �)(0; 0)= f1;2;1;2(t1;2�(0; 0))= f1;2;1;2(w))= hdf2;2; wi= hdT (1)df1;1; wi: (152)Equalities dT (1)f1;0 = af1;0, dT (1)f1;1 = af1;1, dT (1)df1;0 = adf1;0, anddT (1)df1;1 = adf1;1 for eah funtion f imply the equality dT (1) = a.



1206 G. Marmo, W.M. Tulzyjew, P. Urba«skiProposition 7The relation iF (2;1)dT (1) � dT (1)iF (1;1) = �21M iF (1;0) (153)holds.Proof : We show that the operator iF (2;1)dT (1)� dT (1)iF (1;1) is a derivationof type i� and degree 0 relative to �21M . For eah funtion g on TM wehave (iF (2;1)dT (1) � dT (1)iF (1;1))g = 0: (154)For any two forms � and � on TM we have(iF (2;1)dT (1) � dT (1)iF (1;1))(� ^ �)= iF (2;1)(dT (1)� ^ �21M� + �21M� ^ dT (1)�)�dT (1)(iF (1;1)� ^ � + � ^ iF (1;1)�)= iF (2;1)dT (1)� ^ �21M� + dT (1)� ^ iF (2;1)�21M�+iF (2;1)�21M� ^ dT (1)� + �21M� ^ iF (2;1)dT (1)��dT (1)iF (1;1)� ^ �21M� � �21M iF (1;1)� ^ dT (1)��dT (1)� ^ �21M iF (1;1)� � �21M� ^ dT (1)iF (1;1)�= iF (2;1)dT (1)� ^ �21M� + �21M� ^ iF (2;1)dT (1)��dT (1)iF (1;1)� ^ �21M� � �21M� ^ dT (1)iF (1;1)�= (iF (2;1)dT (1) � dT (1)iF (1;1))� ^ �21M�+�21M� ^ (iF (2;1)dT (1) � dT (1)iF (1;1))�: (155)This proves that the operator under onsideration is a derivation of thestated type. The equalities(iF (2;1)dT (1) � dT (1)iF (1;1))df1;0 = iF (2;1)df2;1 = df2;0 = �21M iF (1;0)df1;0(156)and (iF (2;1)dT (1) � dT (1)iF (1;1))df1;1 = iF (2;1)df2;2 � dT (1)df1;0= 2df2;1 � df2;1= �21M iF (1;0)df1;1 (157)omplete the proof.



Dynamis of Autonomous Systems with External Fores 12072.1.6. The Lagrange di�erentialWe de�ne a linear operator E : 
1(M) ! 
2(M) by the formulaE = �21M � dT (1)iF (1;1): (158)Proposition 8For eah 1-form � on TM the 1-form E� on T2M is vertial with respetto the projetion �2M : T2M !M .Proof : Vertiality means that hE�;wi = 0 for eah w 2 ker(T�2M ).Vertiality is established by showing that iF (2;1)E� = 0 sine ker(T�2M ) =im(F (2; 1)) and hiF (2;1)E�; vi = hE�; F (2; 1)(v)i. The equalityiF (2;1)E� = iF (2;1)(�21M � dT (1)iF (1;1))�= (�21M iF (1;1) � dT (1)iF (1;1)iF (1;1) � �21M iF (1;1))�= 0 (159)follows from iF (1;1)iF (1;1)� = iF (1;2)� = 0. We have used formulae (92) and(153) and the ommutativity of the diagram (116).The operator P = iF (1;1) : 
1 ! 
1 appears in the deomposition�21M = E + dT (1)P used in the alulus of variations. The deomposition�21M� = E�+dT (1)P� for a 1-form � on TM is usually obtained by usingloal oordinates and integrating by parts. For eah 1-form � on TM the1-form P� is vertial with respet to the tangent projetion �M : TM !M .This property follows from iF (1;1)P� = iF (1;1)iF (1;1)� = iF (1;2)� = 0.Let L be a funtion on TM . Vertiality of the formEdLmakes it possibleto onstrut a mapping EL : T2M ! T�M suh that �M Æ EL = �2M .This mapping is haraterized by hEdL;wi = �hEL(�T2M (w));T�2M (w)ifor eah w 2 TT2M . Vertiality of the form PdL implies the existene ofa mapping PL : TM ! T�M suh that �M Æ PL = �M . This mapping isharaterized by hPdL;wi = hPL(�TM (w));T�M (w)i for eah w 2 TTM .The equation EL Æ t2 = 0 is a seond order di�erential equation for aurve  : I ! M known as the Euler-Lagrange equation derived from theLagrangian L : TM ! R. The mapping PL is alled the Legendre mapping.2.1.7. The tangent of a vetor �bration and its dualLet " : E ! M be a di�erential �bration. Loal triviality implies theexistene of adapted harts. An adapted hart (x�; ei) : E ! Rm+k as-soiated with a hart (x�) : M ! Rm is haraterized by the equalityx� Æ " = x�. Note that the symbol x� is used to denote a oordinate ofM and also of E. The hart (x�; _x�) : TM ! R2m is an adapted hart



1208 G. Marmo, W.M. Tulzyjew, P. Urba«skifor the tangent �bration �M . There are two �brations �E : TE ! Eand T" : TE ! TM for the tangent bundle TE. The tangent hart(x�; ei; _x�; _ej) for TE indued by an adapted hart (x�; ei) is adapted toboth �brations sine (x�; ei) Æ �E = (x�; ei) and (x�; _x�) Æ T" = (x�; _x�).Let " : E !M and ' : F !M be di�erential �brations. The equalizerF �(';")E = f(f; e) 2 F �E; '(f) = "(e)g (160)of the projetions ' and " is alled the �bre produt of F and E. A urve(�; �) : R! F �(';")E onsists of two urves � : R! E and � : R! F suhthat " Æ � = ' Æ �. The mapping� : T(F �(';")E) ! TF �(T';T")TE : t(�; �)(0) 7! (t�(0); t�(0)) (161)is obviously injetive. Let (x�; ei; _x�; _ej) and (x�; fA; _x�; _fB) be tangentharts for TE and TF respetively indued by adapted harts (x�; ei) and(x�; fA). If (w; v) 2 TF �(T';T")TE, then (x�; _x�)(w) = (x�; _x�)(v) sineT'(w) = T"(v). Curves � : R! E and � : R! F haraterized loally by(x�; ei) Æ � : R! Rm+k : s 7! (x�(v) + s _x�(v); ei(v) + s _ei(v)) (162)and(x�; fA) Æ � : R! Rm+l : s 7! (x�(w) + s _x�(w); fA(w) + s _fA(w)) (163)de�ne a urve (�; �) : R ! F �(';")E suh that �(t(�; �)) = (w; v). Itfollows that � is surjetive. We will identify the spae T(F �(';")E) withTF �(T';T")TE. The diagram TF �(T';T")TE(�F ; �E)
��F �(';")E

(164)
with(�F ; �E) : TF �(T';T")TE ! F �(';")E : (w; v) 7! (�F (w); �E(v)) (165)



Dynamis of Autonomous Systems with External Fores 1209is a vetor �bration. If (w1; v1) and (w2; v2) are elements of TF �(T';T")TEsuh that �F (w1) = �F (w2) and �E(v1) = �E(v2), then (w1; v1) + (w2; v2) =(w1 + w2; v1 + v2). If (w; v) 2 TF �(T';T")TE and k 2 R, then k(w; v) =(kw; kv). The diagramT(F �(';")E)�F �(';")E
��

�
// TF �(T';T")TE(�F ; �E)

��F �(';")E F �(';")E
(166)

is an isomorphism of vetor �brations.Let E"
��M (167)

be a vetor �bration with operations+ : E �(";")E ! E (168)and � : R�E ! E: (169)Let O" : M ! E (170)be the zero setion.The tangent �bration TE�E
��E (171)

is a vetor �bration with operations+ : TE �(�E ;�E)TE ! TE (172)



1210 G. Marmo, W.M. Tulzyjew, P. Urba«skiand � : R�TE ! TE (173)and the zero setion O�E : E ! TE: (174)The diagram TET"
��TM (175)

is again a vetor �bration with operations+t : TE �(T";T")TE ! TE (176)and �t : R� TE ! TE (177)and the zero setion OT" : TM ! TE: (178)The operation +t is obtained from the tangent mappingT+ : T(E �(";")E) ! TE (179)by identifying the spae T(E �(";")E) with TE �(T";T")TE. The operation �tis onstruted from the tangent mappingT� : T(R�E) ! TE: (180)The spae T(R�E) is identi�ed with TR�TE = R2�TE and the operation�t is de�ned as the mapping�t : R�TE ! TE : (k; v) 7! T � ((k; 0) v): (181)In the diagramsTE�E
��

T" // TM�M
��E " // M TE �E //T"

��

E"
��TM �M // M (182)



Dynamis of Autonomous Systems with External Fores 1211vertial arrows are vetor �brations and horizontal arrows de�ne vetor �-bration morphisms. The spae TE with its two vetor bundle struturesforms a double vetor bundle.Let E"
��M F'

��M (183)
represent a vetor �bration " and its dual vetor �bration '. Leth ; i : F �(';")E ! R (184)be the anonial pairing. We have the double vetor bundle strutures forTE and TF . The tangent �brationsTET"

��TM TFT'
��TM (185)

are a dual pair of vetor �brations. The tangent pairingh ; it : TF �(T';T")TE ! R (186)is onstruted from the tangent mappingTh ; i : T(F �(';")E) ! TR (187)by identifying the spae T(F �(';")E) with TF �(T';T")TE and omposing thetangent mapping with the seond projetion of TR = R2 onto R. If (w; v)is an element of TF �(T';T")TE and (�; �) is a urve in F �(';")E suh that(w; v) = (t�(0); t�(0)), thenhw; vit = ht�(0); t�(0)it = Dh�; �i(0): (188)If (�; �) is a urve in F �(';")E, thenht�; t�it = Dh�; �i: (189)



1212 G. Marmo, W.M. Tulzyjew, P. Urba«skiLinearity of the tangent mapping (187) implies linearity of the tangentpairing. If (w1; v1) and (w2; v2) are elements of TF �(T';T")TE suh that�F (w1) = �F (w2) and �E(v1) = �E(v2), thenhw1 + w2; v1 + v2it = hw1; v1it + hw2; v2it: (190)If (w; v) 2 TF �(T';T")TE and k 2 R, thenhkw; kvit = khw; vit: (191)There are mappings�" : E �(";")E ! TE : (e; e0) 7! t(0) (192)with  : R! E : s 7! e+ se0 (193)and '" : E �(";"Æ�E)TE ! TE : (e; _e) 7! _e� �"(�E( _e); e): (194)The image of �" is the subbundleVE = fv 2 TE; t"(v) = 0g (195)of vertial vetors.Let e be an element of a vetor bundle E and let f and f 0 be elements ofthe dual bundle F suh that '(f) = '(f 0) = "(e). The vetor �'(f; f 0) 2 TFis the tangent vetor of the urve � : R! F : s 7! f+sf 0 and O�E (e) 2 TEis the tangent vetor of the onstant urve � : R ! E : s 7! e. We haveDh�; �i(0) = hf 0; ei sine h�; �i(s) = hf; ei+ shf 0; ei. It follows thath�'(f; f 0); O�E (e)i = hf 0; ei: (196)2.1.8. The struture of the tangent bundle of the otangent bundleAs was stated earlier the �brationsT�M�M
��M TM�M

��M (197)



Dynamis of Autonomous Systems with External Fores 1213for eah di�erential manifold M are a dual pair of vetor �brations with theanonial pairing h ; i : T�M �(�M ;�M )TM ! R: (198)The �brations T�TM�TM
��TM TTM�TM

��TM (199)
are again a dual pair with the pairingh ; i : T�TM �(�TM ;�TM )TTM ! R: (200)By applying the tangent funtor to �brations (197) we obtain a dual pairof vetor �brations TT�MT�M

��TM TTMT�M
��TM (201)

with the pairing h ; it : TT�M �(T�M ;T�M )TTM ! R: (202)If Æ� : R ! TM and � : R ! T�M are urves suh that �M Æ � = �M Æ Æ�and if w = tÆ�(0) and z = t�(0), thenhz; wit = Dh�; Æ�i(0): (203)We have two vetor bundle strutures for the manifold TTM and thediagram TTMT�M
��

TTM�TM
��

�MooTM TM (204)



1214 G. Marmo, W.M. Tulzyjew, P. Urba«skirepresents an isomorphism of vetor �brations. This is the diagram (83)with k0 = k = 1 and k00 = 0.Pairings (200) and (202) permit the introdution of the vetor �brationisomorphism TT�MT�M
��

�M // T�TM�TM
��TM TM

(205)
dual to the vetor �bration isomorphism (204). If w 2 TTM , z 2 TT�Mand �TM (w) = T�M (z), thenh�M (z); wi = hz; �M (w)it: (206)Let dT and iT denote the derivations dT (0) : 
(T�M) ! 
1(T�M) and iT (0) :
(T�M) ! 
1(T�M) respetively. The manifold TT�M with the 2-formdT!M = ddT#M form a sympleti manifold (TT�M;dT!M ). We onstruttwo natural speial sympleti strutures for this sympleti manifold.The following proposition implies that the diagrams(TT�M;dT#M )T�M

��TM
TT�MT�M

��

�M // T�TM�TM
��TM TM

(207)
onstitute a speial sympleti struture for the sympleti manifold(TT�M;dT!M ).Proposition 9If z 2 TT�M , w 2 TTT�M , and v 2 TTM satisfy relations �TT�M (w) =z and TT�M (w) = v, thenh�M (z); vi = hdT#M ; wi: (208)Proof : Let � : R2 ! T�M be a representative of w. The mapping' = �M Æ � is a representative of v and � = �(0; �) is a representative of z.The vetor �M (v) = t1;1 e'(0; 0) is represented by the urve� : R! TM : t 7! te'(t; �)(0) = t'(�; t)(0): (209)



Dynamis of Autonomous Systems with External Fores 1215The mapping Æ� : R! TT�M : t 7! t�(�; t)(0) (210)appears in the formula hdT#M ; wi = Dh#M ; Æ�i(0) (211)derived in Proposition 5. Relations � = T�M Æ Æ� and � = �T�M Æ Æ� followfrom(T�M Æ Æ�)(t) = T�M (t�(�; t)(0)) = t(�M Æ �)(�; t)(0) = t'(�; t)(0) (212)and (�T�M Æ Æ�)(t) = �T�M (t�(�; t)(0)) = �(0; t): (213)The alulation h�M (z); vi = hz; �M (v)it= ht�(0); t�(0)it= Dh�; �i(0)= Dh#M ; Æ�i(0)= hdT#M ; wi (214)ompletes the proof.The mapping �(T�M;!M) : TT�M ! T�T�M haraterized byh�(T�M;!M )(u); vi = h!M ; u ^ vi (215)with u 2 TT�M and v 2 TT�M suh that �T�M (u) = �T�M (v) establishesan isomorphism TT�M�T�M
��

�(T�M;!M )
// T�T�M�T�M

��T�M T�M
(216)

of vetor �brations.Proposition 10A speial sympleti struture for the sympleti manifold (TT�M;dT!M) is introdued by the diagrams



1216 G. Marmo, W.M. Tulzyjew, P. Urba«ski(TT�M; iT!M)�T�M
��T�M

TT�M�T�M
��

�(T�M;!M )
// T�T�M�T�M

��T�M T�M
: (217)

Proof : We have dT!M = diT!M sine d!M = 0. Furtherh�(T�M;!M )�#T�M ; wi= h#T�M ;T�(T�M;!M )(w)i= h�T�T�M (T�(T�M;!M )(w));T�T�M (T�(T�M;!M )(w))i= h�(T�M;!M )(�TT�M (w));T(�T�M Æ �(T�M;!M ))(w)i= h�(T�M;!M )(�TT�M (w));T�T�M (w)i= h!M ; �TT�M (w) ^ T�T�M (w)i= hiT!M ; wi (218)for eah w 2 TTT�M . Hene, ��(T�M;!M )#T�M = iT!M .The sympleti form dT!M an be obtained as the pull bak ��M!TM ofthe sympleti form !TM on T�TM . The pull bak ��(T�M;!M )!T�M is againthe sympleti form dT!M .Comparing the Hamiltonian speial sympleti struture with the La-grangian struture we observe that iT!M �dT#M = �diT#M . The funtionGM = �iT#M on TT�M plays the role of the funtion G introdued inSetion 2.4.An alternative analysis of the struture of TT�M is o�ered in a reentSpringer-Verlag text1 in Setion 6.8 on page 161. We are not in total agree-ment with this analysis. In partiular, we failed to identify the seond sym-pleti struture whose existene is laimed in this publiation. We suspetthat the laim may be false.3. Dynamis of autonomous systems3.1. Motions and variationsLet M be the on�guration manifold of an autonomous mehanial sys-tem. A on�guration is a point x 2 M and a motion of the system is adi�erentiable urve � : I !M de�ned on an open interval I � R. The �rstand seond prolongations of a motion � denoted by _� and �� represent theveloity and the aeleration along the motion.1 J. Marsden and T. Ratiu, Introdution to Mehanis and Symmetry, Springer (1999).



Dynamis of Autonomous Systems with External Fores 1217An in�nitesimal variation of a motion � : I ! M is a di�erentiablemapping Æ� : I ! TM suh that �M Æ Æ� = �. Mappings Æ _� = �1;1M Æ tÆ�and Æ�� = �2;1M Æ t2Æ� are the in�nitesimal variations of the veloity _� andthe aeleration ��. Relations �M Æ Æ� = �, �TM Æ Æ _� = _�, and �T2M Æ Æ�� = ��are satis�ed. The derivations of additional relationsT�M Æ Æ _� = T�M Æ �M Æ tÆ�= �TM Æ tÆ�= Æ� (219)and T�12M Æ Æ�� = T�12M Æ �2;1M Æ t2Æ�= �M Æ �12TM Æ t2Æ�= �M Æ tÆ�= Æ _� (220)are based on the ommutativity of the diagram (212) with k0 = k = 1 andk00 = 0 and the same diagram with k = 1, k0 = 2, and k00 = 1.3.1.1. Fore-momentum trajetoriesThe �bre produt T�M �(�M ;�M)T�M (221)is the fore-momentum phase spae Ph of the system. A pair (f; p) 2 Phonsists of the external fore f and the momentum p at x = �M (f) = �M (p).A fore-momentum trajetory of an autonomous system is a urve(�; �) : I ! Ph: (222)The two urves � : I ! T�M and � : I ! T�M represent the external foreand the momentum along the motion � = �M Æ � = �M Æ �.3.1.2. The variational priniple of dynamisLet L : TM ! R be the Lagrangian of the mehanial system. Theation is a funtion A whih assoiates the integralA(�; [a; b℄) = bZa L Æ _� (223)



1218 G. Marmo, W.M. Tulzyjew, P. Urba«skiwith a motion � : I ! M and an interval [a; b℄ � I. The variation of theation is the integral ÆA(�; [a; b℄) = bZa hdL; Æ _�i (224)assoiated with an in�nitesimal variation Æ� : I ! TM .The dynamis of the system is a set D of fore-momentum trajetoriessatisfying the following variational priniple. A trajetory (�; �) : I ! Phis in D ifÆA(�; [a; b℄) = � bZa h�; Æ�i + h�(b); Æ�(b)i � h�(a); Æ�(a)i (225)for eah [a; b℄ � I and eah variation Æ� suh that �M ÆÆ� = �M Æ� = �M Æ�.The variation of the ation an be onverted to an equivalent expression:ÆA(�; [a; b℄) = bZa hdL; Æ _�i= bZa hdL;T�12M Æ Æ��i= bZa h�21MdL; Æ��i= bZa h�21MdL� dT (1)iF (1;1)dL; Æ��i+ bZa hdT (1)iF (1;1)dL; Æ��i= � bZa hEL Æ ��; Æ�i+ bZa DhPL Æ _�; Æ�i= � bZa hEL Æ ��; Æ�i+ h(PL Æ _�)(b); Æ�(b)i � h(PL Æ _�)(a); Æ�(a)i:(226)By using variations Æ� with Æ�(a) = 0 and Æ�(b) = 0 we �rst derive from thevariational priniple the Euler-Lagrange equationsEL Æ �� = � (227)



Dynamis of Autonomous Systems with External Fores 1219in [a; b℄. Equations (PL Æ _�)(a) = �(a) (228)and (PL Æ _�)(b) = �(b) (229)follow. These equations are satis�ed for eah interval [a; b℄ � I. It followsthat a fore-momentum trajetory (�; �) is in D if and only if equationsEL Æ �� = � (230)and PL Æ _� = � (231)are satis�ed in I.Sets E = �(f; a) 2 T�M �(�M ;�2M )T2M ; f = EL(a)� (232)and P = �(p; v) 2 T�M �(�M ;�M )TM ; p = PL(v)� (233)are graphs of the Euler-Lagrange and the Legendre maps respetively. Thedynamis an be stated in terms of these sets treated as di�erential equa-tions. Equation (230) means that the mapping (�; �) is a solution urve of thedi�erential equation E and equation (231) means that the mapping (�; �) is asolution urve of the di�erential equation P . The relation � = �MÆ� = �MÆ�is always imposed. The Euler-Lagrange equation alone does not provide aomplete haraterization of dynamis. The equation (231) ould be alledthe veloity-momentum relation. It is an essential part of dynamis. The setE0 = �a 2 T2M ; 0 = EL(a)	 (234)is a version of the Euler-Lagrange equations without external fores. Solu-tion urves are motions of the system with zero external fores.3.1.3. Lagrangian formulation of dynamisThe version bZa hdL; Æ _�i = � bZa h�; Æ�i+ bZa Dh�; Æ�i (235)



1220 G. Marmo, W.M. Tulzyjew, P. Urba«skiof the variational priniple is suitable for deriving the in�nitesimal limits.In�nitesimal limits are obtained by dividing both sides of the equality byb� a and passing to the limit of b = a = t 2 I. The resulting equalityhdL; Æ _�i = �h�; Æ�i+Dh�; Æ�i (236)satis�ed by the fore-momentum trajetory (�; �) : I ! Ph for eah varia-tion Æ� : I ! TTM suh that �M Æ Æ� = �M Æ � is a haraterization of thedynamis D equivalent to the original variational priniple. The equalityh�; Æ�i = h��M Æ (�; �); O�TM Æ Æ�it (237)is derived from formula (196) and the equalityDh�; Æ�i = ht�; tÆ�it = h _�; �M Æ Æ _�it (238)is a version of formula (189). By ombining the two equalities we obtain theformula�h�; Æ�i +Dh�; Æ�i = �h��M Æ (�; �); O�TM Æ Æ�it + h _�; �M Æ Æ _�it: (239)Relations �T�M Æ ��M Æ (�; �) = �T�M Æ _� = � (240)and �TM Æ O�TM Æ Æ� = �TM Æ �M Æ Æ _� (241)permit the use of formula (190). The result is�h�; Æ�i+Dh�; Æ�i = h _� � ��M Æ (�; �); �M Æ Æ _�it= h'M Æ (�; _�); �M Æ Æ _�it= h�M Æ 'M Æ (�; _�); Æ _�i: (242)We have obtained a haraterization of the dynamis D in terms of a �rstorder di�erential equation'M Æ (�; _�) = �M�1 Æ dL Æ _� (243)with � = �M Æ � = �M Æ �. The odomain of (�; _�) is the �bre produtT�M �(�M ;�MÆ�T�M )TT�M .Starting with the identitybZa hdL; Æ _�i = � bZa hEL Æ ��; Æ�i + bZa DhPL Æ _�; Æ�i (244)



Dynamis of Autonomous Systems with External Fores 1221instead of equation (236) and performing the operations leading from (236)to (243) with � and � replaed by PL Æ _� and EL Æ �� respetively we obtainthe identity 'M Æ (EL Æ ��; t(PL Æ _�)) = �M�1 Æ dL Æ _�: (245)A useful haraterizationPL = �T�M Æ �M�1 Æ dL (246)of the Legendre mapping follows from this identity.Equation (243) means that the urve (�; �) satis�es the di�erential equa-tion D = �(f;w) 2 T�M �(�M ;�MÆ�T�M )TT�M ; 'M (f;w) 2 D0� ; (247)where D0 = fw 2 TT�M ; �M (w) = dL(�T�M (w))g : (248)The setD0 is a version of the Lagrange equation without external fores. Theimage of the di�erential dL : TM ! T�TM is a Lagrangian submanifold of(T�TM;!TM). Consequently the set D0 = �M�1(im(dL)) = im(�M�1ÆdL)is a Lagrangian submanifold of (TT�M;dT!M ) and the Lagrangian is itsgenerating funtion relative to the Lagrangian speial sympleti struture(TT�M;dT#M )T�M
��TM TT�MT�M

��

�M // T�TM�TM
��TM TM (249)

for the sympleti manifold (TT�M;dT!M ).3.1.4. Hamiltonian formulation of dynamisA Lagrangian is said to be hyperregular if the Legendre mapping PL =�T�M Æ �M�1 Æ dL is a di�eomorphism. We will denote by � the inverse ofthe Legendre mapping for a hyperregular Lagrangian.For a hyperregular Lagrangian the set D0 is the image im(Z) of themapping Z = �M�1 Æ dL Æ �. This mapping is a vetor �eld on T�M sine�T�M Æ Z = �T�M Æ �M�1 Æ dL Æ � = 1T�M . Let a funtion H : T�M ! Rbe de�ned by H(p) = hp; �(p)i � L(�(p)). We show that the funtion �H



1222 G. Marmo, W.M. Tulzyjew, P. Urba«skiis a generating funtion of D0 relative to the Hamiltonian speial sympletistruture(TT�M; iT!M )�T�M
��T�M TT�M�T�M

��

�(T�M;!M )
// T�T�M�T�M

��T�M T�M (250)
for (TT�M;dT!M ). The generating funtion of D0 relative to the Hamilto-nian speial sympleti struture is the funtion(L Æ T�M +GM ) Æ Z; (251)where GM = �iT#M . FromT�M Æ Z = T�M Æ �M�1 Æ dL Æ � = �TM Æ dL Æ � = � (252)and�GM (Z(p)) = iT#M ((�M�1 Æ dL Æ �)(p))= h#M ; (�M�1 Æ dL Æ �)(p)i= h(�T�M Æ �M�1 Æ dL Æ �)(p); (T�M Æ �M�1 Æ dL Æ �)(p)i= hp; (�TM Æ dL Æ �)(p)i= hp; �(p)i (253)it follows that (L Æ T�M +GM ) Æ Z = �H: (254)The �eld Z is a Hamiltonian vetor �eld and the funtion H is a Hamiltonianfor this �eld sine iZ!M = Z�iT!M = �dH: (255)The formula Z = ���1(T�M;!M ) Æ dH (256)is an equivalent expression of the �eld Z in terms of the Hamiltonian. Afore-momentum trajetory (�; �) is in D if and only if_�(t) = Z(�(t)) + ��M (�(t); �(t)) (257)for eah t 2 I.



Dynamis of Autonomous Systems with External Fores 12233.1.5. Poisson formulation of dynamisWe de�ne the Poisson tensor WM : T�T�M ! TT�M by WM =���1(T�M;!M ). The Poisson braket of two funtions F and G on T�M isthe funtion fF;Gg = hdF;WM Æ dGi. The vetor �eld Z is expressed asZ = WM ÆdH and the Lie derivative dZF = hdF;Zi of a funtion F on T�Mis expressed as the Poisson braket fF;Hg. A fore-momentum trajetory(�; �) : I ! Ph is in D if and only ifD(F Æ �)(t) = fF;Hg(�(t)) + hdF; ��M (�(t); �(t))i (258)for eah funtion F on T�M and eah t 2 I.4. Dynamis in the presene of non potential foresIf non potential internal fores are present, then the dynamis is nolonger represented by a Lagrangian. Formulations similar to those for thepotential ase are still possible if the di�erential dL of the Lagrangian isreplaed by a 1-form � on TM . This form is typially the di�erene dL� �of a potential part dL and a 1-form � on TM vertial with respet to thetangent projetion �M representing veloity dependent fores. With thehelp of operators E and P we onstrut mappings E� : T2M ! T�M andP� : TM ! T�M haraterized by hE�;wi = �hE�(�T2M (w));T�2M (w)ifor eah w 2 TT2M and hP�;wi = hP�(�TM (w));T�M (w)i for eah w 2TTM . These onstrutions are possible due to vertiality properties of formsE� and P� established in Setion 2.7.4.0.6. The variational prinipleThe dynamis an be derived from a variational priniple even if theation and its variation are no longer de�ned. The dynamis of the system isa set D of fore-momentum trajetories satisfying this variational priniple.A trajetory (�; �) : I ! Ph is in D ifbZa h�; Æ _�i = � bZa h�; Æ�i + h�(b); Æ�(b)i � h�(a); Æ�(a)i (259)for eah [a; b℄ � I and eah variation Æ� suh that �M ÆÆ� = �M Æ� = �M Æ�.From the equivalent formbZa h�; Æ _�i = � bZa hE�Æ ��; Æ�i+h(P�Æ _�)(b); Æ�(b)i�h(P�Æ _�)(a); Æ�(a)i (260)



1224 G. Marmo, W.M. Tulzyjew, P. Urba«skiof the variational priniple equationsE� Æ �� = �; (261)(P� Æ _�)(a) = �(a); (262)and (P� Æ _�)(b) = �(b) (263)are derived. These equations are satis�ed for eah interval [a; b℄ � I. It fol-lows that a fore-momentum trajetory (�; �) is in D if and only if equationsE� Æ �� = � (264)and P� Æ _� = � (265)are satis�ed in I.4.0.7. Lagrangian formulation of dynamisThe Lagrangian formulation is the in�nitesimal limit derived from theversion bZa h�; Æ _�i = � bZa h�; Æ�i + bZa Dh�; Æ�i (266)of the variational priniple. The �rst order di�erential equation'M Æ (�; _�) = �M�1 Æ � Æ _� (267)follow from this priniple.The identity (245) is replaed by'M Æ (EL Æ ��; t(PL Æ _�)) = �M�1 Æ dL Æ _�: (268)The formula P� = �T�M Æ �M�1 Æ � (269)follows.The di�erential equationD = �(f;w) 2 T�M �(�M ;�MÆ�T�M )TT�M ; 'M (f;w) 2 D0� ; (270)with D0 = fw 2 TT�M ; �M (w) = �(�T�M (w))g (271)an be introdued. The set D0 is submanifold of (TT�M;dT!M ) but not aLagrangian submanifold unless � is losed. The form � an be onsidered agenerating form ofD0 relative to the Lagrangian speial sympleti struturesine D0 = �M�1(im(�)).



Dynamis of Autonomous Systems with External Fores 12254.0.8. Hamiltonian formulation of dynamisAs in the potential ase we say that the Lagrangian form � is hyperregularif the mapping P� is a di�eomorphism. In the hyperregular ase we denoteby � the inverse of the mapping P�. The set D0 is the image of the vetor�eld Z = �M�1 Æ � Æ �. This �eld is not neessarily a Hamiltonian vetor�eld. Let a 1-form � on T�M be de�ned byh�; zi = hz;T�(z)it � h�;T�(z)i: (272)We will show that �� is the generating form of D0 relative to the Hamilto-nian speial sympleti struture.Aording to formula (61) adapted to the present ase the generatingform of D0 relative to the Hamiltonian speial sympleti struture is theform Z�((T�M )��+ dGM ): (273)The formula Z�GM (p) = �hp; �(p)i derived for the potential ase is stillvalid in the non potential ase with dL replaed by �. The equalityhZ�dGM ; zi = hdZ�GM ; zi = �hv;T�(z)it (274)follows from this formula. We havehZ�((T�M )��+ dGM ); zi = h�;T�(z)i � hz;T�(z)it = �h�; zi (275)sine T�M Æ Z = T�M Æ �M�1 Æ � Æ � = �TM Æ � Æ � = �: (276)Hene, the form �� de�ned in (272) is the generating form of D0 relativeto the Hamiltonian speial sympleti struture. The formulaZ = ���1(T�M;!M ) Æ � (277)follows.In the speial ase of � = dL�� we have P� = PL sine iF (1;1)� = 0 dueto vertiality of �. Let H : T�M ! R be the Hamiltonian orresponding toL. This Hamiltonian is de�ned by H(p) = hp; �(p)i � L(�(p)) and satis�esthe relation hdH; zi = hz;T�(z)it � hdL;T�(z)i: (278)By omparing this relation withh�; zi = hz;T�(z)it � hdL;T�(z)i + h�;T�(z)i (279)we derive the formula � = dH + ���: (280)



1226 G. Marmo, W.M. Tulzyjew, P. Urba«skiAs in the potential ase a fore-momentum trajetory (�; �) is in D ifand only if _�(t) = Z(�(t)) + ��M (�(t); �(t)) (281)for eah t 2 I.4.0.9. Poisson formulation of dynamisThe vetor �eld Z of the Hamiltonian formulation is expressed as Z =WM Æ�. A fore-momentum trajetory (�; �) : I ! Ph is in D if and only ifD(F Æ �)(t) = hdF;WM Æ �i+ hdF; ��M (�(t); �(t))i (282)for eah funtion F on T�M and eah t 2 I.5. Loal expressionsCoordinate de�nitions of objets add nothing to the larity of the on-eptual struture of a theory. Covariane of a de�nition with respet tooordinate transformations guarantees the existene of an intrinsi interpre-tation of the objet being de�ned without providing an interpretation. Wehave provided intrinsi de�nitions. Now we give loal expressions of mostobjets introdued earlier in order to failitate omparison with traditionalformulations of mehanis. Loal expressions are also used in alulationsand appear in examples.5.1. The tangent and the otangent �brationsCoordinates (x�; Æx�) : TM ! R2m (283)and (x�; f�) : T�M ! R2m (284)indued by oordinates (x�) : M ! Rm: (285)Projetions: (x�) Æ �M = (x�); (286)(x�) Æ 'M = (x�): (287)Zero setions and linear operations:(x�; Æx�) Æ O�M = (x�; 0); (288)(x�; Æx�)(v + v0) = (x�(v); Æx�(v) + Æx�(v0)) (289)



Dynamis of Autonomous Systems with External Fores 1227de�ned if (x�(v0)) = (x�(v)); (290)(x�; Æx�)(kv) = (x�(v); kÆx�(v)); (291)(x�; f�) Æ O�M = (x�; 0); (292)(x�; f�)(f + f 0) = (x�(f); f�(f) + f�(f 0)) (293)de�ned if (x�(f 0)) = (x�(f)); (294)(x�; f�)(kf) = (x�(f); kf�(f)): (295)The anonial pairing: hf; vi = f�(f)Æx�(v) (296)de�ned if x�(f) = x�(v): (297)Coordinates (x�; _x�) : TM ! R2m (298)and (x�; p�) : T�M ! R2m (299)are also used.5.1.1. The dual pair TTM and T�TMCoordinates: (x�; _x�; Æx�; Æ _x�) : TTM ! R4m; (300)(x�; _x�; a�; b�) : T�TM ! R4m: (301)Projetions: (x�; _x�) Æ �TM = (x�; _x�); (302)(x�; _x�) Æ �TM = (x�; _x�): (303)Zero setions and linear operations:(x�; _x�; Æx�; _Æx�) Æ O�TM = (x�; _x�; 0; 0); (304)(x�; _x�; Æx�; Æ _x�)(w+w0)=(x�(w); _x�(w); Æx�(w)+Æx�(w0); Æ _x�(w)+Æ _x�(w0))(305)de�ned if (x�; _x�)(w0) = (x�; _x�)(w); (306)



1228 G. Marmo, W.M. Tulzyjew, P. Urba«ski(x�; _x�; Æx�; Æ _x�)(kw) = (x�(w); _x�(w); kÆx�(w); kÆ _x� (w)); (307)(x�; _x�; a�; b�) Æ O�TM = (x�; _x�; 0; 0); (308)(x�; _x�; a�; b�)(z + z0) = (x�(z); _x�(z); a�(z) + a�(z0); b�(z) + b�(z0)) (309)de�ned if (x�; _x�)(z0) = (x�; _x�)(z); (310)(x�; _x�; a�; b�)(kz) = (x�(z); _x�(z); ka�(z); kb�(z)): (311)The anonial pairinghz; wi = a�(z)Æx�(w) + b�(z)Æ _x�(w) (312)de�ned if (x�; _x�)(z) = (x�; _x�)(w): (313)5.1.2. The dual pair TTM and TT�MCoordinates: (x�; Æx�; _x�; _Æx�) : TTM ! R4m; (314)(x�; p�; _x�; _p�) : TT�M ! R4m: (315)Coordinates (x�; _x�) in TM are used.Projetions: (x�; _x�) Æ T�M = (x�; _x�); (316)(x�; _x�) Æ T�M = (x�; _x�): (317)Zero setions and tangent linear operations:(x�; Æx�; _x�; _Æx�) Æ OT�M = (x�; 0; _x�; 0); (318)(x�; Æx�; _x�; _Æx�)(w+tw0)=(x�(w); Æx�(w)+Æx�(w0); _x�(w); Æ _x� (w)+Æ _x�(w0))(319)de�ned if (x�; _x�)(w0) = (x�; _x�)(w); (320)(x�; Æx�; _x�; _Æx�)(k �t w) = (x�(w); kÆx�(w); _x�(w); kÆ _x� (w)); (321)(x�; p�; _x�; _p�) ÆOT�M = (x�; 0; _x�; 0); (322)(x�; p�; _x�; _p�)(z+t z0) = (x�(z); p�(z)+p�(z0); _x�(z); _p�(z)+ _p�(z0)) (323)de�ned if (x�; _x�)(z0) = (x�; _x�)(z); (324)(x�; p�; _x�; _p�)(k �t z) = (x�(z); kp�(z); _x�(z); k _p�(z)): (325)



Dynamis of Autonomous Systems with External Fores 1229The tangent pairing:hz; wit = _p�(z)Æx�(w) + p�(z)Æ _x�(w) (326)de�ned if (x�; _x�)(z) = (x�; _x�)(w): (327)Let � : R ! M , Æ� : R ! TM , and � : R ! T�M be urves suh that�M Æ� = �MÆÆ� = �. Let _� : R! TM , Æ _� : R! TTM , and _� : R! TT�Mbe prolongations of these urves.h _�(0); Æ _�(0)it = ddt(��(t)Æ��(t))jt=0 = _��(0)Æ��(0) + ��(0)Æ _��(0): (328)5.1.3. Relations between TT�M and T�TMThe loal expression(x�; _x�; a�; b�) Æ �M = (x�; _x�; _p�; p�) (329)of the isomorphism �M : TT�M ! T�TM dual to the anonial involution�1;1 : TTM ! TTM de�ned loally by(x�; Æx�; _x�; Æ _x�) Æ �1;1 = (x�; _x�; Æx�; Æ _x�): (330)Coordinate systems (301), (314), and (315) are used in the loal expressions.5.1.4. The dual pair TT�M and T�T�MCoordinates: (x�; p�; _x�; _p�) : TT�M ! R4m; (331)(x�; p�; y�; z�) : T�T�M ! R4m: (332)Projetions: (x�; p�) Æ �T�M = (x�; p�) (333)(x�; p�) Æ �T�M = (x�; p�) (334)Zero setions and linear operations:(x�; p�; _x�; _p�) Æ O�T�M = (x�; p�; 0; 0); (335)(x�; p�; _x�; _p�)(z+z0) = (x�(z); p�(z); _x�(z)+ _x�(z0); _p�(z)+ _p�)(z0)) (336)de�ned if (x�; p�)(z0) = (x�; p�)(z); (337)(x�; p�; _x�; _p�)(kz) = (x�(z); p�(z); k _x�(z); k _p�(z)); (338)



1230 G. Marmo, W.M. Tulzyjew, P. Urba«ski(x�; p�; y�; z�) Æ O�T�M = (x�; p�; 0; 0); (339)(x�; p�; y�; z�)(b+ b0) = (x�(b); p�(b); y�(b) + y�(b0); z�(b) + z�(b0)) (340)de�ned if (x�; p�)(b0) = (x�; p�)(b); (341)(x�; p�; y�; z�)(kb) = (x�(b); p�(b); ky�(b); kz�(b)): (342)The anonial pairinghb; zi = y�(b) _x�(z) + z�(b) _p�(z) (343)de�ned if (x�; p�)(b) = (x�; p�)(z): (344)The isomorphism �(T�M;!M ) : TT�M ! T�T�M has a loal expression(x�; p�; y�; z�) Æ �(T�M;!M) = (x�; p�; _p�;� _x�): (345)5.1.5. The bundles T2M , TT2M , and T2TMCoordinates: (x�; _x�; �x�) : T2M ! R3m (346)(x�; _x�; �x�; x0� ; _x0!; �x0�) : TT2M ! R6m (347)(x�; _x�; x0�; _x0� ; x00!; _x00�) : T2TM ! R6m (348)Projetions: (x�) Æ �2M = (z�); (349)(x�; _x�) Æ �12M = (x�; _x�); (350)(x�; _x�; �x�) Æ �T2M = (x�; _x�; �x�); (351)(x�; _x�) Æ T�2M = (x�; x0�); (352)(x�; _x�; x0�; _x0�) Æ T�12M = (x�; _x�; x0�; _x0�): (353)Mappings:(x�; _x�; x0�; _x0� ; x00!; _x00�) Æ �2;1 = (x�; x0�; _x�; _x0� ; �x!; �x0�); (354)(x�; _x�; �x�; x0� ; _x0!; �x0�) Æ �1;2 = (x�; x0�; x00�; _x� ; _x0!; _x00�): (355)



Dynamis of Autonomous Systems with External Fores 12315.1.6. Tangent prolongations and tangent mappingsIf _� : R! TM and �� : R! T2M are prolongations of a urve � : R!M and x� Æ � = ��, then(x�; _x�) Æ _� = (��; _��) = (��;D��): (356)and (x�; _x�; �x�) Æ �� = (��; _��; ���) = (��;D��;D2��): (357)Let (x�) and (yi) be harts of manifoldsM and N , let (x� _x�) and (yi; _yj)be indued harts of TM and TN , and let (x� _x�; �x�) and (yi; _yj ; �yk) beindued harts of T2M and T2N . A di�erentiable mapping � : M ! Nis represented loally by a set of funtions �i : Rm ! R de�ned by �i =yi Æ � Æ (x�)�1. The tangent mapping T� and the seond tangent mappingT2� have loal representations(yi; _yj) Æ T� = ��i(x�); ��j�x� (x�) _x�� (358)and(yi; _yj ; �yk) Æ T2� = ��i(x�); ��j�x� (x�) _x�; �2�k�x��x� (x�) _x� _x� + ��k�x� (x�)�x�� :(359)5.1.7. Vetor valued forms and derivationsLoal expressions (x�; _x�) Æ T (0) = (x�; _x�); (360)(x�; p�; _x�; _p�) Æ T = (x�; p�; _x�; _p�); (361)(x�; _x�; x0�; _x0�) Æ T (1) = (x�; _x�; _x�; �x�); (362)(x�; _x�; x0�; _x0�) Æ F (1; 1) = (x�; _x�; 0; _x�); (363)(x�; _x�; �x�; x0� ; _x0!; �x0�) Æ F (2; 1) = (x�; _x�; �x�; 0; x0!; _x0�); (364)(x�; _x�; �x�; x0� ; _x0!; �x0�) Æ F (2; 2) = (x�; _x�; �x�; 0; 0; 2x0�) (365)of vetor valued forms T (0) : TM ! TM; (366)T : TT�M ! TT�M; (367)T (1) : T2M ! TTM; (368)



1232 G. Marmo, W.M. Tulzyjew, P. Urba«skiF (1; 1) : TTM ! TTM; (369)F (2; 1) : TT2M ! TT2M; (370)and F (2; 2) : TT2M ! TT2M: (371)Corresponding derivations:dT (0)x� = iT (0)dx� = _x�; (372)dTx� = iTdx� = _x�; dTp� = iTdp� = _p�; (373)dT (1)x� = iT (1)dx� = _x�; dT (1) _x� = iT (1)d _x� = �x�; (374)iF (1;1)dx� = 0; iF (1;1)d _x� = dx�; (375)iF (2;1)dx� = 0; iF (2;1)d _x� = dx�; iF (2;1)d�x� = d _x�; (376)and iF (2;2)dx� = 0; iF (2;2)d _x� = 0; iF (2;2)d�x� = 2dx�: (377)5.1.8. Louville, sympleting and Poisson struturesOn T�M : #M = p�dx�; (378)!M = dp� ^ dx�: (379)On T�TM : #TM = a�dx� + b�d _x�; (380)!TM = da� ^ dx� + db� ^ d _x�: (381)On T�T�M : #T�M = y�dx� + z�dp�; (382)#T�M = dy� ^ dx� + dz� ^ dp�: (383)On TT�M : dT#M = _p�dx� + p�d _x�; (384)iT!M = _p�dx� � _x�dp�; (385)dT!M = d _p� ^ dx� + dp� ^ d _x�: (386)The funtion GM on TT�M :GM = iT#M = p� _x�: (387)



Dynamis of Autonomous Systems with External Fores 1233Loal expressionfF;Gg Æ (x�; p�)�1 = �F�x� �G�p� � �G�x� �F�p� (388)of the Poisson braket of funtions F and G on T�M with loal expressionsF = F Æ (x�; p�)�1 (389)and G = G Æ (x�; p�)�1 (390)5.1.9. Other onstrutionsThe mapping ��M : T�M �(�M ;�M )T�M ! TT�M (391)has a loal expression(x�; p�; _x�; _p�) Æ ��M = (x�; p�; 0; f�) (392)in terms of oordinates(x�; f�; p�) : T�M �(�M ;�M )T�M ! R3m (393)and (315).The mapping'�M : T�M �(�M ;�MÆ�T�M )TT�M ! TT�M (394)is de�ned loally by(x�; p�; _x�; _p�) Æ '�M = (x�; p�; _x�; _p� � f�) (395)in terms of oordinates(x�; f�; p�; _x� ; _p!) : T�M �(�M ;�MÆ�T�M )TT�M ! R5m (396)and (315).



1234 G. Marmo, W.M. Tulzyjew, P. Urba«ski6. Loal desription of dynamis6.1. The variational prinipleWe assoiate mappings �� = x� Æ Æ _� (397)_�� = _x� Æ Æ _� (398)Æ�� = Æx� Æ Æ _� (399)Æ _�� = Æ _x� Æ Æ _� (400)de�ned in terms of oordinates(x�; _x�; Æx�; Æ _x�) : TTM ! R4m; (401)with a variation Æ _� : I ! TTM: (402)We will denote by L the loal expressionL Æ (x�; _x�)�1 : R2m ! R (403)of the Lagrangian.The variation of the ationbZa L(��(t); _��(t))dt (404)is expressed as the integralbZa � �L�x� (��(t); _��(t))Æ��(t) + �L� _x� (��(t); _��(t))Æ _��(t)�dt: (405)If non potential internal fores represented by the form� = ��(x�; _x�)dx� (406)are present, then the di�erential of the Lagrangian is replaed by� = �L�x� (x�; _x�)dx� + �L� _x� (x�; _x�)d _x� � ��(x�; _x�)dx� (407)



Dynamis of Autonomous Systems with External Fores 1235and the variation takes the formbZa � �L�x� (��(t); _��(t))Æ��(t) + �L� _x� (��(t); _��(t))Æ _��(t)� ��(��(t); _��(t))Æ��(t)� dt:(408)Integration by parts results inbZa � �L�x� (��(t); _��(t)) � ddt �L� _x� (��(t); _��(t); ��!(t)) � ��(��(t); _��(t))� Æ��(t)dt+ �L� _x� (��(b); _��(b))Æ��(b)� �L� _x� (��(a); _��(a))Æ��(a): (409)The expression ddt �L� _x� (��(t); _��(t); ��!(t)) (410)stands forddt � �L� _x� (��(t); _��(t))� = �2L� _x��x� (��(t); _��(t)) _��(t) + �2L� _x�� _x� (��(t); _��(t))���(t)(411)The variational priniple requires that the variation (409) be equal to� bZa ��(t)Æ��(t)dt+ ��(b)Æ��(b)� ��(a)Æ��(a); (412)where �� = p� Æ � (413)and �� = f� Æ � (414)are mappings derived from a fore-momentum trajetory(�; �) : I ! Ph: (415)The Euler-Lagrange equationddt �L� _x� (��(t); _��(t); ��!(t))� �L�x� (��(t); _��(t)) + ��(��(t); _��(t)) = ��(t)(416)in [a; b℄ and the momentum-veloity relations�L� _x� (��(t); _��(a)) = ��(a); (417)



1236 G. Marmo, W.M. Tulzyjew, P. Urba«ski�L� _x� (��(t); _��(b)) = ��(b) (418)are derived from this variational priniple. The variational priniple is tobe satis�ed in eah interval [a; b℄ � I. It follows that the Euler-Lagrangeequations and the relation�L� _x� (��(t); _��(t)) = ��(t) (419)are satis�ed in I.6.1.1. The Lagrangian formulationLagrange equations ��(t) = �L� _x� (��(t); _��(t)) (420)and _��(t)� ��(t) = �L�x� (��(t); _��(t))� ��(��(t); _��(t)) (421)are derived from the in�nitesimal form�L�x� (��(t); _��(t))Æ��(t) + �L� _x� (��(t); _��(t))Æ _��(t)� ��(��(t); _��(t))Æ��(t)= ���(t)Æ��(t) + _��(t)Æ��(t) + ��(t)Æ _��(t) (422)of the variational priniple.Equations desribing the dynamis in the potential ase are obtained bysetting � = 0.6.1.2. The Hamiltonian formulationThe Legendre mapping P� is represented loally by(x�; p�) Æ P� = �x�; �L� _x� (x�; _x�)� : (423)It is onvenient to introdue funtions�� = p� Æ P� Æ (x�; x�)�1 = �L� _x� : (424)If the Legendre mapping is a di�eomorphism, then the inverse di�eomor-phism � is represented loally by(x�; _x�) Æ � = (x�; ��(x�; p�)); (425)



Dynamis of Autonomous Systems with External Fores 1237where �� are the funtions�� = _x� Æ � Æ (x�; p�)�1: (426)Relations �� (x�(p); ��(x�(p); p�(p))) = p�(p) (427)and �� (x�(v);��(x�(v); _x�(v))) = _x�(v) (428)are satis�ed.In the potential ase we have a Hamiltonian H : T� ! R representedloally by the funtion H = H Æ (x�; p�)�1: (429)This funtion is obtained from the formulaH(x�; p�) = pzk��(x�; p�)�L(x�; ��(x�; p�)): (430)In the non potential ase there is the Hamiltonian form� = ��(x�; p�)dx� + ��(x�; p�)dp�= �H�p� (x�; p�)dp� + �H�x� (x�; p�)dx� + ��(x�; ��(x�; p�))dx�= ��(x�; p�)dp� � �L�x� (x�; ��(x�; p�))dx� + ��(x�; ��(x�; p�))dx�(431)obtained from formula (280). The funtion H is the loal expression of theHamiltonian H assoiated with L.The vetor �eld Z = �M�1 Æ � Æ � = ���1(T�M;!M ) Æ � is expressed by(x�; p�; _x�; _p�) Æ Z = (x�; p�; ��(x�; p�);���(x�; p�))= �x�; p�; �H�p� (x�; p�);� �H�x� (x�; p�)� ��(x�; ��(x!; p�))�= �x�; p�; ��(x�; p�); �L�x� (x�; ��(x!; p�))� ��(x�; ��(x!; p�))� :(432)A fore-momentum trajetory (�; �) satis�es Hamilton's equations_��(t) = �H�p� (��(t); ��(t)) (433)and _��(t)� ��(t) = � �H�x� (��(t); ��(t))� ��(��(t); _��(t)): (434)



1238 G. Marmo, W.M. Tulzyjew, P. Urba«ski6.1.3. The Poisson formulationHamilton's equations are equivalent to equations�F�x� (��(t); ��(t)) _�� + �F�p� (��(t); ��(t)) _��= � �F�x� �H�p� � �H�x� �F�p�� (��(t); ��(t))+ �F�p� (��(t); ��(t))(��(t)� ��(��(t); ��(t))) (435)satis�ed for eah funtion F on T�M with loal expressionF = F Æ (x�; p�)�1: (436)7. An exampleAn airraft is travelling in a vertial plane M . The fore of gravity andthe fore due to air visosity are the internal fores. The jet propulsion foreand the aerodynami fores ating on the wings, the rudder, and the elevatorare ontrolled by the pilot and are onsidered external fores.An Eulidean a�ne hart(xh; xv) : M ! R2 (437)indues harts (xh; xv; _xh; _xv) : TM ! R4; (438)(xh; xv; _xh; _xv; �xh; �xv) : TM ! R6; (439)and (xh; xv; fh; fv; ph; pv) : T�M �(�M ;�M )T�M ! R6: (440)A fore-momentum trajetory (�; �) has a loal representation(�h; �v ; �h; �v; �h; �v) = (xh; xv; fh; fv; ph; pv) Æ (�; �): (441)The mapping � = �M Æ � = �M Æ � and its prolongations _� and �� have loalrepresentations (�h; �v) = (xh; xv) Æ �; (442)(�h; �v; _�h; _�v) = (xh; xv; _xh; _xv) Æ _�; (443)and (�h; �v; _�h; _�v; ��h; ��v) = (xh; xv; _xh; _xv; �xh; �xv) Æ ��: (444)



Dynamis of Autonomous Systems with External Fores 1239The form� = dL� � = m _xhd _xh +m _xvd _xv �mgdxv � h _xhdxh � v _xvdxv (445)is onstruted from the LagrangianL = m2 (( _xh)2 + ( _xv)2)�mgxv (446)and the form � = h _xhdxh + v _xvdxv (447)representing the non potential fore of visosity.The dynamis in a time interval [0; T ℄ is governed by the Euler-Lagrangeequations m��h(t) + h _�h(t) = �h(t); (448)m��v(t) + v _�v(t) +mg = �v(t); (449)and the momentum-veloity relations�h(0) = m _�h(0); �v(0) = m _�v(0); �h(T ) = m _�h(T ); �v(T ) = m _�v(T )(450)at the boundary. In the absene of external fores and with initial onditions(�h; �v ; _�h; _�v)(0) = (0; 0; v0; 0) (451)we obtain the trajetory�h(t) = mv0h �1� exp��hmt�� ; (452)�v(t) = m2gv2 �1� exp��vmt��� mgv t; (453)and the momenta�h(0) = mv0; �v(0) = 0; �h(T ) = mv0h exp��hmT� ;�v(T ) = �m2gv �1� exp��hmT�� (454)at the boundary. In order to maintain a horizontal trajetory�h(t) = v0t; �v(t) = 0 (455)with onstant veloity it is neessary to supply external fores�h(t) = hv0; �v(t) = mg: (456)The external fores are true fores of ontrol. We have desribed a verysimple situation. In reality these fores an not be hosen in advane sinethey may have to ompensate the e�ets of varying weather onditions andallow hanges of the trajetory neessary due to unforeseeable irumstanes.
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