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COUPLING CONSTANTS g��
 AND g�a0
AS DERIVED FROM QCD SUM RULESA. Gokalp and O. YilmazPhysi
s Department, Middle East Te
hni
al University06531 Ankara, Turkeye-mail: agokalp�metu.edu.tre-mail: oyilmaz�metu.edu.tr(Re
eived De
ember 13, 2001)We employ QCD sum rules and utilize !�-mixing to 
al
ulate the 
ou-pling 
onstants g��
 and g�a0
 by studying the three point ��
- and �a0
-
orrelation fun
tions. Our results are 
onsistent with the previous estima-tions of these 
oupling 
onstants in the literature.PACS numbers: 12.38.Lg, 13.40.Hq, 14.40.Cs1. Introdu
tionThe studies of �(1020) meson and in parti
ular its radiative de
ays havebeen important sour
es of information in hadron physi
s in areas su
h asSU(3) symmetry, the quark model, and the Okubo�Zweig�Iizuka (OZI)rule. The analysis of the dynami
s of the ve
tor meson physi
s, in gen-eral, is nontrivial and 
ompli
ated from the theoreti
al point of view sin
ethe 
hara
teristi
 energy s
ale, whi
h is in about 1 GeV region, is belowthe domain of perturbative QCD. Moreover, in this energy region resonan
ee�e
ts are known to be present and low-mass s
alar mesons may play animportant role whi
h have fundamental importan
e in understanding lowenergy QCD. From the experimental point of view, isos
alar f0(980) andisove
tor a0(980) are well established. The existen
e of the isos
alar � me-son has long been 
ontroversial, but re
ently dire
t experimental eviden
eseems to emerge from the D+ ! ��+ ! 3� de
ay 
hannel observed by theFermilab E791 Collaboration, where � meson is seen as a 
lear dominantpeak with M� = 478 MeV and �� = 324 MeV [1℄. On the other hand, thenature and the quark substru
ture of these s
alar mesons have long been
ontroversial and a subje
t of debate [2�6℄.The verti
es �a0
 and ��
 are interesting and important for severalreasons. The �a0
-vertex plays a role in the study of the radiative �! �0�
(1313)
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ay [7℄. Moreover, it has been noted that � ! a0
 de
ay along with thede
ay �! f0
 
an di�erentiate between the di�erent models of the stru
tureof the s
alar mesons a0 and f0 [7�9℄. The knowledge of the ��
-vertex isneeded in the analysis of the de
ay me
hanism of the � ! �0�0
 de
ay[10℄, and also in the study of the stru
ture of the � meson photoprodu
tionamplitude on nu
leons in the near threshold region based on the one-mesonex
hange and Pomeron-ex
hange me
hanisms [11℄.In this work, we estimate the 
oupling 
onstants g��
 and g�a0
 by em-ploying QCD sum rules whi
h provide an e�
ient method to study manyhadroni
 properties, and whi
h have been employed to study hadroni
 ob-servables su
h as de
ay 
onstants and form fa
tors in terms of nonper-turbative 
ontributions proportional to the quark and the gluon 
onden-sates [12�14℄. In the next se
tion, we give a QCD sum rule analysis of thes
alar 
urrent, derive the sum rules for the overlap amplitudes �� and �a0 ,and estimate these amplitudes sin
e they are not available experimentally.We then, by taking into a

ount !�-mixing, derive the sum rules for the
oupling 
onstants g��
 and g�a0
 , and utilizing the experimental value of�� and the 
al
ulated values of �� and �a0 , and the known values of the
ondensates, estimate the 
oupling 
onstants g��
 and g�a0
 .2. Analysis and resultsIn QCD sum rules method the properties of hadrons are studied through
orrelation fun
tions of appropriately 
hosen 
urrents [12�14℄. We 
hoosethe interpolating js = 12(uu + (�1)Idd) s
alar 
urrent for isos
alar I = 0� meson and for isove
tor I = 1 a0 meson. We study the s
alar 
urrent
orrelation fun
tion� (p2) = iZ d4xeip�xh0jTfjs(x)js(0)gj0i : (1)The three-loop expression for the s
alar 
urrent 
orrelation fun
tion � (p2)in perturbative QCD was 
al
ulated [15℄, and it is given by the expression�pert(p2) = 316�2 (�p2) ln��p2�2 ��1 + ��s� � �173 � ln��p2�2 ��+��s� �2 �45:846 � 956 ln��p2�2 �+ 1712 ln2��p2�2 ��� : (2)QCD va
uum 
ondensate 
ontributions to the s
alar 
urrent 
orrelationfun
tion � (p2) were obtained by the operator produ
t method [16℄, and
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ond = 32Q2 hmqqqi+ 116�Q2 h�sG2i� 88�27Q4 
�s(qq)2� : (3)In this equation the magnitude of the 
ondensate hmqqqi 
an be obtained bymaking use of the Gell-Mann�Oakes�Renner relation as �f2�m2�=4, whi
h isindependent of quark mass [12℄.The 
orrelation fun
tion � (p2) satis�es the standard subtra
ted disper-sion relation [12℄�pert(p2) = p2 1Z0 ds0s0(s0 � p2)�(s0) +� (0) ; (4)where the spe
tral density fun
tion is given as �(s0) = (1=�)Im� (s0). Thespe
tral density 
ontains a single sharp pole ��sÆ(s0 � m2s) 
orrespondingto the 
oupling of the s
alar meson s, with s denoting � or a0, to thes
alar 
urrent js where the overlap amplitude �s is de�ned by �s = h0jjsjsi.The 
ontinuum 
ontribution of the higher states to the spe
tral density isestimated in the form �(s0) = �h(s0)�(s0�s0) where s0 denotes the 
ontinuumthreshold and �h is given by the expression �h(s0) = (1=�)Im�OPE(s0) with�OPE(s0) obtained from Eq. (2) and Eq. (3) as �OPE(s0) = �pert(s0) +�
ond(s0). After performing the Borel transformation we obtain the QCDsum rule for the overlap amplitude �s of � or a0 meson�2se�m2s=M2 = 316�2M4(h1� �1 + s0M2� e�s0=M2i� �1 + �s� 173 + ��s� �2 31:864���s� �2 + 953 ��s� �� s0=M2Z0 w lnwe�wdw+��s� �2 174 s0=M2Z0 w[lnw℄2e�wdw)+32hmqqqi+ 116� h�sG2i � 88�27M2 h�s(qq)2i : (5)
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al evaluation of the above sum rule, we use the valueshmqqqi = (�0:82 � 0:10) � 10�4 GeV4, h�sG2i = (0:038 � 0:011) GeV4,h�s(qq)2i = �0:18� 10�3 GeV6 [14℄, and m� = 0:5 GeV, ma0 = 0:980 GeV.The running 
oupling 
onstant �s(M2) in Eq. (5) is 
al
ulated using theexpression to 3-loop order given by the Parti
le Data Group [17℄. The 
on-tinuum threshold s0 is 
hosen below a possible pole in respe
tive 
hannels,it is varied between s0 = 1:1�1.3 GeV2 for � meson and between s0 =1.5�1.7 GeV2 for a0 meson, and we study the M2 dependen
e of the sumrule. Sin
e the Borel parameter has no physi
al meaning, we look for a rangeof its values where the sum rule is almost independent of M2, we 
hoose theinterval of values of the Borel parameter M2 as 1.2�1.4 GeV2. The overlapamplitudes �a0 and �� as a fun
tion of M2 for di�erent values of s0 areshown in Fig. 1 and in Fig. 2, respe
tively. We 
hoose the middle valueM2 = 1:3 GeV2 in its interval of variation, and we obtain the overlap am-plitudes as �a0 = (0:23 � 0:06) GeV2, and �� = (0:15 � 0:04) GeV2, wherewe in
lude the un
ertainty due to the variation of the 
ontinuum thresholdand the Borel parameter M2 as well as the un
ertainty due to the errorsatta
hed to the estimated values of the 
ondensates as quoted above. In aprevious work [18℄, we estimated the overlap amplitude �� of � meson as�� = (0:12�0:03) GeV2 using the two-loop expression for the s
alar 
urrent
orrelation fun
tion � (p2) 
al
ulated in perturbative QCD. Our new resultshows the importan
e of the higher order e�e
ts. The overlap amplitude ��was also re
ently 
al
ulated using light 
one QCD sum rules [19℄, and thevalue �� = (0:2�0:04) GeV2 is obtained whi
h is 
onsistent with our result.

Fig. 1. The overlap amplitude �a0 as a fun
tion of Borel parameter M2.
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Fig. 2. The overlap amplitude �� as a fun
tion of Borel parameter M2.In the following, we will analyze radiative � ! a0
 and � ! �
 de
aysusing QCD sum rules. We begin with the observation that the � ! �0
de
ay width vanishes if the � meson is a pure ss state. The measured width� (�! �0
) = (5:6� 0:5) KeV [17℄ is signi�
antly di�erent from zero whi
his primarily due to !�-mixing. Bramon et al. [20℄ have re
ently studied ra-diative V P
 transitions between ve
tor (V ) mesons and pseudos
alar (P )mesons, and using the available experimental information they have deter-mined the mixing angle as well as other relevant parameters for the !��system and also for the ���0 system. We follow their treatment and wewrite the physi
al ! and � meson states asj !i = 
os � j !0i � sin � j �0i ;j �i = sin � j !0i+ 
os � j �0i ; (6)where j !0i = 1p2 j uu + ddi and j �0i =j ssi are the non-strange and thestrange basis states. The mixing angle is determined by Bramon et al. as� = (3:4 � 0:2)Æ [20℄. We, therefore, 
hoose the interpolating 
urrents for !and � mesons de�ned in the quark �avour basis asj!� = 
os �j!0� � sin �j�0� ;j�� = sin �j!0� + 
os �j�0� ; (7)where j!0� = 16(u
�u+ d
�d) and j�0� = �13s
�s [12℄.



1318 A. Gokalp, O. YilmazIn order to derive the QCD sum rule for the 
oupling 
onstants g�s
 ,with s denoting � or a0, we 
onsider the three-point 
orrelation fun
tionT��(p; p0) = Z d4xd4yeip0�ye�ip�xh0jTfj
�(0)j�� (x)js(y)gj0i ; (8)where the ele
tromagneti
 
urrent is given as j
� = euu
�u+ edd
�d, and j��and js are the interpolating 
urrents for � and s
alar � or a0 meson.In order to obtain the phenomenologi
al part of the sum rule, we 
onsiderthe double dispersion relation satis�ed by the vertex fun
tion T��(p; p0)T��(p; p0) = 1�2 Z ds1 Z ds2 ���(s1; s2)(p2 � s21)(p02 � s22) ; (9)where we negle
ted possible subtra
tion terms sin
e they will not makeany 
ontribution after Borel transform. For low values of s1 and s2, thespe
tral density fun
tion ���(s1; s2) 
ontains a term proportional to doubleÆ-fun
tion Æ(s1 � m2�)Æ(s2 � m2s) 
orresponding to the transition � ! s
where s = � or a0. We 
an therefore obtain the physi
al part by extra
tingthis 
ontribution asT��(p; p0) = h0jj�� j�ih�(p)jj
� js(p0)ihsjjsj0i(p2 �m2�)(p02 �m2s)+ 1�2 Z 1s10 ds1 Z 1s20 ds2 �had�� (s1; s2)(p2 � s21)(p02 � s22) ; (10)where s10 and s20 are 
ontinuum thresholds. In this expression, the overlapamplitudes �s = hsjjsj0i have been estimated above for s = � and a0. Theoverlap amplitude �� of � meson is de�ned as h0jj�� j�i = ��u� where u� isthe polarization ve
tor of the � meson. The e+e� leptoni
 de
ay width of �meson negle
ting ele
tron mass is then given by� (�! e+e�) = 4��23m3� �2� : (11)We use the experimental value for the ele
troni
 bran
hing ratio B(� !e+e�) = (2:91 � 0:07) � 10�4 of � meson [17℄, and this way we determinethe overlap amplitude �� of � meson as �� = (0:079 � 0:016) GeV2. Thematrix element of the ele
tromagneti
 
urrent 
an be written in the formh�(p)jj
� js(p0)i = �i em� g�s
K(q2)(p � q u� � u � q p�) ; (12)
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tor with K(0) = 1. This expressionde�nes the 
oupling 
onstant g��
 through the e�e
tive LagrangianL = em� g�s
����(��A� � ��A�)s (13)des
ribing the �s
-vertex [21℄. Furthermore, we invoke the quark-hadronglobal duality, and therefore assume that the physi
al and perturbative spe
-tral densities �had and �pert, respe
tively, are dual to ea
h other in the sensethat they give the same result approximately when integrated above somethreshold [14℄.We obtain the theoreti
al part of the sum rule by 
al
ulating the pertur-bative 
ontributions and the power 
orre
tions from operators of di�erentdimensions to the three point fun
tion T��(p; p0). If we 
onsider the gaugeinvariant stru
ture (p�q� � p � qg��) we 
an then write for three point 
orre-lation fun
tionT (p; p0) = 1�2 Z ds1 Z ds2 �pert(s1; s2)(p2 � s21)(p02 � s22)+
3(� hqqi) + 
5(� hq� �Gqi) + : : : (14)where 
3, 
5,. . . denote the power 
orre
tions 
oming from operators of dif-ferent dimensions that are proportional to various va
uum 
ondensates. Forthe perturbative 
ontribution we 
onsider the lowest order bare-loop dia-grams shown in Fig. 3(a), therefore in Eq. (8) for the 
orrelation fun
tionT�� we 
an repla
e the interpolating 
urrent j�� = sin �j!0� + 
os �j�0� byj�� = sin �j!0� = sin � 16(u
�u�d
�d) with � denoting the mixing angle of the!�-system. For the power 
orre
tions we 
onsider the 
ontributions 
omingfrom the operators of di�erent dimensions that are proportional to va
uum
ondensates hqqi, hq� � Gqi and h(qq)2i. Sin
e the gluon 
ondensate 
on-tribution proportional to hG2i is estimated to be negligible for the light uand d quark systems, it is not taken into a

ount. We perform the 
al
u-lation of power 
orre
tions in the �xed point gauge [22℄. We work in thelimit mu = md = mq = 0, and in this limit perturbative bare-loop diagramdoes not make any 
ontribution. Moreover, in this limit only operators ofdimensions d = 3 and d = 5 make 
ontributions that are proportional tohqqi and hq� �Gqi, respe
tively. The relevant Feynman diagrams for power
orre
tions are shown in Fig. 3(b) and Fig. 3(
). We obtain the followingpower 
orre
tions for �s
-vertex



1320 A. Gokalp, O. Yilmaz
3 = i34 1p2 1p02 �euhuui � edhddi� sin � (15)and
5 = �i 532 1p4 1p02 � i 332 1p2 1p04��euhgsu� �Gui � edhgsd� �Gdi� sin � ; (16)where the plus sign is for the ��
-vertex and the minus sign is for the �a0
-vertex.
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s sFig. 3. Feynman diagrams for the �s
-vertex: (a) � bare loop diagram, (b) �d = 3 operator 
orre
tions, (
) � d = 5 operator 
orre
tions. The dotted linesdenote gluons.After performing double Borel transform with respe
t to the variablesQ2 = �p2 and Q02 = �p02, and by 
onsidering the gauge-invariant stru
ture(p�q��p �qg��) we obtain the sum rules for the 
oupling 
onstants g��
 andg�a0
 as g�s
 = m����s em2�=M2em2s=M 02(eu � ed)huui���34 + 532m20 1M2 � 332m20 1M 02� sin � ; (17)where the plus sign is for the 
oupling 
onstant g��
 and the minus sign isfor the 
oupling 
onstant g�a0
 , and we use the relations hq� �Gqi = m20hqqiand huui = hddi.For the numeri
al evaluation of the sum rule we use the values m20 =(0:8�0:02) GeV2, huui = (�0:014�0:002) GeV3 [14℄, and m� = 1:020 GeV,ma0 = 0:980 GeV and m� = 0:5 GeV. For the overlap amplitudes �� and
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 width� (�! e+e�) of � meson. In order to analyze the dependen
e of g��
 on theBorel parameters M2 and M 02, we study the independent variations of M2andM 02. The variation of the 
oupling 
onstant g��
 and g�a0
 as a fun
tionof Borel parameters M2 for di�erent values of M 02 are shown in Fig. 4 andFig. 5, respe
tively. The Borel parameter has no physi
al meaning, and welook for a range of its values where the sum rules are almost independentof M2. Examination of Fig. 4 and in Fig. 5 indi
ates that su
h a stabilitywindow is a
hieved in the interval 1 GeV2 < M2; M 02 < 1:4 GeV2 for the
oupling 
onstant g��
 and in the interval 1 GeV2 < M2 < 1:4 GeV2 and1:4 GeV2 < M 02 < 1:8 GeV2 for the 
oupling 
onstant g�a0
 . We 
hoosethe middle value M2 = 1:2 GeV2 of the Borel parameter in its interval ofvariation and obtain the 
oupling 
onstants as g��
 = (0:043 � 0:009) andg�a0
 = (0:12 � 0:03). The errors arise from the numeri
al analysis of thesum rule due to variations of M2 and M 02 and also from the un
ertaintiesin the estimated values of the va
uum 
ondensates.

Fig. 4. The 
oupling 
onstant g��
 as a fun
tion of the Borel parameter M2 fordi�erent values of M 02.In a previous work [10℄, we followed a phenomenologi
al approa
h tostudy the radiative � ! �0�0
 de
ay by 
onsidering �-pole ve
tor me-son dominan
e amplitude as well as s
alar �-pole and f0-pole amplitudes.By employing the experimental value for this de
ay rate and by analyzingthe interferen
e e�e
ts between di�erent 
ontributions in the experimen-
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Fig. 5. The 
oupling 
onstant g�a0
 as a fun
tion of the Borel parameter M2 fordi�erent values of M 02.tal �0�0 invariant mass spe
trum for the de
ay � ! �0�0
, we estimatedthe 
oupling 
onstant g��
 as g��
 = (0:025 � 0:009) whi
h is in reason-able agreement with our present 
al
ulation utilizing QCD sum rules. Onthe other hand, Friman and Soyeur [21℄ in their study of the photopro-du
tion of �0 mesons on proton targets near threshold showed that pho-toprodu
tion 
ross se
tion is given mainly by �-ex
hange, and they 
al-
ulated the ��
-vertex assuming ve
tor meson dominan
e of the ele
tro-magneti
 
urrent, and their result when des
ribed using an e�e
tive La-grangian for the ��
-vertex gave the value g��
 = 2:71 for this 
oupling
onstant. In their study of the stru
ture of the � meson photoprodu
tionamplitude on nu
leons near threshold based on the one-meson ex
hangeand Pomeron-ex
hange me
hanisms, Titov et al. [11℄ used this value ofthe 
oupling 
onstant g��
 to 
al
ulate the 
oupling 
onstants g��
 andg�a0
 by invoking unitary symmetry arguments, and they obtained the re-sults g��
 = 0:047 and j g�a0
 j= 0:16 for these 
oupling 
onstants. Ourresults g��
 = (0:043 � 0:009) and g�a0
 = (0:12 � 0:03) are in goodagreement with the values of these 
oupling 
onstants 
al
ulated by Titovet al. and used in their analysis. However, it should be noted that in orderto derive their result Titov et al. assumed that �, f0, and a0 are members ofa unitary nonet, but in our work we do not make any assumption about theassignment of s
alar states into various unitary nonets, whi
h is not withoutproblems.
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