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HYDRODYNAMICS AT RHIC�Pasi HuovinenShool of Physis and Astronomy, University of MinnesotaMinneapolis, MN 55455, USA(Reeived April 11, 2002)The hydrodynamial models used to desribe the evolution of heavy-ionollisions are brie�y reviewed and their results ompared with reent RHICdata.PACS numbers: 25.75.�q, 25.75.Ld1. IntrodutionHydrodynamial models have ertain advantages over transport modelalulations in desribing heavy ion ollisions. One of the most importantis that, one the equation of state and initial onditions of the matter arespei�ed, the evolution of the system is determined. No knowledge of theunderlying mirosopi proesses is required. This is espeially importantwhen studying the predited phase transition from hadroni to partonidegrees of freedom (and vie versa) � a proess for whih details are stillunknown.The hydrodynamial desription is relatively simple and ful�lls the on-servation laws without additional onstraints. The use of familiar oneptslike temperature, pressure and �ow veloity also provides an intuitive andtransparent piture of the evolution. The prie to be paid for these advan-tages is a set of bold assumptions: loal kineti and hemial equilibriumand lak of dissipation. This set of assumptions may or may not be valid insuh a small system as that formed in a heavy ion ollision.In a hydrodynamial desription the evolution is assumed to proeed asfollows: In the initial ollision a large fration of the kineti energy of theolliding nulei is used to reate many seondary partiles in a small volume.These partiles will ollide with eah other su�iently often to reah a stateof loal thermal equilibrium. When the system has reahed loal equilibrium� Presented at the Craow Epiphany Conferene on Quarks and Gluons in ExtremeConditions, Craow, Poland, January 3�6, 2002.(1635)



1636 P. Huovinenit is haraterized by the �elds of temperature, T (x), hemial potentialsassoiated with onserved harges, �i(x), and �ow veloity, u�(x). Theevolution of these �elds is then determined by the hydrodynamial equationsof motion until the system is so dilute that the assumption of loal thermalequilibrium breaks down and the partiles begin to behave as free partilesinstead.The numerial solution of hydrodynamial equations of motion in allthree spatial dimensions is a tedious problem. In most approahes someapproximate symmetry is applied to redue the number of spatial dimensionswhere numerial solution is needed to two or one.In the so-alled Bjorken model [1℄ the main idea is the boost invariane ofthe longitudinal �ow. The longitudinal �ow is assumed to be given by vz =z=t at all times. This leads to partiularly simple solutions of the equationsof motion sine the longitudinal expansion an be solved analytially. Alsoit is su�ient to solve the equations of motion in the transverse plane atz = 0 sine the solution is independent of the boosts along the beam axis.The obvious drawbak in this approximation is that the observables areindependent of rapidity.In entral ollisions of spherial nulei the expansion an be simpli�ed byassuming ylindrial symmetry. Of ourse this symmetry an not be appliedto non-entral ollisions where the shape of the soure has a ruial role inthe buildup of ellipti anisotropy.2. Hydrodynamial models2.1. The basis1Hydrodynamis is basially an appliation of onservation laws. Theloal onservation of energy and momentum and any other onserved four-urrents j�i , i = 1; : : : ; n are expressed by��T �� = 0 and ��j�i = 0 ;respetively, where T �� is energy momentum tensor. Without any additionalonstraints these 4 + n (n is the number of onserved urrents) equationsontain 10 + 4n unknown variables. The simplest and most ommonly usedapproah to lose this system of equations is the ideal �uid approximationwhih redues the number of unknown variables to 5 + n.In the ideal �uid approximation the energy momentum tensor of thekineti theory, T �� = Z d3p(2�)3E p�p�f(x;p) ;1 For a more detailed disussion see Ref. [2℄.



Hydrodynamis at RHIC 1637and urrents ji are supposed to have formsT �� = ("+ p)u�u� � pg�� and j�i = niu�;where ", p and ni are energy density, pressure and number density of harge iin the loal rest frame of the �uid, and u� is the �ow four-veloity of the�uid. In other words all dissipative e�ets, suh as visosity and heat on-dutivity, are assumed to be zero and the �uid is always in perfet loalkineti equilibrium. The additional equation needed to lose the systemof equations is provided by the equilibrium Equation of State (EoS) of thematter, whih onnets the pressure to the densities: P = P ("; ni).In priniple it is possible to inlude small deviations from loal ther-mal equilibrium by inluding dissipative e�ets, but in pratie relativistivisous hydrodynamis is very di�ult to implement and has not yet beendone [2℄. For preliminary results and estimates of the e�ets of visosity, seeRef. [3℄. 2.2. Equation of stateThe present results from lattie QCD alulations point to a phasetransition from hadroni to partoni degrees of freedom at a temperatureT � 155�175 MeV, but the order of the phase transition is still uner-tain [4℄. So far no nulear Equation of State (EoS) based on lattie resultshas been employed in hydrodynamial alulations, mostly beause lattiealulations are available only at zero net baryon density.The usual way to onstrut an EoS is to use the EoS of a hadron gas atlow temperatures and the EoS of an ideal parton gas with a bag onstantat temperatures above the ritial temperature T (see e.g. Ref. [5℄). TheEoS of an interating hadron gas is approximated by the EoS of an idealresonane gas with resonanes up to 1.5�2 GeV mass. It is known that theinlusion of higher-lying resonanes mimis interations between hadronswell in temperatures up to the pion mass [6℄, but there is no reliable way tohek whether this holds at higher temperatures [5℄. The phase boundaryis determined by using the Gibbs riteria. A �rst order phase transitionbetween the hadroni and partoni phases is ahieved by onneting theEoSs with the Maxwell onstrution.This proedure is thermodynamially onsistent and the EoS both aboveand below the phase transition temperature is based on well establishedmodels. However, one of its disadvantages is that it is not possible to deter-mine the phase transition temperature and latent heat independently. Toirumvent this drawbak Teaney et al. [7℄ took only the speed of sound,s = p�p=�", from the bag model EoS and made the ritial temperatureand the latent heat expliit parameters of their model.



1638 P. HuovinenConstruting an EoS with a seond order phase transition or rossoverbetween the phases when only the EoSs of the separate phases are knownis nontrivial. To ahieve this in a onsistent way Zshieshe et al. [8℄ on-struted a family of EoSs based on a parametrized ��! model. By hangingthe values of the parameters they were able to reate two EoSs with a �rstorder phase transition but di�erent latent heats and an EoS with a rossoverphase transition. Stritly speaking these EoSs do not ontain a deon�ne-ment phase transition but a hiral phase transition. However the EoS belowand above phase transition temperature is very similar to the more onven-tional onstrutions explained above.2.3. InitializationLoal thermal equilibrium is one of the assumptions of a hydrodynam-ial model; the model itself does not speify the mehanism that leads toan equilibrated state. Sine at RHIC energies the initial partile produ-tion is de�nitely not an adiabati proess, hydrodynamis an not be usedto desribe the initial ollision. The hydrodynamial evolution must beginat a su�ient time after the initial ollision when the system has had timeto reah thermal equilibrium. The initial state of the system, i.e. the den-sity distributions and �ow veloities at the beginning of the hydrodynamievolution, are not given by the model either but must be given as externalinput.When a boost invariant expansion is assumed, the hoie of an initialstate is redued to a hoie of transverse density and veloity pro�les. Asimple approah is to �x the value of the entropy to reprodue the observed�nal partile multipliity and to distribute it on the transverse plane as-suming a onstant density pro�le within the radius of the olliding nuleiusing a Fermi funtion to smooth the edges of the system. However, this ap-proah annot be applied to non-entral ollisions. One must also rememberthat sine it is the loal pressure gradients whih drive the development oftransverse �ow and the evolution of the system, the details of �ow are sen-sitive to the details of the initial distributions [9℄. In the same way the �nalanisotropies are proportional to the deformation of the soure and additionalonstraints to the initial distributions are required.It is known that up to SPS energies the multipliity sales with thenumber of nuleons partiipating in the ollision [10℄. On the other hand, inthe high energy limit one expets the individual parton-parton ollisions toontribute equally to primary partile prodution and therefore, the multi-pliity should sale with the number of binary ollisions [11℄. Therefore, it isnatural to initialize the system using a loalized version of these approahes:to assume that the density is proportional either to the number of partii-



Hydrodynamis at RHIC 1639pants or to the number of binary ollisions per unit area in the transverseplane. Both approahes, or a ombination of them an be used to �x theinitial entropy or energy density; a omparison was made in Ref. [12℄. Theinitial transverse �ow veloity is ustomarily assumed to be zero, althoughpre-equilibrium density gradients might lead to small, but �nite, transverse�ow veloities at the time of thermalization.If the assumption of boost invariane is relaxed the hoie of initial statebeomes onsiderably more ompliated. There are few onstraints for the�ow veloity pro�le or the longitudinal density distributions. The hoieof a partiular parametrization and the values of the parameters is largelybased on trial and error � tuning the model until a reasonable �t to exper-imental rapidity distributions is ahieved. Even for the same EoS there areseveral possible initial states whih lead to an aeptable reprodution of thedata [13℄. For a sample of initial pro�les used suessfully see Refs. [5,14�16℄.An alternative approah to determine the initial state is to use some othermodel to alulate it. For example, event generators [17℄ or perturbativeQCD (pQCD) alulations [18℄ have been used for this purpose. Even if theseapproahes inrease the preditive power of hydrodynamis, thermalizationis still an additional assumption.2.4. Freeze-outAt some point in the evolution partiles will begin to behave as freepartiles instead of a �uid and the hydrodynamial desription breaks down.When and where that happens is not given by hydrodynamis but must beinluded as an external input. The onventional approah is to assume thisto take plae as a sudden transition from loal thermal equilibrium to freestreaming when the mean free path of the partiles beomes larger than thesystem size, or when the expansion rate of the system is larger than theollision rate between partiles. Finding where these onditions are ful�lledis a nontrivial problem. Sine the mean free path is strongly dependenton temperature the usual approximation assumes that the freeze-out takesplae on a hypersurfae where temperature (or energy density) has a hosenfreeze-out value. This temperature is of the order of the pion mass, but itsexat value is largely a free parameter whih an be hosen to �t the data.In Pb + Pb ollisions at the SPS the values of freeze-out temperatures varybetween 100 and 140 MeV in di�erent alulations [19℄.These values are somewhat smaller than the T � 160 MeV freeze-outtemperatures obtained using thermal models to �t the partile abundanesat �nal state [20℄. This an be understood by notiing that the formerapproahes assume kineti equilibrium while the thermal models assumehemial equilibrium. Sine hemial equilibrium requires frequent inelas-



1640 P. Huovinenti ollisions, while kineti equilibrium only requires elasti ollisions, it isnatural to assume that inelasti ollisions ease �rst and hemial freeze-outours at higher temperatures than kineti freeze-out. Thus the system maybe in loal kineti, but not hemial, equilibrium at the later stages of itsevolution. How muh this would a�et the EoS and whether this hange inthe EoS would have any observable e�ets in the evolution of the system is sofar largely unexplored (with some early exeptions like Ref. [21℄). However,�rst preliminary results have been shown and more are in preparation [22℄.After hoosing the surfae where the freeze-out takes plae, the thermo-dynami variables haraterizing the state of the �uid must be onverted tospetra of observable partiles. A pratial way of doing this is the Cooper�Frye algorithm [23℄ where the invariant momentum distribution of a hadronh is given by EdNd3p = gh(2�)3 Z�f 1exp[(p�u� � �)=T ℄� 1 p�d�� :Here the temperature T (x), hemial potential �(x) and �ow veloity u�(x)are the values on the deoupling surfae �f . Besides its relative simpliity,this approah has the advantage that if the same equation of state is used onboth sides of deoupling surfae, both energy and momentum are onserved.However, the Cooper�Frye formula has a oneptual problem. At those areaswhere the freeze-out surfae is spaelike, the produt p�d�� may be eitherpositive or negative, depending on the value and diretion of p�. In otherwords, the number of partiles freezing out on some parts of the freeze-outsurfae may be negative. These negative ontributions are small (few perent, see Ref. [7℄) and usually ignored. More re�ned proedures withoutnegative ontributions have been suggested [24℄ but their implementationis ompliated. A model using one of these re�ned freeze-out proeduresis in preparation [25℄ and it will be interesting to see how large an e�etthe freeze-out proedure has on the �nal partile spetra in a full-�edgedalulation.Another way to re�ne the hydrodynamial freeze-out proedure is toswith from a hydrodynamial to a mirosopi transport model desriptionwell within the region where hydrodynamis is supposed to be appliable[7,26℄. Besides giving a better desription of freeze-out, suh models inludethe separate hemial and kineti freeze-outs. The main drawbak of suhmodels � apart from the inreased omplexity � is that the region wherethe swith from hydro to transport desription should take plae is as poorlyde�ned as kineti freeze-out surfae in ordinary hydrodynamial alulation.The eduated guess employed in both Refs. [7,26℄ is that the swith happensimmediately after hadronization.



Hydrodynamis at RHIC 16413. Comparison with the data3.1. Charged partile multipliity and transverse energyIn ideal �uid hydrodynamis the �nal partile multipliity is proportionalto the entropy of the initial state. Thus in a ertain sense multipliity isnot really a hydrodynamial result, but something one dials in as input.Nevertheless, when the initial state is not hosen by omparing the �nalresult to data, but alulated from perturbative QCD as in Ref. [18℄, the�nal partile multipliity beomes a predition of the model.In Ref. [18℄ Eskola et al. used the EKRT saturation model to alulate theprodution of minijets in the primary ollisions and then onverted this resultto the initial state of hydrodynami evolution. Their results for hargedpartile multipliities at RHIC and LHC energies are shown in Fig. 1. Theresults agree well with the data measured by the PHOBOS Collaboration[27,28℄. It is important to remember that no �tting or �ne tuning was doneto ahieve this result, and that the multipliity at psNN = 200 GeV energywas not yet measured when this alulation was done.
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Fig. 1. Charged partile multipliity alulated at di�erent ollision energies andompared to PHOBOS data [27℄ and alulations (solid and dotted lines) inRef. [29℄. A = 197 and 208 refer to the mass of the nulei and Ae� to a �niteimpat parameter. Figure and alulation are from Ref. [18℄.



1642 P. HuovinenWhen ompared with the EKRT saturation results shown in Ref. [29℄,whih did not ontain an expansion stage, one noties that hydrodynamialexpansion auses only a small hange in multipliity, but the transverseenergy dereases by a fator 3. However, at RHIC the alulated ET is still10�20 % larger than the experimental value [30℄.3.2. pT spetraThe onventional way to initialize a hydrodynamial alulation is touse experimental hadron data to �x the initial values. Depending on thedetails of the initialization the alulated pT distributions an be only �tsto the data or have some preditive power. In Ref. [33℄ the initialization isdone by �rst hoosing the initial entropy and the net baryon densities toreprodue the observed pion multipliity and �p=p ratio in the most entralollisions. Then a ombination of di�erent parametrizations mentioned inSetion 2.3 and Ref. [12℄ is hosen to reprodue the observed multipliityper partiipant as funtion of entrality. In this proess the slopes of thespetra or the entrality dependene of the slopes are not used as an inputand their alulated values an be taken as preditions.In entral ollisions this initialization led to a maximum initial temper-ature Tmax = 328 MeV and an energy density "max = 21:4 GeV/fm3 at aninitial time �0 = 0:6 fm/. At time � = 1 fm/, usually used to estimateinitial energy density via Bjorken's formula [1℄, the orresponding averageenergy density is h"i = 5:4 GeV/fm3, whih is onsistent with experimentalestimates [30℄.Loal hemial equilibrium is assumed to hold until kineti freeze-out.Thus hemial and kineti freeze-outs take plae at the same temperature.Even if the pion yield is orretly reprodued in Ref. [33℄, it is not possibleto obtain both orret proton and antiproton yields simultaneously. Theauthors have hosen to irumvent this problem by alulating the partileyields at hadronization temperature T = Them = 165 MeV and alulatingthe slopes of the pT spetra at Tf = 128 MeV. Subsequently they resale thepartile yields at kineti freeze-out to their values at hemial freeze-out byhand. The results shown here in Figs. 2 and 3 are very similar to those inRef. [7℄. Sine separate hemial and kineti freeze-out was inluded in thetransport model desription of hadroni phase of Ref. [7℄, one an onludethat the method applied in Ref. [33℄ provides a reasonable approximation.It has been observed that around pT = 2 GeV the antiproton and pionyields are roughly equal, and the slopes of the distributions suggest that theantiproton yield is larger than pion yield for pT > 2 GeV [31℄. As an beseen in Fig. 2 this phenomenon an be explained as a simple onsequeneof strong transverse �ow. Besides giving an explanation for this so-alled
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1644 P. Huovinenand thus an in�nite sattering rate, it provides an upper limit to observableanisotropies. Anisotropy is quanti�ed by measuring the harmoni oe�ientsvn(y; pT; b) of a Fourier expansion in �p of the measured hadron spetrumdN=(dy pT dpT d�p) [34℄. Anisotropy haraterized by a non-zero seondoe�ient, v2, is alled ellipti anisotropy or ellipti �ow [35℄.In Fig. 4 the entrality dependene of the ellipti anisotropy oe�ientv2 in Au + Au ollisions at psNN = 130 GeV energy is shown [36℄. Thealulations of Refs. [7, 37℄ give very similar results: in entral and semi-entral ollisions the data reahes the hydrodynamial limit and dependingon the EoS and freeze-out temperature (the latter is not shown in Fig. 4)the agreement is satisfatory even lose to peripheral ollisions. The al-ulation shown in Fig. 4 was arried out using various EoSs with di�erentlatent heats [7℄. The best �t to the data is obtained using an EoS with arelatively large latent heat, but when other observables are onsidered, theauthors onlude that LH8 EoS with smaller latent heat leads to best overalldesription of data.
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Hydrodynamis at RHIC 1645ity is expressed as a fration of the total multipliity, di�erenes betweenparametrizations even out. Thus the result shown in Fig. 4 is independentof the partiular parametrization.The pT di�erential anisotropy, v2(pT), for pions and for the sum of pro-tons and antiprotons [38℄ depited in Fig. 5 also shows lear hydrodynamialbehavior. As predited2 in Ref. [39℄, the heavier the partile, the smallerthe anisotropy at low pT. So far there are no published data regarding thepT di�erential anisotropy of strange partiles so whether they also obey thisrule remains to be seen. The identi�ed partile data is so far limited to thelow pT region shown in Fig. 5. The pT di�erential anisotropy of negativehadrons [40℄ follows the hydrodynamial alulations up to transverse mo-menta pT � 1:5�2 GeV (not shown) where the anisotropy saturates. Thedeviation an be understood as a sign of inomplete thermalization of high-pT partiles.

Fig. 5. pT di�erential ellipti anisotropy of pions (left panel) and protons + antipro-tons (right panel) in minimum bias ollisions as measured by the STAR Collabo-ration [38℄ and alulated using di�erent equations of state and freeze-out temper-atures [39℄. The letters Q and H in the labels stand for an EoS with a �rst orderphase transition and a hadron gas EoS without a phase transition, respetively.Numbers in parentheses stand for the freeze-out temperature in MeV.It is well known that the hanges in the EoS an be ompensated byhanging the initial state and freeze-out temperature (see e.g. Ref. [13℄). Aremarkable feature of Fig. 5 is that hanges in the EoS a�et the anisotropyof both pions and nuleons in the same way � a sti�er EoS leads to a largeranisotropy at low values of pT � but a hange in freeze-out temperaturehanges the pion and nuleon anisotropies in opposite diretions. A lower2 A similar result was later obtained in Ref. [7℄.



1646 P. Huovinenfreeze-out temperature leads to a larger anisotropy for pions but to a smalleranisotropy for nuleons (for further disussion, see Ref. [39℄). This mayprovide an additional method of onstraining possible equations of stateand freeze-out temperatures.In the studies mentioned above the expansion was assumed to be boostinvariant. Judging by the measured rapidity distributions [41℄, this is a rea-sonable assumption lose to midrapidity, but it makes it impossible to makeany statements about the rapidity dependene of any variable. To studythe rapidity dependene of the ellipti anisotropy the assumption of boostinvariane was relaxed and the alulation was done using a genuinely threedimensional model in Ref. [16℄. When ompared to the exellent agreementwith the data in Figs. 4 and 5, the result depited in Fig. 6 [16℄ may look lesssatisfatory. The data [42℄ reahes the hydrodynamial value only aroundmidrapidity. On the other hand, even this result reprodues the data withina one to two units of pseudorapidity wide window. This area already on-tains most of the produed partiles. It is also worth remembering thatanisotropy in hydrodynamial models depends strongly on the initial shapeof the system. The initialization used in Ref. [16℄ is relatively simple andmore sophistiated initialization may lead to better �t to the data. There-fore, it is premature to onlude based on this data and alulation alonethat thermalization is reahed only at midrapidity
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Hydrodynamis at RHIC 16473.4. Two partile orrelationsTwo partile momenta orrelations, known as HBT interferometry, pro-vide a method to study the spae-time struture of the emitting soure [43℄.It has been predited that a �rst order phase transition would lead to un-usually large HBT-radii [44℄. However, omparisons of alulations [8,33,45℄with data [46,47℄ have lead to the so-alled HBT-puzzle: All alulations givea ratio of HBT-radii Rout=Rside larger than one, but the experimental valueis of order one. The alulated values of Rout are also larger and, with theexeption of Ref. [45℄, values of Rside are smaller than observed.It has been suggested that the solution to this puzzle lies primarily in thedesription of freeze-out [33℄. This is doubtful sine even alulations wherethe hadroni phase is desribed using a transport model annot desribe thedata orretly [45℄, even though this kind of freeze-out desription shouldbe more reliable. Some other theoretial unertainties, suh as the order ofthe phase transition and hoie of freeze-out temperature, were addressed inRef. [8℄. As shown in Fig. 7, it was found that the freeze-out temperaturehas quite a small e�et on the radii nor were any of the tested EoSs (EoSwith strong �rst order, weak �rst order and ross-over phase transitions)able to provide an aeptable reprodution of the data. Sine the EoS witha smooth ross-over phase transition (CI in Fig. 7) is losest to the data, it ispossible to laim that HBT measurements favour an EoS with smooth ross-over. This is partiularly interesting sine, as argued in Setion 3.3, ellipti

Fig. 7. Rout/Rside as funtion of KT for Tf = 130 (left panel) and 80 MeV (rightpanel) using di�erent equations of state ompared to STAR data [46℄. The alu-lation and �gures are from Ref. [8℄.
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