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ON THE ATOMIC STATES OF �� HYPERONSAND THE �N INTERACTIONJanusz D¡browski and Ja
ek Ro»ynekTheoreti
al Division, A. Soªtan Institute for Nu
lear StudiesHo»a 69, 00-681 Warsaw, Poland(Re
eived May 14, 2002)The Nijmegen baryon�baryon intera
tion models are used to determinethe �� single parti
le potential in nu
lei. For the �� 
onversion 
rossse
tion � whi
h appears in the expression for the imaginary part of the�� potential � two alternative parametrizations are used. With the helpof this 
omplex �� potential the energy shifts and widths of the observedlevels of �� atoms are 
al
ulated. Comparison with the 23 existing datashows that the lowest �2 is obtained with the Nijmegen model F whi
h leadsto the �� potential whi
h is repulsive inside nu
lei and has an attra
tivepo
ket at the nu
lear surfa
e. The reasonable a

ura
y of the perturbationapproximation is dis
ussed. The sensitivity of the results to the tail of thenu
leon density distributions is investigated.PACS numbers: 13.75.Ev, 36.10.Gv1. Introdu
tionThe available data on strong intera
tion e�e
ts in �� atoms, shown inTable I, 
onsist of 23 data points: strong-intera
tion shifts " and widths �of the observed levels. These shifts and widths 
an be measured dire
tlyonly in the lowest �� atomi
 levels with the prin
iple quantum number nand with the orbital quantum number l = n� 1 (in the observed states theorbits are 
ir
ular). The widths of the n+ 1 `upper' levels 
an be obtainedindire
tly from measurements of the relative yields of X-rays. As seen inTable I the a

ura
y of the data is limited. Nevertheless these data provideus with valuable information on the intera
tion between �� and nu
leons.This information was used in [4℄ and [5℄ (hereafter referred to as I and II)to determine the best among the Nijmegen models of the baryon�baryonintera
tion [6�9℄, i.e., the one whi
h leads to the best des
ription of the(1863)



1864 J. D¡browski, J. Ro»ynek TABLE IExperimental values of the energy shifts "exp and widths �exp for the lower leveland the widths �uexp for the upper level of the indi
ated �� atoms. All energiesare in eV. Nu
l. n+1!n "exp �exp �uexp12C 4!3 � � 0:031� 0:012a16O 4!3 320� 230b � 1:0� 0:7b24Mg 5!4 25� 40b < 70b 0:11� 0:09b27Al 5!4 68� 28b 43� 75b 0:24� 0:06b28Si 5!4 159� 36b 220� 110b 0:41� 0:10b32S 5!4 360� 220b 870� 700b 1:5� 0:8b40Ca 6!5 � � 0:41� 0:22a48Ti 6!5 � � 0:65� 0:42a138Ba 9!8 � � 2:9� 3:5a184W 10!9 214� 60
 18� 149
 2� 2
208Pb 10!9 422� 56
 430� 160
 17� 3
a Data taken from Ref. [1℄.b Data taken from Ref. [2℄.
 Data taken from Ref. [3℄.observed properties of �� atoms. To determine " and � , we were solvingin II the S
hrödinger equation, whi
h des
ribes the motion of �� in the ��atom: �� ~22��A4+ VC(r) + V(r)�	 = E	 ; (1)where ��A =M�MA=(M� +MA) is the ��-nu
leus (of mass MA) redu
edmass (M� is the mass of ��), and VC is the Coulomb intera
tion between�� and the nu
leus.Be
ause of the �� 
onversion pro
ess ��p ! �n, the strong intera
-tion single parti
le (s.p.) potential of the �� hyperon V is 
omplex, V =V + iW , and 
onsequently the eigenvalue E is also 
omplex, with its imag-inary part 
onne
ted with the width of the level, E = E � i�=2. For thestrong intera
tion energy shift ", we have " = EC � E, where EC is thepure Coulomb energy, i.e., the eigenvalue of equation (1) without the strongintera
tion potential V.The 
omplex potential V was 
al
ulated in I and II with the help of theNijmegen intera
tions in the lo
al density approximation: the �� atom wastreated at ea
h point as �� moving in nu
lear matter with the lo
al protonand neutron densities �p(r) and �p(r) of the �� atom,V(r) = VNM(�k� ; �p(r); �n(r)) ; (2)



On the Atomi
 States of �� Hyperons and the �N Intera
tion 1865where VNM is the s.p. potential of �� moving with a properly de�nedaverage momentum �k� in nu
lear matter with the indi
ated lo
al protonand neutron densities.The present paper is a 
ontinuation of I and II. In parti
ular, we wantto 
onsider the following points:� The �� 
onversion 
ross se
tion � � whi
h appears expli
itly in thepro
edure of 
al
ulating " and � applied in I and II � is not wellknown. In the present paper, the results of II are extended to in
ludetwo alternative parametrizations of �.� First order perturbation approximation was used in I, and we want todis
uss the a

ura
y of this approximation.� Results obtained for " and � depend on the nu
leon densities appliedin the 
al
ulations, and we want to dis
uss this dependen
e.2. The potential VNMTo 
al
ulate VNM, we apply the Low Order Brue
kner (LOB) approxi-mation: VNM(k� ) =XkN hk�kN jKjk�kN i; (3)where the sum runs over all o

upied nu
leon states with momenta kN . Spinsand isospins are suppressed in our notation. K denotes the �N Brue
knerrea
tion matrix. In the 
ase of the Nijmegen baryon�baryon intera
tionmodels, the rea
tion matrix K was 
al
ulated in the LOB approximation in[9,10℄. Its 
on�guration spa
e representation, the so 
alled YNG intera
tion,was used in I and II in 
al
ulating VNM = RefVNMg.To get the expression for WNM = ImfVNMg, we repla
e K in Eq. (3) byits imaginary part Im{K} and apply to it the opti
al theorem. In this way� as shown in [11, 12℄ � we get:WNM(k� ; �p; �n) = � ~22��N � 0h�phk�pQ�i+�phk�pQ�el�pi+�nhk�nQ�el�nii;(4)where h i denotes the average value in the Fermi sea, k�N is the �N relativemomentum, ��N is the �N redu
ed mass, and � 0 is the ratio of the e�e
-tive to the real nu
leon mass. The total 
ross se
tion for the elasti
 ��Ns
attering is denoted by �el�N (for N = p it also in
ludes the 
ross se
tionfor ��p! � 0n). The Q operators take 
are that the nu
leons in the �nalstates of the respe
tive �� 
onversion or elasti
 s
attering pro
esses obeythe ex
lusion prin
iple.



1866 J. D¡browski, J. Ro»ynekThe opti
al theorem leads to expression (4) with the 
ross se
tions for therespe
tive pro
esses in nu
lear matter, and we approximate these 
ross se
-tions by the 
ross se
tions in free spa
e. This approximation is parti
ularlya

urate at low densities of nu
lear matter relevant for �� atoms.Now � as in I and II � we disregard the two last terms in expression(4), whi
h 
ontain the 
ross se
tions for the elasti
 ��N s
attering, andobtain our �nal expression for WNM:WNM(k� ; �p; �n) = � ~22��N � 0�phk�pQ�i: (5)This pro
edure, dis
ussed in [12℄, ensures that the width of the �� atomi
states is due only to the �� 
oupling to the 
ontinuum.For the total �� 
onversion 
ross se
tion � we use two parametrizationsdes
ribed in I. The �rst one, adjusted by Gal, Toker, and Alexander [13℄ tothe �� low energy regime up to 300 MeV/
 in the laboratory frame, has theform v
� = �1 + 13v
��1 5:1 fm2 ; (6)where v is the ��p relative velo
ity.The se
ond one, suggested by Oset et al. [14℄ and adjusted to the ��low energy regime up to 160 MeV/
, has the form:v
 � ' 1:7 fm2 : (7)This form follows from the assumption that the transition matrix for the��p ! �n pro
ess is 
onstant, and only the phase spa
e fa
tor introdu
esthe energy dependen
e of �. The e�e
t of this fa
tor on (v=
)� is negligiblein the low energy range relevant in �� atoms and is not indi
ated in Eq. (7).3. Results and dis
ussionWe have followed the pro
edure applied in II to obtain our present resultsfor the four models of the Nijmegen baryon�baryon intera
tion: models D [6℄,F [7℄, Soft-Core (SC) model [8℄, and the New Soft-Core (NSC) model [9℄.For the average momentum �k in Eq. (2), we used zero while 
al
ulat-ing V (r), and the average value obtained with the hydrogen-like �� wavefun
tion while 
al
ulating W (r).The proton and neutron density distributions were taken from the Iso-morphi
 Shell Model (ISM) of Anagnostatos [15�18℄ 1.1 In 
ase of 184W and 208Pb we assumed for the neutron density the form �n(r) =(N=Z)�p(r).



On the Atomi
 States of �� Hyperons and the �N Intera
tion 1867For the Coulomb potential VC , we use the uniform 
harge distributionwith radius R = p3=5hr2i1=2 with empiri
al values of the mean squareradius hr2i1=2 of the 
harge distribution (
olle
ted in [18℄).In 
al
ulating the Q operator in Eq. (5), we followed the Appendix of II.First let us 
onsider the ��Pb atom for whi
h we have the most pre
isedata of Powers at al. [3℄. Our results obtained for this 
ase, together withvalues of �2(Pb) 
al
ulated for the 3 experimental Pb data points, are shownin Table II. The big values of �2(Pb) for models D and NSC 
learly indi
atethat these models are 
ompletely in
onsistent with the �� atomi
 data.Consequently, we 
ontinue our dis
ussion only for models F and SC.TABLE IIEnergy shifts ", "u and widths � , �u 
al
ulated with the indi
ated models of the�N intera
tion, respe
tively for the lower and upper level of the ��Pb atom andthe 
orresponding values of �2 for the 3 experimental Pb data (see Table I). Allenergies are in eV.Model " a " b � a � b "u a "u b �u a �u b �2(Pb) a �2(Pb) bD 995.4 1023.57 1250.9 995.3 29.7 30.1 29.0 20.8 148.0 129.9F 457.4 469.1 773.4 582.1 18.9 19.2 23.8 16.7 10.3 1.7SC 380.0 396.0 877.4 672.3 12.6 12.9 24.7 17.3 15.2 2.6NSC 1899.5 1974.9 2603.8 2254.8 49.3 49.9 37.7 28.2 933.2 903.6a Expression (6) was applied for �.b Expression (7) was applied for �.Table III 
ontains our results obtained for " and � with models F andSC for �� atoms for whi
h experimental data exist. For the �� 
onversion
ross se
tion � two expressions, (6) and (7), have been applied. Resultsobtained with expression(6), presented in II, are in
luded into Table III for
omparison with the new results obtained with expression (7). For the 23data points, we get the following values for �2F(SC) for our results obtainedwith model F (and SC):�2F = � 38:119:5 �2SC = � 55:033:3 for � expression � (6);(7): (8)We 
on
lude that we get the best agreement with the data, when weapply model F. As dis
ussed in I and II model F has the property that itleads to VNM whi
h is attra
tive at low densities en
ountered at the nu
learsurfa
e and repulsive at nu
leon densities en
ountered inside nu
lei. Thismeans � in our lo
al density approximation � that V is repulsive insidethe nu
leus, and has an attra
tive po
ket at the nu
lear surfa
e (see Fig. 1).



1868 J. D¡browski, J. Ro»ynek TABLE IIIEnergy shifts "/"u and widths �/�u of the lower/upper level of the indi
ated ��atoms, 
al
ulated with models F and SC of the �N intera
tion. All energies arein eV.Nu
l. Model " a " b � a � b "u a "u b �u a �u b12C F 8.19 8.60 22.2 16.1 0.007 0.007 0.011 0.007SC 6.79 7.26 24.8 18.7 0.004 0.004 0.011 0.00716O F 50.0 54.0 194.2 147.0 0.11 0.11 0.20 0.14SC 63.0 67.9 245.2 196.3 0.066 0.068 0.21 0.1524Mg F 32.6 33.8 50.4 31.7 0.085 0.086 0.10 0.06SC 10.2 11.0 47.4 30.3 0.021 0.022 0.096 0.05427Al F 67.3 70.1 113.2 73.2 0.22 0.23 0.28 0.16SC 24.4 27.2 109.4 72.4 0.064 0.067 0.27 0.1528Si F 139.9 147.1 242.8 160.3 0.55 0.56 0.70 0.53SC 43.6 50.2 226.0 152.1 0.14 0.15 0.66 0.3932S F 433.8 466.0 873.2 605.7 2.49 2.55 3.43 2.12SC 137.5 167.0 814.4 579.2 0.67 0.72 3.19 1.9740Ca F 27.0 27.9 42.0 27.7 0.12 0.12 0.15 0.087SC 7.5 8.4 39.0 26.0 0.028 0.029 0.14 0.08248Ti F 44.9 46.9 104.0 74.2 0.30 0.30 0.48 0.31SC 61.1 63.6 117.3 86.1 0.39 0.39 0.50 0.33138Ba F 32.6 33.2 73.9 51.7 0.92 0.92 1.34 0.85SC 92.3 93.4 91.2 65.4 1.85 1.86 1.51 0.95184W F 126.7 129.3 180.5 127.5 3.75 3.78 4.24 2.78SC 87.6 90.6 190.4 137.2 2.23 2.36 4.29 2.84208Pb F 457.4 469.1 773.4 582.1 18.9 19.2 23.8 16.7SC 380.0 396.0 877.4 672.3 12.6 12.9 24.7 17.3a Expression (6) was applied for �.b Expression (7) was applied for �.This 
on
lusion of our analysis of �� atoms agrees with the result of thephenomenologi
al analysis of �� atoms of Batty, Friedman, and Gal [19℄,and also with the analysis [20,21℄ of the pion spe
tra observed in Brookhavenin the strangeness ex
hange rea
tion on 9Be target [22℄ 2.The two parametrizations of � are possible and lead to di�erent resultsfor " and � , be
ause the experimental points to whi
h both of them areadjusted have big error bars, and they start at p� = ~k� = 110 MeV/
, i.e.,2 There is one argument more in favor of model F: when applied to the � + nu
learmatter system it leads to the semiempiri
al value of the � binding energy, i.e., itsolves the so 
alled � overbinding problem [23℄.
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tion. The potentials W were obtained with parametrization (6) of �.above the average � momenta in �� atoms. As we see from Eq. (8), ourresults obtained with parametrization (7) reprodu
e the data points betterthen those obtained with parametrization (6). No doubt, a more pre
isemeasurement of the �� 
onversion 
ross se
tion at low energies would bemost desired for dis
ussing " and � .Now let us dis
uss other aspe
ts of our results. We shall 
onsider as arepresentative example the 
ase the n = 9 state in Pb with parametrization(6) of �. The real and absorptive potentials V andW of �� in Pb are shownin Fig. 1. Here,W has been 
al
ulated with �k� = 0:40 fm�1, the average ��momentum in the lower (n = 9) state (if we used the average momentum inthe upper (n = 10) state, the resulting 
urve 
ould hardly be distinguishedfrom the W 
urve in Fig. 1). Models F and SC of the Nijmegen intera
tionwere used to obtain the results shown in Fig. 1. To distinguish them we usethe subs
ripts F and SC.The Bohr radius of the n = 9 orbit in Pb is 22.4 fm, whereas the r.m.s.radius of the 
harge distribution, hr2i1=2 ' 5:5 fm. Consequently, the �nitesize of the nu
lear 
harge distribution is expe
ted to have a negligible e�e
tson the energy shift " and the width � of the level, whi
h indeed turn out tobe about 0.2 % (for model F). Hen
e, one 
ould safely negle
t the e�e
t of�nite size of the nu
lear 
harge distribution, as it was done in I. Also in thefollowing dis
ussion, we ignore this �nite size e�e
t.Let us 
onsider the problem whether perturbative treatment of the nu-
lear intera
tion in �� atoms is justi�ed. General arguments in favor ofthe perturbative treatment were dis
ussed in I. Here, we 
onsider the 
on-vergen
e of the perturbation expansion in the 
ase of the lower state in Pb.Namely, we investigate how a

urate is the �rst order of this expansion. The



1870 J. D¡browski, J. Ro»ynekpure Coulomb energy of the n = 9 state in Pb, EC = �2:6 MeV, is 
hangedby the strong intera
tion (model F) by the amount 4EF = �"F + i�F=2 =(�0:00046 + i0:00039) MeV. We see that the 
hange in the real part of theenergy, �"F, is extremely small 
ompared to EC, and we may expe
t the�rst order approximation "1F = h jVFj i to be very 
lose to " (here  is thehydrogen-like fun
tion). Indeed, we �nd that in the n = 9 state in Pb modelF leads to "1F = 457:0 eV, whereas "F = 457:4 eV. A 
omparison of ourpresent results with the results of I shows that the situation with other ��atoms is similar. There are two fa
tors, VF and WF, whi
h determine "F. Inthe region essential for the �� atom, the real potential VF has an attra
tivepo
ket, and the � wave fun
tion is pulled into this region. This a

umu-lation of the wave fun
tion is 
ountera
ted by the absorptive potential WFwhi
h diminishes the wave fun
tion in this region and thus a
ts similarly asrepulsion. Thus the � wave fun
tion is not so mu
h 
hanged in this regionby the 
ombined a
tion of VF and WF, and 
onsequently "1F is 
lose to "F.This may be illustrated in the 
ase of the n = 9 state in Pb. If we 
onsideronly real VF, i.e., if we put W = 0, we get "F[W = 0℄ = 494:3 eV. Thisis greater than "1F = 457:0 eV whi
h � in agreement with the variationalprin
iple � is a lower bound for "F[W = 0℄. After swit
hing on the ab-sorptive potential WF, we de
rease "F to the value of 457.4 eV very 
lose to"1F.No doubt, the striking agreement of our results for "F with the �rst orderperturbation results "1F is partly a

idental. In 
ase of model SC, we have:"SC = 380:0 eV, "SC[W = 0℄ = 438:9 eV, and "1SC = 397:1 eV. Here, theagreement � although reasonable � is less striking. The reason appears tobe the pure attra
tive 
hara
ter of VSC � the �repulsive� e�e
t is produ
edentirely by WSC 3.The situation with the imaginary part of the energy is di�erent. Herethe entire imaginary part is due to W , and we do not expe
t the �rst orderperturbation approximation, �1 = �2h jW j i, to be very a

urate. For then = 9 level in Pb, we get �1F = 716:6 eV, whereas �F = 773:4 eV, and herethe a

ura
y of �rst order approximation is about 7%. In 
ase of SC model,we have: �1SC = 715:2 eV, �SC = 877:4 eV, and here the a

ura
y is about18%, i.e., is worse.In I, we used model F and approximated � by ���, the width of � innu
lear matter with density equal to the average density in the �� atom,�� = h j�j i, with the result ��� = 903:3 eV. Thus the approximation appliedin I turns out to be worse than the �rst order approximation �1.3 Our estimate of the error in "1 presented in I appears to be not 
orre
t be
ause ournonrelativisti
 "1 was 
ompared with relativisti
 value of " (determined in [19℄ fromKlein�Gordon equation).



On the Atomi
 States of �� Hyperons and the �N Intera
tion 1871Now let us dis
uss another aspe
t of the theory of �� atoms, namelythe possibility of getting information on the nu
leon distributions �p(r) and�n(r). To explore this possibility, we investigate the sensitivity of the 
al
u-lated energy shifts " and widths � to the applied forms of �p(r) and �n(r).As an example, let us 
onsider the properties of the �� states in Ba 4 
al-
ulated with model F of the Nijmegen intera
tion and with parametrization(6) of �. For 
omparison with our results obtained with the ISM densities,we 
onsider a 2-parameter Fermi (2pF) form �(r) = �0[1+exp((r�R)=a)℄�1for both point proton and neutron distributions.As our 2pF model of the two densities �p and �n, we 
onsider the modelapplied in [19℄. The parameters Rp and ap of �p(r) were adjusted � afterfolding with a Gaussian proton 
harge distribution � to the tabulated 
hargedistribution [24℄. For the mu
h harder to determine neutron density, it wasassumed that an = ap and Rn = Rp+0:25 fm in a qualitative agreement withHartree�Fo
k 
al
ulations. The parameters of the 2pF model are shown inTable IV, together with the mean square radii of �p and �n. TABLE IVProperties of � states in Ba 
al
ulated with di�erent models of nu
leon densities.Model F of the �N intera
tion, and parametrization (6) of � were applied. Allenergies are in eV, and lengths in fm.Model Rp ap;n Rn hr2i1=2p hr2i1=2n " � "u �uISM 4.80 5.41 32.6 73.9 0.92 1.342pF 5.80 0.433 6.05 4.77 4.96 6.84 22.0 0.17 0.29Our results for the energy shifts and widths for the lower (n = 8) andupper (n = 9) levels in Ba, obtained with nu
leon density model 2pF, andalso ISM, are shown in Table IV. We see that when we swit
h from the ISMto the 2pF densities, we essentially de
rease the resulting energy shifts andwidths. The reason for it is that the ISM densities have longer tails thanthe 2pF densities.We illustrate it in Fig. 2 in 
ase of W (r), and � obtained for the n = 8level in Ba with the ISM and 2pF densities. As we see from Eqs. (2),(5), W (r) depends predominantly on the proton density �p(r) (the de-penden
e on �n(r) is only indire
t through the ex
lusion prin
iple opera-tor Q). As we see in Fig. 2, �p(r)ISM has a mu
h longer tail than �p(r)2pF� we have �p(r)ISM > �p(r)2pF for r � 6:4 fm. Consequently, as is4 In Ba we use the ISM results for both �p and �n, whereas in Pb (and W) the ISMresults are available only for �p.



1872 J. D¡browski, J. Ro»ynekseen in Fig. 2, W (r)ISM has a mu
h longer tail than W (r)2pF � we haveW (r)ISM < W (r)2pF for r � 6:4 fm. Now, in �� atoms just this tailregion is important. Namely the �� wave fun
tion 	 at small distan
esbehaves like rn�1, and its square multiplied by �W (r) attains its maxi-mum in the tail region. If we approximate 	 by the hydrogen-like fun
tion (r) = R(r)r�1Yl=n�1m(r̂), then the produ
t �R(r)2W (r) measures the
ontribution of the region around r to �=2 (when integrated this produ
tover r, we get �1=2, the �rst order approximation of �=2). The produ
t�R2W is shown in Fig. 2, and obviously this produ
t for the ISM densi-ties is mu
h bigger and is shifted towards larger distan
es. The explanationwhy the ISM densities lead to larger energy shifts than the 2pF densities issimilar.
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Fig. 2. Proton density �p, the imaginary potential W , and the produ
t �R2Win the n = 8 state in Ba, obtained with the ISM (solid 
urves) and 2pF (broken
urves) densities. Model F and parametrization (6) of � were applied.Let us noti
e that the produ
t �R2W (and similarly the produ
t �R2V )attains its maximum in the tail of the density distributions, espe
ially forISM, where both the densities and their gradients are small. This means thatthe YNG e�e
tive intera
tion applied in our work may be less burdened bythe ambiguities in the 
hoi
e of the intermediate state energies in the rea
-tion matrix equation, be
ause this 
hoi
e is less important at low densities.Furthermore, the smallness of the density gradients 
ertainly improves thea

ura
y of the lo
al density approximation.The authors express their gratitude to Prof. Sªawomir Wy
e
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