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NON-ABELIAN CONSTRAINTSIN MULTIPARTICLE PRODUCTION�Ludwik TurkoInstitute of Theoreti
al Physi
s, University of Wro
lawPl. Maksa Borna 9, 50-204 Wro
ªaw, Polande-mail: turko�ift.uni.wro
.pl(Re
eived April 2, 2002)Internal mi
ros
opi
 symmetry of a many body system leads to global
onstraints. We obtain expli
it forms of the global ma
ros
opi
 
onditionassuring that at the mi
ros
opi
 level the evolution respe
ts the overallsymmetry.PACS numbers: 11.30.�j, 24.10.Pa, 25.75.Gz1. Introdu
tionLet us 
onsider a multiparti
le intera
ting system with the internal sym-metry taken into a

ount. The internal symmetry leads to 
onservation lawswhi
h put 
onstraints on the evolution of the system. The problem arises:are there only 
onstraints due to the symmetry 
onservation? In the mi
ro-s
opi
 formulation with symmetry invariant dynami
al equations the answeris given by an analysis of 
orresponding solutions � assuming that solutionsare known.We are looking here for global 
onditions to provide 
onsisten
y with theoverall symmetry of the system. These 
onditions should not depend on theexa
t analyti
 form of the solutions. As an example one 
an take Kepler'slaws in the 
lassi
al me
hani
s whi
h are related to the orbital momentum
onservation and 
an be proved without knowledge of the analyti
 solutionsof Newton equations. Another simple example is a 
ase of n spe
ies of
harged parti
les with individual 
harges qa; qb; : : : ; qn: Numbers of parti
lesare given by N (a); N (b); : : : ; N (n).� Presented at the Cra
ow Epiphany Conferen
e on Quarks and Gluons in ExtremeConditions, Cra
ow, Poland, January 3�6, 2002.(1533)



1534 L. TurkoParti
le numbers are time-dependent but the global 
harges must be
onserved (exa
t U(1) symmetry). So there is a 
onditionqadN (a)dt + qbdN (b)dt + � � �+ qndN (n)dt = 0 ; (1.1)valid for any 
harge 
onserving intera
tion.Our aim [1℄ is to �nd a 
orresponding 
ondition for non-abelian sym-metries. In the non-abelian 
ase there is a subsidiary 
ondition besides
onditions of the type of Eq. (1.1) due to the 
harge 
onservation. This isthe demand to preserve the internal symmetry group representations duringthe evolution of the system.2. Generalized proje
tion methodLet us 
onsider a system big enough to use methods of statisti
al physi
s.When the system rea
hes the statisti
al equilibrium then one 
an extra
t
ontributions from parti
ular irredu
ible representation of the symmetrygroup [2℄. Group proje
tion te
hniques allowed for a 
onsistent treatment ofequilibrium systems and gave tools to obtain 
anoni
al partition fun
tions
orresponding to the system transforming under a given representation ofthe symmetry group. This te
hnique 
an also be used for a more generalnon-stati
 problem.Let us 
onsider a system 
onsisting of parti
les belonging to multiplets �jof the symmetry group. Parti
les from the given multiplet �j are 
hara
ter-ized by quantum numbers �j related to the symmetry group, and quantumnumbers �j 
hara
terizing di�erent multiplets of the same irredu
ible repre-sentation �j .The number of parti
les of the spe
ie f�; ��; �g is denoted here byN (�)��;(�):These o

upation numbers are time dependent until the system rea
hes the
hemi
al equilibrium. However, the representation of the symmetry groupfor the system remains 
onstant in the 
ourse of a time evolution. A multi-pli
ity N (�j) of the representation �j in this produ
t is equal to a numberof parti
les whi
h transform under this representationN (�j ) =Xj 0�X�j N (�j)��j ;(�j)1A =Xj N (�j)��j : (2.1)We introdu
e a state ve
tor ���N (�1)��1 ; : : : ; N (�n)��n E in parti
le number represen-tation. The probability that N (�1)��1 ; : : : ; N (�n)��n parti
les transforming under
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le 1535the symmetry group representations �1; : : : ; �n 
ombine into a state trans-forming under representation � of the symmetry group is given byP�;��fN(�1)��1 ;:::;N(�n)��n g = DN (�1)��1 ; � � � ; N (�n)��n ���P� ���N (�1)��1 ; : : : ; N (�n)��n E : (2.2)The proje
tion operator P� has the form (see e.g. [3℄)P� = d(�)ZG d�(g)��(�)(g)U(g) : (2.3)Here �(�) is the 
hara
ter of the representation �, d(�) is the dimension ofthe representation, d�(g) is the invariant Haar measure on the group, andU(g) is an operator transforming a state under 
onsideration. In parti
lenumber representation the operator U(g) is de�ned asU(g) ���N (�1)��1 ; : : : ; N (�n)��n E =X�(1)1 ;:::;�(N�n )n D(�1)�(1)1 �1� � �D(�1)�(N�1 )1 �1� � �D(�n)�(1)n �n � � �D(�n)�(N�n )n �n ���N (�1)��1 ; : : : ; N (�n)��n E :(2.4)D(�n)�;� is a matrix elements of the group element g 
orresponding to therepresentation �.One gets �nallyP�;��fN(�1)��1 ;:::; N(�n)��n g =AfNgd(�)ZG d�(g) ��(�)(g) hD(�1)�1�1iN(�1)��1 � � � hD(�n)�n�niN(�n)��n : (2.5)D(�n)�;� is a matrix elements of the group element g 
orresponding to therepresentation � and AfNg is an overall permutation normalization fa
torAfNg =Yj Y�j A�j(�j) ; (2.6)where A�j(�j) are partial fa
tors for parti
les of the kind f�; �gA�(�) = N (�)(�) !d(�)N (�)(�) Q��N (�)��;(�)! : (2.7)



1536 L. TurkoThe permutation fa
tor gives a proper normalization of state ve
tors re�e
t-ing indistinguishability of parti
lesDN (�1)��1 ; � � � ; N (�n)��n ��� N (�1)��1 ; : : : ; N (�n)��n E = AfNg : (2.8)Be
ause of the symmetry 
onservations all weights in Eq. (2.5) should be
onstant ddt P�;��fN(�1)��1 ;:::; N(�n)��n g = 0 : (2.9)Introdu
ing here the result of Eq. (2.5) one obtains0 = d logAfNgdt ZG d�(g)��(�)(g) hD(�1)�1�1iN(�1)��1 � � � hD(�n)�n�niN(�n)��n+ nXj=1X��j dN (�j )��jdt ZG d�(g)��(�)(g)hD(�1)�1�1iN(�1)��1 � � �hD(�n)�n�niN(�n)��n loghD(�j)�j�ji :(2.10)The integrals whi
h appear in Eq. (2.10) 
an be expressed expli
itly inan analyti
 form for any 
ompa
t symmetry group.To write an expression for the time derivative of the normalization fa
torAfNg we perform analyti
 
ontinuation from integer to 
ontinuous values ofvariables N (�n)��n : All fa
torials in Eq. (2.6) are repla
ed by the � -fun
tionof 
orresponding arguments. We en
ounter here also the digamma fun
-tion  [5℄  (x) = d log � (x)d x : (2.11)This allows to writed logAfNgdt =Xj X�j 24dN (�j )(�j)dt  �N (�j )(�j) + 1��X��j dN (�j)��j ;(�j)dt  �N (�j)��;(�j) + 1�35 : (2.12)Eq. (2.10) 
an be written in a formnXj=1X��j dN (�j)��jdt d logP�;��fN(�1)��1 ;:::;N(�n)��n gdN (�j)��j = (2.13)Xj X�j 0��dN (�j )(�j)dt  �N (�j)(�j) + 1�+X��j dN (�j )��j ;(�j)dt  �N (�j )��j ;(�j) + 1�1A;



Non-Abelian Constraints in Multiparti
le 1537whereP�;��fN(�1)��1 ;:::;N(�n)��n g = ZG d�(g)��(�)(g) hD(�1)�1�1iN(�1)��1 � � � hD(�n)�n�niN(�n)��n (2.14)is analyti
ally extended for 
ontinuous values of variables N (�j)��j : This givesd logP�;��fN(�1)��1 ;:::; N(�n)��n gdN (�j )��j =RG d�(g)��(�)(g) hD(�1)�1�1iN(�1)��1 � � � hD(�n)�n�niN(�n)��n log hD(�j)�j�jiRG d�(g)��(�)(g) hD(�1)�1�1iN(�1)��1 � � � hD(�n)�n�niN(�n)��n : (2.15)Eq. (2.15) gives a set of 
onditions related to the internal symmetry ofa system. They are meaningful only for nonzero values of 
oe�
ients (2.5).It is easy to see that 
oe�
ients P�;��fN(�1)��1 ;:::;N(�n)��n g are di�erent from zeroonly if parameters �� are 
onsistent with the 
onservation of the simulta-neously measurable 
harges related to the symmetry group. A number ofsu
h 
harges is equal to the rank k of the symmetry group. For the isospinSU(2) group that is the third 
omponent of the isospin, for the �avor SU(3)that would be the third 
omponent of the isospin and the hyper
harge. Ingeneral 
ase one has k linear relations between variables N (�j)��j what redu
es
orrespondingly the number of independent variables.3. Isotopi
 hadroni
 gasLet us 
onsider a 
ase of isotopi
 symmetry in a more detailed way.Diagonal matrix elements for the representation (j) in the Euler angles rep-resentation have the form [3, 4℄D(j)mm(�; �; 
) = eim(�+
)d(j)mm(�) ; (3.1)where d(j)mm(
os �) = �1 + 
os �2 �m P (0; 2m)j�m (
os �) :and P (0; 2m)j�m (
os �) are Ja
obi polynomialsP (0; 2m)j�m (x) = (�1)j�m2m(j �m)! (1+x)�2m dj�mdxj�m �(1�x)j�m(1 +m)j+m� : (3.2)



1538 L. TurkoThe measure d�(g) for the SU(2) group in this parametrization has the formZ d�(g)f [g℄ = 18�2 2�Z0 d� 2�Z0 d
 �Z0 d� sin�f [g(�; �; 
)℄ : (3.3)There are only three possible nontrivial hadroni
 isotopi
 multiplets. Theseare spinor (12), ve
tor (1), and (32) representations. Corresponding d fun
-tions are d(1=2)�1=2;�1=2(�) = �1 + 
os �2 � 12 ; (3.4a)d(1)�1;�1(�) = 1 + 
os �2 ; (3.4b)d(1)0;0(�) = 
os� ; (3.4
)d(3=2)�3=2;�3=2(�) = �1 + 
os �2 � 32 ; (3.4d)d(3=2)�1=2;�1=2(�) = 12�1 + 
os �2 � 12 (�1 + 3 
os �) : (3.4e)The group theoreti
 fa
tor (2.14) has the formZG d�(g)��(J)(g) hD(j1)mj1mj1 iN(j1)mj1 � � � hD(jn)mjnmjn iN(jn)mjn =18�2 JXM=�J 2�Z0 d� 2�Z0 d
 �Z0 d� sin� ei(N(j1)mj1mj1+���+N(jn)mjnmjn�M)(�+
)� d(J)MM (
os �) hd(j1)mj1mj1 (
os �)iN(j1)mj1 � � � hd(jn)mjnmjn (
os �)iN(jn)mjn ; (3.5)where N (j)mj is a number of parti
les with the isotopi
 
oordinates fj;mjg.The nonzero values are obtained only when the arguments of the expo-nent in Eq. (3.5) vanishN (j1)mj1mj1 + � � � +N (jn)mjnmjn �M = 0 : (3.6)For the hadroni
 system with the given value ~M of the third 
omponent ofthe isospin the fa
tor (2.14) is



Non-Abelian Constraints in Multiparti
le 1539ZG d�(g)��(J)(g) hD(j1)mj1mj1 iN(j1)mj1 � � � hD(jn)mjnmjn iN(jn)mjn =18�2 Æ ~M;N(j1)mj1mj1+���+N(jn)mjnmjn 2�Z0 d� 2�Z0 d
 �Z0 d� sin�� d(J)~M ~M (
os �) hd(j1)mj1mj1 (
os �)iN(j1)mj1 � � � hd(jn)mjnmjn (
os �)iN(jn)mjn : (3.7)These equations allow to write general forms of the isotopi
 symmetryfa
tor (2.14) for the hadroni
 systemP(J; ~M)fN(1=2)�1=2 ;N(1=2)1=2 ;N(1)�1 ;N(1)0 ;N(1)1 ;N(3=2)�3=2 ;N(3=2)�1=2 ;N(3=2)1=2 ;N(3=2)3=2 g =2J + 12 1Z�1 dx�1 + x2 � ~M+R��1 + 3x2 �N(3=2)�1=2+N(3=2)1=2 xN(1)0 P (0; 2 ~M)J� ~M (x) ; (3.8)where R = N (j1)mj1 jmj1 j+ � � � +N (jn)mjn jmjn j : (3.9)The de�nition (3.9) and the 
onstraint (3.6) allow to writeR+ ~M = 2 Xfj;jmj jgN (j)jmj jjmj j : (3.10)This is be
auseXfj;mjgN (j)mjmj = Xfj;jmj jgN (j)jmj jjmjj � Xfj;jmj jgN (j)�jmj jjmjj (3.11a)and Xfj;mjgN (j)mj jmj j = Xfj;jmj jgN (j)jmj jjmj j+ Xfj;jmj jgN (j)�jmj jjmj j : (3.11b)This allows to write Eq. (3.8) in the form



1540 L. TurkoP(J; ~M)fN(1=2)�1=2 ;N(1=2)1=2 ;N(1)�1 ;N(1)0 ;N(1)1 ;N(3=2)�3=2 ;N(3=2)�1=2 ;N(3=2)1=2 ;N(3=2)3=2 g =2J + 12 1Z�1 dx�1 + x2 �(N(1=2)1=2 +2N(1)1 +N(3=2)1=2 +3N(3=2)3=2 )� ��1 + 3x2 �N(3=2)�1=2+N(3=2)1=2 xN(1)0 P (0; 2 ~M)J� ~M (x) : (3.12)One should noti
e that this redu
tion of independent variables is related onlyto that part of the total weight (2.5) whi
h 
omes from the group theory.The 
ondition (2.9) is obtained when the expression (3.12) is multiplied bythe 
ombinatori
 fa
tor (2.6). Number of independent variables in the 
om-binatori
 fa
tor 
an be redu
ed only by 
onservation laws of 
orresponding
harges of the system.To be more spe
i�
 let us 
onsider as an example an iso-singlet system
onsisting only of pions and nu
leons [1℄. We take as independent variables:N total number of parti
les, B total baryon number, Q total ele
tri
 
harge,n�0 number of neutral pions, nN number of neutrons. Thennumber of negative pions: n� = (N � nN � n0 �Q) =2 ;number of positive pions: n+ = �B + nN + (N � nN � n0 +Q)=2 ;number of protons: nP = B � nN :For iso-singlet state B = 2Q andn� = (N � nN � n0 �Q)2 ; (3.13a)n+ = �2Q+ nN + (N � nN � n0 +Q)2 ; (3.13b)nP = 2Q� nN : (3.13
)Let us assume [1℄ that this system rea
hes the 
hemi
al equilibrium in theevolution pro
ess governed by Vlasov�Boltzman kineti
 equations with theintera
tions restri
ted to binary 
ollisions. Then the total number of parti-
les remains 
onstant but parti
les ratios are subje
ted to 
onstraints (2.9).For the given baryon number B and the given total number of parti
les N;
ondition P (0; 0)fnN ; nP ; n�; n0; n+g = 
onst. (3.14)
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le 1541gives evolution lines in the nN � n0 plane. The system evolves along theselines whi
h are here the 
onsequen
es of the isotopi
 SU(2) symmetry andbaryon number 
onservation. The weights (3.14) expressed by means ofvariables B; N; nN and n0 and 
al
ulated a

ording to Eqs. (2.7) and(3.13) have the formP (0; 0)fnN ; nP ; n�; n0; n+g = B!2BnN !(B � nN )!� (N �B)!3(N�B)n0! �N2 � nN2 � n02 � B4 �! �N2 + nN2 � n02 � 3B4 �!� 12 1Z�1 dx�1 + x2 �(N�n0�B=2) xn0 : (3.15)The 
orresponding evolution lines are shown in Fig. 1.
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Fig. 1. Evolution 
urves for the ��N iso-singlet system 
onsisting of 300 parti
les� pions and nu
leons. Baryon number B = 140. The 
hemi
al equilibrium isrea
hed along equal weights 
urves (Eq. (3.14)) in the plane n0�nN .



1542 L. Turko4. Con
lusionsWe have got relations whi
h are ne
essary global 
onditions to provide
onsisten
y with the overall symmetry of the system. They do not dependon the form of the underlying mi
ros
opi
 intera
tion. Abelian internalsymmetries lead to simple and obvious linear relations as in Eq. (1.1). Non-abelian internal symmetries lead to nonlinear relations as in Eq. (2.10).If we knew the solutions of symmetry invariant evolution equations thenall those 
onstraints would be
ome identities. In other 
ase they give a sub-sidiary information about the system and 
an be used as a 
onsisten
y 
he
kfor approximative 
al
ulations. A 
ase of generalized Vlasov�Boltzman ki-neti
 equations was 
onsidered in [1℄.New 
onstraints lead to de
reasing number of available states for thesystem during its evolution. New 
orrelations appear and the 
hange inthe thermodynami
al behavior 
an be expe
ted. This 
an be observed inhydrodynami
al systems formed in high energy heavy ion 
ollisions [6℄.A 
hallenging point is to �nd stru
tures whi
h would 
orrespond to 
hem-i
al potentials when system approa
hes the equilibrium distribution. Theequilibrium distribution in the presen
e of 
onstraints 
an be 
onstru
ted bythe Lagrange multipliers method. The multipliers related to the �abelian�
onstraints, su
h as Eq. (1.1), are well known 
hemi
al potentials. Multi-pliers related to the �non-abelian� 
onstraints (2.10) are more 
ompli
ated.Be
ause these 
onstraints are nonlinear ones, 
orresponding multipliers 
an-not be treated as standard additive thermodynami
al potentials.Work supported in part by the Polish State Committee for S
ienti�
Resear
h (KBN) under 
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