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FRAGILE SIGNS OF CRITICALITYIN THE NUCLEAR MULTIFRAGMENTATIONK.K. Gudimaa;b, M. Pªoszajzaka and V.D. Toneeva;aGrand Aélérateur National d'Ions Lourds, CEA/DSM � CNRS/IN2P3BP 55027, 14076 Caen Cedex 05, FranebInstitute of Applied Physis, Moldova Aademy of Sienes2028 Kishineu, MoldovaBogoliubov Laboratory of Theoretial PhysisJoint Institute for Nulear Researh, 141980 Dubna, Russia(Reeived Marh 22, 2002)Deviations from an idealized equilibrium phase transition piture innulear multifragmentation is studied in terms of the entropi index. Weinvestigate di�erent heat-apaity features in the anonial quantum sta-tistial fragmentation model generalized in the framework of non-extensivethermostatistis, and show that in this model the negative branh of heatapaity in quasi-peripheral Au+Au reations is onsistent with the domi-nane of non-extensive e�ets in these reations.PACS numbers: 25.70.Pq, 05.20.�y, 05.70.Jk, 24.60.Ky1. IntrodutionThe nulear multifragmentation proess is studied in the energeti ol-lisions of Heavy Ions (HI). In these ollisions, strongly o�-equilibrium tran-sient system is formed whih equilibrates at the later stage of the reationdue to dissipative proesses. Perfetly equilibrated system, as assumed inmost theoretial desriptions of the multifragmentation deay of the hotresidue, is most probably never attained. Moreover, standard equilibriumthermodynamis is valid only for su�iently short-ranged interations, whatis not the ase for Coulomb �eld. This would not be a serious problem ifthe nulear fragmentation proess does not show any sign of the ritial-ity [1, 2℄. Indeed, the nonextensivity of weakly o�-equilibrium �nite sys-tems may qualitatively modify both the piture of the two phase oexis-tene and signatures of the ritial behavior in small systems [3℄. On theother hand, these nonextensivity orretions to Boltzmann�Gibbs Statisti-al Mehanis (BGSM) have no measurable e�ets on standard signatures(1923)



1924 K.K. Gudima, M. Pªoszajzak, V.D. Toneevof the equilibrium suh as the partile/fragment kineti energy spetra orangular distributions [3℄. Neither the alori urve nor the negative heat-apaity branh measurements [1, 2℄, both put forward as an evidene forthe nulear liquid-gas phase transition, an be interpreted unambiguously.The non-extensive e�ets due to the Coulomb interation/non-Markovianmemory e�ets or the multi-fratal phase boundary onditions [4, 5℄, whihare ruial only in the ritial region [3℄, not only onstitute an integral partof the physis of HI ollisions but also provide an essential limitation to ourunderstanding of the multifragmentation proess in the BGSM framework.Non-extensive features an be studied in the moleular dynamis frame-work. The e�et of equilibration in a on�ning wall has been investigated re-ently in exited Lennard�Jones systems [6℄. In the system of lassial spinswith in�nite range interation [7℄, it has been shown that before going tothe Boltzmann�Gibbs equilibrium state, the system reahes the metastablestate with non-Maxwellian veloity distribution whose lifetime inreases in-de�nitely with inreasing number of spins. Hene, in the thermodynamiallimit the system may be inde�nitely trapped in a non-Boltzmann�Gibbsstate.Analytial studies of the non-extensive spin model with in�nite-rangeferromagneti interation and repulsive orrelations [8℄ showed learly thedevelopment of a new weak-ferromagneti phase and an unusual �rst orderphase transition from paramagneti to weak-ferromagneti phase in whiha disontinuity of the averaged order parameter appears even for �nite num-ber of spins.All these intriguing results obtained in shemati models, on�rm thatthe appliability of standard equilibrium ensembles for the desription ofthe dynamially indued fragmentation proess in the presene of long rangeinterations/orrelations requires further studies.In the ase of nulear multifragmentation, a pratial and su�ientlyrealisti approah to this problem would be to use those (extensive) modelswhih desribe physis of limiting two phases outside of the ritial region,and then to develop a �exible phenomenologial parametrization of non-generi non-extensive e�ets in the ritial region. It is the aim of this workto illustrate this problemati in the thermodynami anonial model whihis extended in the framework of the generalized thermostatistis [3℄.2. The non-extensive anonial quantum statistial model ofnulear multifragmentationA starting point ould be any reasonable thermodynami fragmentationmodel (for the list of examples see e.g. [9, 10℄). This hoie o�ers severaladvantages, suh as a orret quantum statistis and a orret de�nition of



Fragile Signs of Critiality in . . . 1925both nulear fragments and their binding energies. The Coulomb and surfaee�ets an be tuned by analyzing the observable quantities far outside of theritial region and fragment exitations an be inluded, if neessary. Severalmodels of this kind had an unquestionable suess in desribing reationproduts and their properties from the regime of partile evaporation at lowexitation energies to the explosion at about 5�10MeV/nuleon [9,10℄. Thenew lass of non-extensive thermodynamial models an be formulated inthe framework of the Tsallis Generalized Statistial Mehanis (TGSM) [4℄.TGSM is based on an alternative de�nition for the entropy of a system whosei-th mirosopi state has probability p̂iSq = k 1�Pi p̂qiq � 1 = kPi p̂i �Pi p̂qiq � 1 ; k > 0 ; (1)where k is the onventional positive onstant. The entropi index q de�nesstatistis and the normalization onditionXi p̂i = 1 (2)is used to get the seond equality in (1). The limit q = 1 orresponds tothe BGSM. The main di�erene between BGSM and TGSM is the non-additivity of entropy in the TGSM. For two independent subsystems A, B,i.e. suh that the joint probability of A+B is fatorized into p̂A+B = p̂Ap̂B,the global entropySq(A+B) = Sq(A) + Sq(B) + (1� q)Sq(A)Sq(B)k (3)is not equal to the sum of the subsystem entropies. In partiular, the en-tropy is always onave for q > 0, and this is the ase disussed in the presentpaper. Di�erent works have shown that the above desribed statistial me-hanis retains muh of the formal struture of the standard theory [11℄.Many important properties have been shown to be q-invariant. Among them,we have the Legendre transformation struture of thermodynamis and theH-theorem (marosopi time irreversibility). Considering that the esseneof the seond law of thermodynamis is the onavity (see e.g. Ref. [12℄and referenes quoted therein), the mentioned properties of Sq indiate thatthere are no problems with this law in TGSM.The entropy (1) was disussed reently in terms of the inomplete infor-mation theory [13℄. The ondition (2) means that all possible physial statesare both well-known and ounted. However, in omplex systems we oftendo not know all interations and/or annot �nd the exat Hamiltonian and,



1926 K.K. Gudima, M. Pªoszajzak, V.D. Toneevtherefore, exat values of physial quantities are not aessible. In otherwords, part of the information is lost and the normalization (2) is violatedbeause the set of the ountable states beomes inomplete. By hang-ing probabilities in Eq. (2) into e�etive ones p̂i ! p̂qi , one arrives againat Tsallis de�nition of the entropy. The parameter q1 � q � 1 is relatedin this formulation to an extra entropy due to the negleted interations.This is the essential reason for introduing TGSM with a phenomenolog-ially adjusted parameter q. The situation enountered experimentally inthe nulear multifragmentation proess, where e�ets of thermal and hem-ial non-equilibrium, expansion of deaying system, long-ranged Coulombinteration, various memory e�ets of system dynamial history, or e�etsof ompliated interphase boundary are present, an be better addressed inthe framework of generalized statistial mehanis where the entropi indexparameter allows to orret the BGSM framework for missing physiallyimportant e�ets.The TGSM is relevant if the mirosopi interations in the system arelong-ranged and/or the e�etive mirosopi memory is long-ranged and/orthe geometry of the system is fratal [4, 5, 14℄. In the super-additive regime(1 � q > 0), independent subsystems A and B will tend to join togetherinreasing in this way the entropy of the whole system. On the ontrary,in the sub-additive regime (1 � q < 0), the system inreases its entropyby fragmenting into the separate subsystems [8℄. This is a natural regimefor non-extensive systems with long-ranged repulsive interations, suh asformed in the ollisions of atomi nulei or atomi lusters. These ideasagree with the results of Landsberg et al. [15℄ who studied fragmentationproess in onnetion with the thermodynamis of blak holes.Our further onsiderations are based on the anonial multifragmenta-tion model [16℄ whih is a generalization of phenomenologially suessfulstatistial multifragmentation model of Bondorf et al. [10℄. The anonialensemble method in TGSM was introdued in [17℄. In this ase, the entropySq is extremized with the onditions (2) andXi=1 pqi "i = Uq ;where "i is the energy of the i-th mirosopi state and Uq is the generalizedaverage energy. The main ingredient of the non-extensive anonial quantumstatistial model of nulear multifragmentation [3℄ is the expression for thefragment partition funtion!q(a; z) = X~p �1 + q1 � "~p (a; z) ��1=q1 ; (4)



Fragile Signs of Critiality in . . . 1927where a and z are the fragment mass number and the fragment hargenumber, respetively. The fragment partition probability equalsp̂~p (a; z) = [!q(a; z)℄�1 �1 + q1 � "~p (a; z)��1=q1 ; (5)where "~p (a; z) = p2=2M+U (a; z) and � � 1=T . In the limit q1 ! 0, Eq. (5)reovers the familiar expression p̂~p (a; z) = exp (�� "~p (a; z))=!1(a; z). Theinternal energy U , whih inludes the fragment binding energy and the frag-ment exitation energy, the temperature-dependent surfae energy, and theCoulomb interation between fragments in the Wigner�Seitz approximation,is parameterized as in [10℄. In the dilute gas approximation [18℄, the parti-tion funtion of a whole system an be written asQq(A;Z) = Xn̂2�A;ZYa;z [!q(a; z)℄Nn̂(a;z)Nn̂(a; z)! ; (6)where the sum runs over the ensemble �A;Z of di�erent partitions of Aand Z of the deaying system fn̂g = fNn̂(1; 0); Nn̂(1; 1); : : : ; Nn̂(A;Z)g andNn̂(a; z) is the number of fragments (a; z) in the partition fn̂g. In thisapproximation, the reurrene relation tehnique [16,19℄ an be applied pro-viding exat expression for Qq(A;Z) [3℄.Given the partition funtion, the mean value of any quantity is [4℄hOiq =X~p O~p p̂ q~p : (7)In order to ensure the proper normalization of q-averages (7), it is better towork with the generalized averages [17℄hhOiiq = hOiqh1iq : (8)These normalized mean values exhibit all onvenient properties of the orig-inal mean values. Moreover, the TGSM an be reformulated in terms ofordinary linear mean values alulated for the renormalized entropi indexq� = 1 + (q � 1)=q. In partiular, the total average energy and pressure ofthe system beome Eq = Xa;z hN(a; z)iq�AZ h"(a; z)iq� ; (9)Pq = Xa;z hN(a; z)iq�AZ hp(a; z)iq� ; (10)



1928 K.K. Gudima, M. Pªoszajzak, V.D. Toneevwhere h"(a; z)iq and hp(a; z)iq are given byh"(a; z)iq = � ��� �1� [!q(a; z)℄�q1q1 � ; (11)hp(a; z)iq = 1� ��Vf �1� [!q(a; z)℄�q1q1 � ; (12)and the average multipliity of (a; z)-fragments in the fragmentation of sys-tem (A;Z) is hN(a; z)iqAZ = !q(a; z)Qq(A� a; Z � z)Qq(A;Z) : (13)The heat apaity at a onstant volume (= �Eq=�T jVf ) is:CV = �2nXa;z Xa0 ;z0h�(az; a0z0)iq� h"(a; z)iq� h"(a0 ; z0)iq�+ Xa;z hN(a; z)iq�AZ hh"2(a; z)iq� � h"(a; z)i2q�io ; (14)whereh�(az; a0z0)iq � hN(a; z)N(a0 ; z0)iqAZ � hN(a; z)iqAZ hN(a0 ; z0)iqAZ ; (15)and hN(a; z)N(a0 ; z0)iqAZ= !q(a; z)!q(a0 ; z0) Qq(A� a� a0 ; Z � z � z0)Qq(A;Z)+ Æaa0 Æzz0!q(a; z) Qq(A� a; Z � z)Qq(A;Z) : (16)The heat apaity at a onstant pressure CP (= �(Eq + PqVf )=�T jPq ) anbe alulated using the relation CP � CV = TVf �T (�Pq=�T jVf )2; where�T stands for the isothermal ompressibility (= �(1=Vf )�Vf=�Pq jT )1�T = � �Vf"Xa;z Xa0 ;z0h�(az; a0z0)iq� hp(a; z)iq� hp(a0 ; z0)iq�+ Xa;z hN(a; z)iq�AZ 1� ��hp(a; z)iq��Vf ���T�# (17)



Fragile Signs of Critiality in . . . 1929and �Pq�T jVf = �2"Xa;z Xa0 ;z0h�(az; a0z0)iq� hp(a; z)iq� h"(a0 ; z0)iq�+ Xa;z hN(a; z)iq�AZ 1�2 ��hp(a; z)iq��T ���Vf�# : (18)One should stress that all these thermodynamial quantities are alulatedexatly, without using the Monte Carlo tehnique.3. Disussion of the resultsThe upper part in Fig. 1 shows the temperature dependene of the pres-sure for various entropi indies q in systems with A0 = 100; 200 and 300nuleons and Z0 = 0:4A0 protons. All numerial results shown in this work
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Fig. 1. The dependene of the pressure (upper part) and the inverse isothermal om-pressibility (lower part) on the temperature T plotted for system of di�erent sizesand di�erent entropi indies q : 1.0 (solid line), 1.0005 (dashed line), 1.001 (dottedline). The freeze-out volume Vf orresponds to �f � A0=Vf =�0=4. The alulatedvalues of 1=kT are multiplied by fators 10 and 3 for A0=100 and 200, respetively.



1930 K.K. Gudima, M. Pªoszajzak, V.D. Toneevhave been obtained for the density �f � A0=Vf = �0=4. In the bottom part,the temperature dependene of the inverse thermal ompressibility 1=�T isshown. Zero of 1=�T (�Pq=�Vf jT= 0) orresponds to the pole of CP andde�nes the boundary of the two phase oexistene region. Negative heat a-paity CP within the anonial ensemble provide a signal of the �rst-orderphase transition. This is a ounterpart of negative miro-anonial heatapaity in a ertain energy range [20℄. For q > 1, there exists a regionof temperatures where 1=�T is negative and, hene, CP beomes negativebetween the poles. In the BGSM limit, 1=�T has zeros for A0 = 100; 200,whereas in heavier systems these zeros appear only in the subadditive regimeq > 1, i.e. in the typial situation of fragmentating residue with long-rangedinterations [8, 15℄An essential part of the pressure and, hene, of 1=�T is the Coulombterm. The inverse ompressibility 1=�T never vanishes when the Coulombterm is negleted [16℄. Sine the Coulomb ontribution to the pressure andthe inverse thermal ompressibility dereases in the Wigner�Seitz approxi-mation roughly as A�1=30 , this partiular signature may not be seen in heavysystems in the BGSM limit. Existing data do not allow yet to pin downthe A0-dependene of the ritiality signatures. Nevertheless, Fig. 1 demon-strates how fragile is the Boltzmann�Gibbs equilibrium ritial behavior in�nite systems. Small inrease of q above the BGSM limit leads to an up-wards shift of the ritial temperature T whih, for the same value of q, ishigher in heavier systems. All these important hanges take plae in a nar-row range of temperatures around T, beyond whih the fragmenting systemlosely follows the BGSM limit.Fig. 2 present the heat apaities CV and CP as a funtion of the ex-itation energy E� = Eq(T; Vf ) � Eq(T = 0; V0), where Vf is the freeze-outvolume, V0 = A0=�0 and �0 is the equilibrium density at T = 0. CV isa smooth positive funtion of the exitation energy for all values of q. Thepeak of CV (E�), whose position is assoiated with the ritial temperatureT, beomes more pronouned for higher q. Fig. 3 ompares the heat apa-ity CP versus E�=A0 for systems of di�erent sizes A0 = 200 and A0 = 300.These results an be ompared with those for system A0 = 100 shown inthe bottom of Fig. 2. In the BGSM limit, the negative branh of CP is seenonly for A0 . 200. With inreasing A0, its position moves towards lowerexitation energies.It should be noted that the ritial density � in the non-extensive frag-mentation model [3℄ is relatively high. The global ritial point (�; T; P)for A0 = 100 orresponds to �=�0 = 0:547; 0:783 and 0.925 for q = 1; 1:0005and q = 1:001, respetively. This tendeny is a diret onsequene of sub-additivity of the entropy whih inreases the instability of the system andextends the domain of multifragmentation instability towards higher den-



Fragile Signs of Critiality in . . . 1931
0

2

4

6

8

-20

0

20

0 10 0 10 0 10

C
V
 /A

0
C

P
 /A

0

E*/A0  [MeV]

A0=100

q=1.000 q=1.0005 q=1.001

Fig. 2. The spei� heat at a onstant volume CV (upper part) and at a onstantpressure CP (lower part) are plotted versus the exitation energy per nuleon forvarious entropi indies q in the system with A0 = 100 and Z0 = 40. The freeze-outvolume Vf orresponds to �f � A0=Vf = �0=4.sities. One should be aware that for densities higher than � �0=2, theWigner�Seitz approximation beomes less aurate and there is a need fordevising a better approximation [10, 21℄. In any ase, all results shown inFigs. 1�3 are obtained in the safe region of low densities. For A0 = 200,the global ritial point exists only for q = 1 whose value of �=�0 = 0:904is lose to that obtained in statistial multifragmentation model using thereurrene relation tehnique [22℄.The desription of nulear matter in terms of the Van der Waals �uid [22℄(see also [23℄) yields muh lower ritial densities (� � 0:3�0). In thismodel, the boundary of the oexistene region on the diagrame P (�; T )has a bell-like shape and the line � = V �f rosses it in a single point.Consequently, the negative branh of heat apaity is not seen. In the non-extensive fragmentation model [3℄, the boundary of the oexistene regionis skew with the top tilted towards higher � what allows for two rossingswith the line � = �f and leads to the negative branh of CP .



1932 K.K. Gudima, M. Pªoszajzak, V.D. Toneev
-20

0

20

-20

0

20

0 10 0 10 0 10

C
P
 /A

0

E*/A0  [MeV]

A0=200

A0=300

q=1.000 q=1.0005 q=1.001

Fig. 3. The spei� heat at a onstant pressure CP is plotted versus the exitationenergy per nuleon for various entropi indies q in the systems with A0 = 200,Z0 = 80 (upper part) and A0 = 300, Z0 = 120 (lower part). The freeze-out volumeVf orresponds to �f � A0=Vf = �0=4.4. ConlusionsThe phase transition in the statistial nulear multifragmentation modelstends to disappear in heavy systems due to the weakening of the Coulombontribution. This e�et an be ompensated by the non-extensive fea-tures of entropy due to either long-range orrelations/memory e�ets or thefratality of the liquid-gas interphase, whih both tend to strengthen signa-tures of the �rst order phase transition. The appliation of non-extensiveanonial statistial fragmentation model [3℄ for the understanding of ex-perimental alori urve [1℄ and negative heat apaity [24℄ in the ritialregion, onsistently indiates deviation from the BGSM piture of the phasetransition and q & 1:0005. This tiny variation of q, whih annot be de-teted either in the partile/fragment kineti energy distributions or in theangular distributions, have strong measurable e�ets on the event-by-eventenergy �utuations of partiles/fragments in the region of phase oexistene.Hene, the mass-dependene of the ritiality signatures is determined bya subtle onspiration between the Coulomb ontribution to the pressure andthe non-extensive features of the entropy.



Fragile Signs of Critiality in . . . 1933For q > 1, the negative branh of CP is seen both in light and heavysystems. The range of exitation energies orresponding to CP < 0 inreaseswith inreasing A0. However, in heavy systems the negative branh of CPappears uniquely for q > 1. Both extension and loalization of the negativebranh of CP in quasi-peripheral Au+Au ollisions at 35A.MeV [24℄, loselyresemble results of non-extensive fragmentation model for q ' 1:0005 andA0 = 200 (see Fig. 3). The position of singularity of CP at higher exitationenergies inreases sensitively both with the entropi index q and with thesoure size. Hene, a suessful desription of this data for a maximal sizeof quasi-projetile soure(A0 . 200) [24℄, allows to �nd a lowest limit on thevalue of the entropi index and, hene, on the deviation from the BGSMlimit, within the framework of the statistial multifragmentation model.There are many soures of non-extensivity in mesosopi systems. Someof them, e.g. the formation of liquid-gas (fratal) interphase [25℄, have beenpointed out in the miroanonial studies [25, 26℄. Most of these e�ets arenon-generi what provides a prinipal obstale in the meaningful harater-ization of nulear multifragmentation data in the ritial region using anideal piture of BGSM. In the framework of the non-extensive multifrag-mentation model [3℄, the entropi index q � 1:0005 seems to be onsistentwith both the alori urve [1℄ and the negative heat apaity [24℄ data, inspite of ompletely di�erent kinematial onditions in these measurements.Surprisingly, the exitation energy of higher singularity of CP seems to bethe same, both in quasi-peripheral Au+Au ollisions at 35AMeV [24℄ and inentral Xe+Sn ollisions at 32AMeV [27℄ and agrees with q ' 1:0005. Theseresults show a large utility of suh simple and �exible non-extensive statisti-al multifragmentation models to orrelate di�erent experimental data notonly far outside of the ritial zone, but also in the ritial region itself.The work was supported by the IN2P3-JINR agreement no. 00�49.REFERENCES[1℄ J. Pohodzalla et al., Phys. Rev. C55, 2991 (1997); Z. Majka et al., Phys.Rev. C55, 2991 (1997).[2℄ Y.G. Ma et al., Phys. Lett. B390, 41 (1997); M. D'Agostino et al., Nul. Phys.A650, 329 (1999); M. D'Agostino et al., nul-ex/0104024.[3℄ K. Gudima et al., Phys. Rev. Lett. 85, 4691 (2000).[4℄ C. Tsallis, J. Stat. Phys. 52, 479 (1988).[5℄ C. Tsallis, Physia A221, 277 (1995).[6℄ A. Chernomoretz et al., Phys. Rev. C64, 024606 (2001).[7℄ V. Latora, A. Rapisarda, C. Tsallis, ond-mat/0103540.
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