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We emphasize the necessity of a delicate interplay between the gauge
and gravitational sectors of five-dimensional brane worlds in creating phe-
nomenologically relevant vacua. We discuss locally supersymmetric brane
worlds with unflipped and flipped fermionic boundary conditions and with
matter on the branes. We point out that a natural separation between the
gauge and gravity sectors, very difficult in models with true extra dimen-
sions, may be achieved in 4d models with deconstructed dimensions.
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1. Introduction

There exist locally supersymmetric theories in five dimensions that in-
clude nontrivial physics localized on four-dimensional branes [1-9]. The
brane sectors may contain arbitrary four-dimensional gauge theories as well
as localized interactions between bulk fields. In the bulk one has a gauged
5d supergravity, which can be further coupled to five-dimensional gauge
sectors. Such five-dimensional models with branes are likely to lead to inter-
esting extensions of the Standard Model, pertaining to novel approaches to
the hierarchy problem. In general it is easier to separate (super)gravity from
fields which are charged under the gauge group, and to study globally su-
persymmetric five-dimensional gauge models with branes, instead of working
with the complete matter-supergravity Lagrangian. However, in the context
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of brane worlds, where the geometry of the extra dimension may play a non-
trivial role, this approach is not sufficient. The potentials that appear in the
bulk and on the branes due to gauge sector interactions couple to moduli
fields which serve as sources in the Einstein equations, hence they back-react
on the geometry. In fact, the gauge sector potential should be studied si-
multaneously with the issue of the stability of the orbifold, otherwise the
conclusions drawn from the simplified models with decoupled gravity may
turn out to be misleading. The issue of constructing an explicit model with
a general bulk and brane non-Abelian gauge sectors coupled consistently to
supergravity is a fairly complex one, and at present one has to rely on sim-
pler constructions. In this paper we summarize the attempts made in this
direction in published work, and in forthcoming publications.

2. Five-dimensional supergravities on S'/Z
2.1. Supergravity Lagrangian: detuning and flipping

Let us summarize the basic features of pure 5d N = 2 gauged super-
gravity on S'/Z,. The gravity multiplet (e, 47, Ay) consists of the viel-
bein, a pair of symplectic Majorana gravitini, and a vector field called the
graviphoton. There is a global SU(2) R-symmetry which rotates the two
supercharges into each other. Making use of the graviphoton we can gauge
a U(1) subgroup of the R-symmetry group. Such gauging can be described
by an SU(2) algebra valued matrix P = P-i& (prepotential). We do not give
the complete form of the action and supersymmetry transformation laws in
gauged supergravity (see [10] for details), but only the relevant terms. The
gravitino transformation law gets the following correction due to gauging
(we use the normalization of [11])

V2
g = —17%97335]9’ (1)
where ¢ is the U(1) gauge charge. Gauging introduces also the potential
term into the action g
V= Lo (P £l
Without bulk matter fields the prepotential is just a constant matrix so the
potential term corresponds to a (negative) cosmological constant.

The distinguishing feature of the brane-bulk scenario is that the fifth
dimension is an orbifold S;/Z with branes located at the fixed points. It is
equivalent to work on a smooth circle S; with the fifth coordinate ranging
from —mp to mp and impose Zs symmetry on the fields of the Lagrangian.

The Z, symmetry acts by 2> — —z°. Under its action the bosonic fields
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Guv, 955 and As are even, while g,5 and A, are odd. The Z5 action on the
gravitino is defined as follows

b (=2°) = Q¢ (%) P (—a®) = 1 QpyP () (3)

where Q = Cj -0 and QQ = 1. The Z, action on the supersymmetry gener-
ating parameter € must be the same as that on the 4d components of the
gravitino.

Further we need to define the Zy symmetry under reflection around the
second fixed point at z° = 7p

W (mp—a®) = aysQp) (mp+2°)
$i (mp — 2°) = —ays Qpd (mp + 2°). (4)

Apart from the conventional case o = 1, in this letter we also consider the
‘flipped’ supersymmetry with a = —1. In the latter case supersymmetry is
always broken globally, as different spinors survive the orbifold projection
on each wall. Note also, that in the flipped case we have 1/)£(x5 + 27p) =
—pd(a).

It is straightforward to check that the 5d ungauged supergravity action
is invariant under transformations (3) and (4) but the gauged supergravity
action is not invariant if the prepotential P is a general one. The action and
the supersymmetry transformation laws are Zy invariant if we choose the
prepotential in the form:

gP = g1e(z°)R + 928 , (5)

where R = R - i commutes with Qand S = S - i5 anticommutes with Q.
Equivalently, R = z\/ﬁ Qand S = (Cj X (j) .10 with some arbitrary vector
U. Note that the cosmological constant does not contain the step function
and is given by

5= (37 + 37 (6)
The supergravity action with prepotential (5) contains both symmetric and
antisymmetric (multiplied by e(2®)) gravitino masses. The important thing
to note is that the presence of the Zs-symmetric piece S in the prepotential
results in the supersymmetric detuning between the brane tensions and the
bulk cosmological term. This detuning takes place independently of the
value of the ‘flip’ parameter a. If S is set to zero, and a = +1, then the
supersymmetric relation between brane and bulk tensions results in a warp
factor that is precisely the one of the Randall-Sundrum model.
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The part of the gravitino transformation law due to gauging is now:

A V2 A A
0y = —Z?W’a(glg(iﬁf))RB +928p)e”. (7)
The presence of the step function in the above transformation law implies
that the 5d action is not supersymmetric. The fifth derivative in the grav-
itino kinetic term acts on the step function producing an expression multi-
plied by a delta function. The uncanceled variation is:

0L = —2iV2g1(8(z°) = 6(2° — 7p))eaRphu .77 " . (8)

Notice that when g; = 0 the above variation vanishes implying that the
Lagrangian is supersymmetric. Using the fact that the matrix R is propor-
tional to Q we have the following relations:

vsRAeP(0) = iV R24(0),

vsRAeP (p) = iaV B2 (np). (9)
Thus:
oL = 2V/2g @641#_”A7“5A(5(x5) —ad(z® — wp)). (10)

The variation (10) can be canceled by the variation of the determinant in
the brane tension term:

Ly = —4v/2g:V R2ey (5(2%) — ab(z® — 7p)) . (11)

Summarizing (and changing the normalization to that used by Randall and
Sundrum), we constructed a locally supersymmetric Lagrangian, which has
the following bosonic gravity part:

M35 = /d5x —g5(3R + 6k%) — G/d%\/——gA;kT (6(z°) — ad(z® — mp)) ,

(12)
where we have defined

8
k= \/g(g%R2+9552) (13)

and

91\/ﬁ2

T = (14)

V(@IR? + g357)
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The BPS relation between the bulk cosmological constant and the brane
tensions (‘the Randall-Sundrum fine-tuning’) corresponds to 7' = 1, which
holds only when (S) = 0. In such case the vacuum solution is AdS5 in the
bulk with flat Minkowski branes [12]. This vacuum preserves one half of
the supercharges corresponding to unbroken N = 1 supersymmetry in four
dimensions [3]. As soon as we switch on non-zero S, we get T' < 1, the BPS
relation is destroyed and the vacuum breaks all supersymmetries.

The N = 1 supersymmetry is broken when o = +1 and (S) # 0. If
a = —1, then supersymmetry is always broken globally, independently of the
expectation value of S. To see this explicitly, let us take (S) = 0 and note
that the fermions which are allowed to propagate on the left and right branes
have to obey the conditions W BwB = 0 and WABqﬁB =0 respectwely,
where Wy, » are given by (4). The projection operators IT{ ; = (155 £
Y5 Qé) split each spinor into two components, one of which is anmhllated by
Wo: Woey = Wyll e = 0. The second component, IT_e, is annihilated by
Wy if @ = —1; for a« = +1 Wy = W,. The BPS condltlons imply (we take
here ds? = a ( ")dz? + (dz”)?)

!

“ et + 2 e W Qe = (13

(this holds for AdS,; and Minkowski foliations). When we apply the operator
IT, to (15), we obtain the conditions %' + 2‘3/_g15( )WR2=0or e, =0.
The first poss1b111ty leads to discontinuities of the warp factor at the fixed
points: [%]o = —2kT, [% ]ﬂp = +2kT. However, the matching conditions in

the equations of motion give [a lo = =2kT, [% 1., = +2akT, which are in
contradiction with the BPS condition for o« = —1 unless e1 = 0. Applying
to (15) the second projector, IT_, one finds out immediately that boundary
conditions and BPS conditions agree on both branes only for e = 0. Thus
there exists no globally defined Killing spinor in the setup with flipped Zs
acting on fermions (bosons are acted on as in the unflipped case), and all
supersymmetries are broken spontaneously.

Now we move on to the ‘flipped susy’ case « = —1. A vacuum solution
in the warped product form can be found

ds? = a*(2°) g dz"dz” + R2(dz")?, (16)
where g, is the AdS, metric with cosmological constant A
gudrtds” = e > *M‘"’(—dtQ + da? 4 dx3) + dx? (17)

and the third coordinate z3 has been singled out. Aslong as T' < 1 the static
vacuum solution is Ad.Ss in the bulk and the warp factor can be parametrized
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as [13,14]:
a(z®) = ; cosh(kRg|zs| — C). (18)
The matching conditions for AdSy branes embedded in AdSs5 read
tanh(C) = T, (19)
tanh(kRogmp —C) = —aT = T. (20)

The first condition sets the integration constant C' and the second fixes the
size of the fifth dimension. The radion is stabilized at the value

147
7pkRy = In <1j_L—T) . (21)

Moreover, the magnitude of the brane cosmological constant is fixed by the
normalization a(0) = 1. This leads to

A= (T?-1k? <0. (22)

The cosmological constant on the brane depends directly on the scale of
supersymmetry breaking on the brane. The same is true for the expectation
value of the radion. Notice, that (Ry) can be expressed solely in terms of
k and A. The formula equivalent to (21) in the case a = +1 gives Rg = 0.
To summarize, the nonzero expectation value of S gives rise to detuning
between brane and bulk tensions and as a consequence to stabilization of
the radion. The (S) contributes also to supersymmetry breakdown, but in
the case of & = —1 supersymmetry is broken even if (S) = 0.

One finds that (18) is not a valid solution in the case T' = 1. Indeed,
this implies that the brane cosmological constant vanishes and the second
brane is sent to infinity. In that case we expect a global mismatch due to the
boundary condition on one of the branes. It turns out that a static solution
with maximally symmetric foliations do not exist in this case, but one can
find cosmological solutions which may be considered as a background for the
physics on the brane [6].

2.2. Matter on the branes and in the bulk: backreaction on geometry

After describing the supergravity background for brane world models,
one needs to enhance them by putting matter, scalar and gauge fields on
the branes and in the bulk. Although some work on bulk gauge theories
coupled to supergravity is available, in order to perform a detailed analysis
it is convenient to restrict the standard gauge sectors to the branes, and to
leave in the bulk only matter supermultiplets coupled to the particular local
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U(1)g, which is the gauged subgroup of the R-symmetry of the N = 2 su-
persymmetry algebra. This role is conveniently played by the bulk universal
hypermultiplet (the gauge field being the graviphoton), whose introduction
is also well motivated by stringy considerations. Non-Abelian gauge sectors
on the branes are both models for the Standard Model physics, and simulta-
neously supply the seeds for the supersymmetry breakdown. The situation
in the § = 0, @ = +1 case has been discussed in great detail in [15]. The
signature of supersymmetry breakdown in these models is the nonzero ex-
pectation value of the Zs-odd complex scalar from the hypermultiplet, &,
and of its transverse derivative 05¢. To excite a nontrivial vacuum configu-
ration for this field one needs to switch on its sources on the branes. These
sources can be represented by the effective superpotentials on the branes,
Wi, © = 1,2. However, once this is done, new contributions to energy densi-
ties on the branes and in the bulk are created. This leads to modifications
of the vacuum configuration of the moduli and of the warp factor. In the
case where the purely gravitational background had 4d flat foliations, the
backreaction of the supersymmetry breaking physics leads naturally towards
anti-de Sitter geometry on the branes, with negative four-dimensional cos-
mological constant. One should notice, that the non-zero value of S would
not help, since the way it acts is to make the size of the bulk cosmological
constant larger, but without changing its sign, so that it remains negative.
The good thing that happens is that the expectation value of the radion,
hence the distance between branes, becomes determined (it is a modulus as
long as supersymmetry is preserved) in terms of the supersymmetry break-
ing sources. However, to obtain the required size of mass splitting within
supermultiplets and the right hierarchy between the 4d Planck scale and the
electroweak scale one needs a tuning of the sources, which signals an insta-
bility. To see this more explicitly consider the issue of making the effective
four-dimensional cosmological constant zero by including positive contribu-
tions to the potential. A first obvious source for such contributions are the
F-terms borne by the matter sector localized on the branes. They contribute
the terms 6Vipoundary = %5($5)|%‘gf |2 + %5(:55 — wp)|%|2. However, this
modification does not work on its own and the 4d geometry stays anti-de
Sitter. To find a vacuum with the flat geometry one needs to create a poten-
tial for the second bulk field, the dilaton .S, and in addition to put a Polonyi
field on the Planck brane. The effective 4d superpotential that does the job
is

W =Wi(P1) + (e % + de *>%)e *T (23)

with |[W{|? ~ 2W2. One obtains in this case Vg = 1/a, ef™Ro0 ~ |Wy|/|W1],
and F?' and F° become dominant. Mass splittings are due to universal soft
scalar masses ~ m§/2, Aj terms ~ my/y, and gaugino masses ~ mg /o, that
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are universal due to F¥ > FT. The price one has to pay for the vanishing
cosmological constant is the active role of the Polonyi field. In general,
this example amplifies the observation, that to obtain a phenomenologically
interesting vacuum in brane models one needs certain correlations between
parameters of the different brane sectors. This is somewhat unnatural in
view of the fact, that the branes are spatially separated.

It is interesting to extend this discussion to the flipped case, where
a = —1. The observations are likely to be relevant for the case of the
stringy brane-antibrane models, and for models similar to these of Barbieri,
Hall and Nomura [16]. The gravitational background for the flipped case
has been discussed earlier, let us only remind here that there is no static
solution with the Minkowski foliation, but we have found solutions with
anti-de Sitter foliation and stable radion due to the introduction of the de-
tuning parameter S. Hence we should couple bulk and brane matter to such
a background with negative cosmological constant in 4d, and try to can-
cel the cosmological constant dynamically by positive contributions coming
from the branes. It is easy to see that one can include the bulk universal
hypermultiplet in the same way as in the unflipped case. The general differ-
ence is that now on the flipped brane certain terms needed to compensate
delta-type variations of the bulk terms will have the opposite sign to that on
the unflipped brane. The reason for that is precisely the same as the change
of sign of the brane tension on the flipped brane in the purely gravitational
case. The second important difference is the coupling of the bulk fermions
to the flipped brane. At this brane the fermions that couple to brane oper-
ators are the Zo-odd components of the bulk symplectic-Majorana fermions
(gravitini and hyperini), while the components of these fermions that enter
the unflipped brane are the Zs-even ones. More precisely, the relevant parts
of the flipped-brane-bulk coupling are S = Spuik + SvyMm + Smatter, Where

R 1 1
_ 5 12, 55 2 55
Sbulk—/dﬂﬁ€5<§——|f|g —MVQ

2 1 2 4
4 <6 12V|£| 12v2|€|))

. 5 65 V v 1 ~ v V—a
Sym = /d —=0(z )(—ZF;VFW - ZUFSVFG” —5X Dy

vV " _ — . VS/Q
—g((XaLXR)(%f + (x®rX1)058) + 0(0) 3
5

Si matter — /d5$ —(5(:1; _$z)(—€i/1< _ g)

e5

((x“)2)2> o
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- 55 - o
~ S VFWE +WE) - @6(0)(4WW + VW (ext)
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-D,C;D'C" — ———
nCiD"0 V 9C; oC

w — 1 —
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1

VI () +1e))

where ¢ = 1,2 labels branes and €15 = +1,—~1. The Z>-odd 4d Majorana

-1
supersymmetry generator on the flipped brane is given by £ = < Zg% )

€

and analogous replacements hold for gravitini and hyperini. This im}f){lies
1/1;2‘(277,0 +2°) = —1/)2‘(:55) (and the same for hyperini) while bosonic fields
remain periodic. Obviously, there are no fermionic zero modes in the bulk,
so supersymmetry is broken in that sector of the model. This has been
explored in [17] and more recently in [2,18]. Bulk moduli still couple to
both walls and participate in the transmission of information between branes
already at the classical level. The best example is again the odd scalar
from the hypermultiplet, £. If the expectation values of sources to which it
couples on the walls do not vanish, the ¢ and 05¢ also assume nontrivial z°
dependence, which creates operators breaking softly global supersymmetries
on the walls, similarly to what happens in the unflipped (+,+) case. From
that case we know that on the unflipped wall the even components of ds,sy 15
and dgusyA Teceive nonhomogeneous contributions in their supersymmetry
transformations. What happens on the @« = —1 wall? Let us inspect the
transformation law of the odd part of the hyperini

i i
2V/2V N2

The generator e} is even, so it does not enter the wall. The coefficient of the
odd generator which generates supersymmetry on the wall is multiplied by
the parameter 05, the same which induces susy-breaking terms on the even
wall. Hence, indeed, the walls talk to each other already at the level of the
classical vacuum through the messenger £&. This communication obviously
includes creation of supersymmetry breaking terms on both walls, and these
terms are sensitive to mass scales from the opposite wall, as in the (+,+)
models. The detailed analysis of this case will be given elsewhere, here
we just point out the full analogy to the unflipped case in the necessity of
arranging correlations between terms located at different walls in designing
a phenomenologically relevant vacuum.

oMk =...— O5(V +io)ek — Osch . (24)
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The above examples have illustrated the intimate interplay between the
gravitational background and the gauge sector physics in the case of flipped
and unflipped locally supersymmetric brane world models. The backreaction
of the gauge sector on the geometry is explicit, and shows that both sectors
need to be tuned against each other to create a phenomenogically relevant
vacuum. In fact, generic vacua for generic values of the parameters in the
Lagrangian are likely to be cosmological ones, with time dependent geometry
of the orbifold and physics on the brane. The example of such a solution in
models discussed here has been given in [6].

3. Quiver models and deconstructed dimensions

So far we were discussing the issues pertaining to a nondecoupling of
gravity in brane world models. However, there exist models where the de-
coupling of gravity from extra dimensions is natural, and can be arranged by
standard methods known from four-dimensional field theory. Such are the
models of deconstructed dimensions, [19,20], where gravity is always four-
dimensional, and extra dimensions are fictitious and fully contained within
the 4d gauge sectors. The example of such a situation is provided by quivers
with the custodial supersymmetry [21]. The UV properties of these models
are better than these of a generic non-supersymmetric model, and a separa-
tion between the vevs on the gauge sector and the cut-off scale, which may
be taken to be the 4d Planck scale can be arranged.

3.1. Orbifolding and supersymmetry breaking

Consider the type IIB string theory with a stack of n coinciding D3
branes. It is well known that the gauge bosons and fermions living on the
worldvolume of the D branes form a 4d N = 4 supersymmetric Yang-Mills
model with gauge group U(K). The six transverse dimensions form, from the
point of view of the 4d theory living on the worldvolume, six extra nongrav-
itational dimensions. One can obtain a theory with fewer supersymmetries
than N =4 U(K) by dividing the extra dimensions by a discrete group Zp
and embedding this orbifold group into the gauge group U(nI"). The result-
ing theory is called a quiver theory. We will focus on non-supersymmetric
quiver theories. They are obtained by retaining in the spectrum only the
fields which are invariant under the combined geometric and gauge actions of
Zp. Their interactions are consistently truncated to yield a smaller daugh-
ter gauge theory. The truncation process breaks the gauge group and some
(or all) supersymmetries. The gauge symmetry breaking is dictated by the
embedding of the generator of Zp into U(nI"). The matrix v that repre-
sents the gauge action of Zp is chosen to be of the form of a direct sum
of I' unit matrices of dimensions n x n, each multiplied respectively by w?
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with w = 7. Then the invariant components of the gauge fields fulfill the
condition

A=~Ay1, (25)

where A is a matrix in the adjoint representation of U(nI"). This leaves
invariant the subgroup U(n)!. There are four generations of Weyl fermions,
each in the adjoint of U(nI"), whose invariant components must obey the
condition

P = Wiyt (26)
where 1 = 1,..,4 and
a1 +as+az+aqs=0. (27)

The invariant fermions transform in the bifundamental representations of
the broken gauge group (m;,M44,) where [ numbers blocks of the original
nl' X nl’ matrices. Furthermore, one obtains three generations of complex
bosons ¢%, i = 1,2,3, in the adjoint of U(K), whose invariant components
fullfil the condition

¢ = whiqgiy . (28)
The invariant scalars transform as (n;, 1;15,) under the broken gauge group.
The truncated fields have a block structure in the U(nI") mother gauge group

¢§p = ¢§6p,l+&i, 1/)lzp = ¢?6p,l+ai . (29)
Supersymmetry is preserved when the group Zp is embedded in SU(3)
a1 +as+a3=0. (30)

In that case a4 = 0 and at least one of the fermions can be paired with the
gauge bosons, i.e. becoming a gaugino of N = 1 supersymmetry. We focus
on the non-supersymmetric case a4 # 0.

Let us move a stack of n D3 branes from the origin. From the field theory
point of view, moving the stacks of n D3 branes from the origin is equivalent
to going to the Higgs branch of the theory where all the off-diagonal scalars
with a; # 0 take a vev

Bt =01 - (31)

Due to the Zp action the stacks have I' copies around the fixed point.
The gauge group is broken to the diagonal subgroup U(n)p. This is the
deconstructed phase.

We will be interested in the one-loop divergences of the non-super-
symmetric quivers. The vanishing of the quadratic divergences in models
based upon the low energy dynamics of branes in string theory is a general
phenomenon. It turns out to be an extension to the case of type II string
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theory with D branes of misaligned supersymmetry. Let us consider a model
where the low energy fields live on a p-brane in a configuration where many
possible branes coincide. Now assume that the background geometry is a
solution of the string equations with no closed string tachyons. Let us first
consider that all the low energy fields vanish so that all the branes coincide.
The open string mass spectrum comes from the oscillators MCQ). When con-
sidering the case where the vev of some of the low energy fields living on the
brane does not vanish, i.e. some of the brane have been moved, the mass
spectrum of open strings is shifted corresponding to the minimal length of
open strings between the branes. Consider now the string amplitudes be-
tween any two of the displaced branes

STy / dt e—27ra’tMQe—27ra’tMé ’ (32)

I
0

where M? is the mass matrix of the low energy fields. Open-closed duality
relates this amplitude to

/ dL 1"z (Dylje MM D) (33)
0

where [ = 1/2t. As | — oo we find that STr(M#) =0, k= 0...3, where
M is the total mass matrix of all the open string states. Now we consider
the decoupling limit Iy — 0 sending all the stringy modes to infinity while
preserving the vev v of the brane fields. The low energy field theory on the
stack of D3 branes is obtained after decoupling gravity. In the decoupling
limit the mass matrix splits in two blocks M+ = M & Mg acting on decoupled
states. We conclude that

STrM?* =0, k=0...3. (34)

This is the vanishing of the supertraces corresponding to the breaking of
the low energy field theory by small (compared to the string scale) vevs.
Of course, this result is only valid when no closed string tachyon propagate
between the branes. As soon as a4 # 0 there are closed string tachyons for
non-supersymmetric quiver theories. The twisted tachyons do not intervene
in the string amplitude when the branes are off the center of the orbifold.
Indeed the boundary states of the branes are coherent closed string states
satisfying X*|Dp) = x| Dp), where z* is the location of the brane. If the
twisted states couple to the brane we must have 0z = ' i.e. the brane is
at a fixed point. So we obtain the vanishing of the quadratic divergences in
the deconstructed phase. More can be said here in the deconstructed phase.
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The low energy degrees of freedom come from the open strings corre-
sponding to the invariant states in the string spectrum The action of Zp
leads to a truncation of the spectrum as only invariant states are kept. The
orbifold Zp acts on the Chan—Paton indices by permutation implying that
the action of Zr on states is

Olip) =w?l +1,p+1), (35)

where 6 is the generator of Zp, |lp) is a state (either boson or fermion) with
shift @ and the Chan-Paton indices (Ip) label the branes on which the open
strings end. Here each label [ corresponds to a stack of n D3 branes and the
strings are connected to the mirror images of this stack. The construction
of invariant states follows
r—1
1P)orb = > w*|l+k,p+ k). (36)
k=0

Notice that there are I invariant states for each species. When the stack
of m D3 branes is at the origin the length of the open strings vanishes and
the associated masses to the invariant state is zero. This gives rise to the
low energy fields that we have discussed previously. Consider the N = 4
mother theory written in terms of N = 1 chiral multiplets. This is obtained
by breaking the R-symmetry group from SU(4) to SU(3)®Zr where the
three complex bosons ¢’ are in the 3 of SU(3) and we decompose the Weyl
fermions as 4 = 3 + 1. The four spinors are distinguished by their Zp
charges which are respectively a;, 1 = 1...3 for the 3 and a4 for the singlet.
The N = 4 fields can be arranged into N = 1 supermultiplets (¢¢,1") and
(A, ¢"). In the orbifold theory, this N = 1 invariance generated by a space-
time supersymmetry generator () is broken when a4 # 0 as can be seen from
the gauge numbers of the fermions and bosons. Nevertheless the spectrum
contains equal number of fermions and bosons, and these are paired up in a
certain way. To see this denote any scalar by

-1

B (Ip) =D w*|$) (I + k,p+ k) (37)

k=0
and its associated fermion state by

-1

[Plor(lp) = Y ) (1 + k,p + k), (38)

k=0

where [9)(Ip) and |¢)(lp) are superpartners under the action of ). Let us
define the twisted supersymmetry operator

Q=7"Qv ", (39)
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where R is the Zp charge. The action of Q on the orbifold states is

(QlpYorn) (1p) = w " |1h)orp (Ip) - (40)

This implies that the string states, ¢.e. the physical fields in the low energy
limit are classified into twisted supersymmetry multiplets. However, this is
a kinematical statement, and one needs to examine masses and interactions
to draw stronger conclusions.

3.2. Orbifolding of the field-theoretical Lagrangian
and custodial supersymmetry

To prove more about non-supersymmetric quivers it is very useful to
study the effective Lagrangian of such theories. Inserting the block decom-
position into the N' = 4 Lagrangian we find the daughter theory Lagrangian

L= Tr{_lFqupr+i>‘_p7“D >‘p+2Du¢;{pDu¢i,p+i¢T,p’Y“Du¢i,p

g0 [20V2 (Vi PLpra 8L, = il 0 Pidp-as ) + hic
[\/_Ewk VipPLbjpra;: Prp—ay, ?/JT,pQZSk,era,-PL?/Jj,p_aj) —i—h.c.}
—g8 (#iatly = 01y aibiva:) (dindly = 0Ly o bina)

+ 468 (B1pbipa bl pra, Sy — Sinbinsaid]pradly) | -

—go

(41)
where A = 4. The covariant derivative acting on scalars is D,,¢; , = 0, i p+

190Apdip — 190Pi pApta;- 1t is then a tedious exercise to obtain the mass
matrices and compute the supertrace

= 490 Z Z 0a 0

x [(m¢kpm<¢k,p+a4> o TH(B] ) Tr (D) = 2TH(B] ) Tr (1) )
+ Z ( st P ¢k,p+az) + Tr(qﬁk p+a; ) (¢k,p)
= Te(g] ) Te(Gkpra) = Te(@] ) Tr(k) )|
(42)

One can check that (42) vanishes identically if at least one of the following
conditions is satisfied:
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e a; = 0 or a; = 0, that is when at least A/ = 1 supersymmetry is
preserved by the orbifolding,

e 41 #0, o # 0 a3 # 0, that is when there are no scalars in adjoint
representation of U(n) group.

In the first case the vanishing of the supertrace is of course guaranteed by
unbroken supersymmetry of the daughter theory. Surprisingly, the absence
of quadratic divergences can also occur if the daughter theory is completely
non-supersymmetric, the only condition being that all scalars are in bifun-
damental representations of the U(n)!" gauge group. This result is stronger
than the result that we derived previously from stringy arguments. Indeed
it is valid for any background value of the six scalar fields.

Let us now come back to the deconstructed case. One can explicitly
diagonalize the mass matrices. For instance the gauge bosons acquire mass

terms:
3
L= gvp(Ag — A5 (43)
p k=1

(We have rewritten the gauge fields as A = A%T* and evaluated the trace
over generators. In the following we often omit the adjoint index a.) These

mass terms are diagonalized by the following mode decomposition’:

5 (r=1)/2 (r=1)/2
Ap = T Z nncos< ) ) + Z sm(—p)A() ,

(44)
where 79 = 1/v/2 and 1, = 1, n # 0. Plugging in this decomposition we
get:

r = %zn:zk: (mgw)? ( A A 4 j) A(n)) ,
mgcn) = 2v/2govy sin (n?ﬁdk) , (45)

so that the n-th level gauge bosons have masses (m(™)? = 3", m?. Similar
calculations can be done for the other fields resulting in the fact that the
spectrum is perfectly boson—fermion degenerate. We already know that this
degeneracy can be traced back to a custodial supersymmetry. Let us now

! The decomposition is given for odd I'. For even I the first sum goes to I'/2 and the
second to I'/2 — 1.
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investigate it further. We define the vector superfields in the Wess—Zumino
gauge as:

VO (,60) = £ (Brsmu) A — i(B356) IN™) — 3 (Bs6)°D) . (4)
Similarly we define chiral superfields:

" (y,0) = X" — V2(0P.\™) + F™(0PL0). (47)
Analogous expressions for the tilded fields hold.

First, we note that the self-couplings in the zero-mode sector are those
of the N = 4 supersymmetric theory. Indeed, the interactions of the zero-
modes can be found by making in (41) the replacement ¢;, — %QSEO)

(and similarly for fermion and gauge fields). Since all memory of the block

indices is lost, as a result we obtain the N' = 4 Lagrangian with gauge

coupling g = \g"f. Second, we have already shown that the mass pattern in

the deconstruction phase is supersymmetric. It turns out that the custodial
supersymmetry has a much wider extent and all the terms quadratic in the
heavy modes (including triple and quartic interactions with the zero-modes)
match the structure of a globally supersymmetric theory! As an example
we present a superfield Lagrangian which reproduces the Yukawa terms and
the scalar potential of the daughter theory:

L = Z Z Tr [4govk sin <n7}dk) ({7(”)@2”) _ V(”)QEE:)>
n k
+2g cos <n7}&k> ([@20)1"@;”)] v 4 [@560)’[’(13;71)]

1%
+ 2gsin <"7}“’“) ({2, 2"} v — {a, 8" L v + h.c.]

+[Wlp + Wk, (48)

where the superpotential is:

W = —’L\/iz Zé‘ijkTI‘ |:4g01)k sin <n7}ak> ¢§n)d”5§n)

n ijk
—goos (174 ) ([, 0] 07 + [0 0] 017

@
Lgsin <n7}ak) ({o0,0) 0 — (a3} ¢§n)>] )
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Supersymmetry is explicitly violated by triple and quartic self-interactions of
the heavy modes. Nevertheless, the presence of the custodial supersymmetry
in the Lagrangian is sufficient to ensure the vanishing of one-loop corrections
to the zero-mode masses. A mass-splitting of the zero-mode multiplets can
appear only at the two-loop level and we expect the supersymmetry breaking
scale to be suppressed Mgygsy < v < A.

3.8. Theory space dimensions

From the previous discussion we know that the daughter theory is the
low-energy field theory of branes located at the fixed point of an orbifold.
The low energy degrees of freedom on a brane are those combinations of
the open string states that are invariant under the action of Zp. When
one moves a stack of n D3 branes at a distance d away from the fixed
point, due to the Zp symmetry there appear I' copies of the stack, spaced
symmetrically in the transverse directions around the fixed point, see [22].
The custodial supersymmetry implies an extension of the results of Arkani-
Hamed et al. to nonsupersymmetric orbifoldings. For instance, it was shown
that in the large I' limit, when the distances between images of the stack
are much smaller than d, one can redefine the orbifold metric in such a way,
that consecutive boson—fermion degenerate mass levels correspond to open
strings winding around a circular direction of the transverse geometry. This
geometric picture allows for the straightforward computation of the massive
string spectrum:

where [ is the string scale and the shifts a; represent the action of Zr on the
three complex coordinates. When all vevs are equal, this is precisely the field
theoretical spectrum in the deconstruction phase of the nonsupersymmetric
model. In fact one can forget about the underlying stringy picture, and view
the additional dimensions as fictitious, theory space, dimensions®. The lad-
der of scales which appears in a deconstructed field theoretical quiver model
is as follows. The first scale one encounters, taking the bottom-up direction
in available energy, is the fictitious compactification scale 1/Rs = agv/I’,
where ¢? = id?. At this scale a seeming fifth dimension opens up and
one sees the tower of Kaluza—Klein states with masses of order 1/R5. Hence
above this scale the theory looks five-dimensional. Moreover, the spectrum of
massive states is determined by the custodial supersymmetry. This picture
holds up to the deconstruction scale v where non-diagonal gauge bosons be-
come massless again. Above the deconstruction scale the theory is explicitly

2 Actually, each allowed set of shifts defines a closed subset of links in quiver diagrams,
which can be interpreted as an internal dimension
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four-dimensional, nonsupersymmetric and renormalizable. Quadratic diver-
gences are absent at the one-loop level. Also at one-loop the deconstruction
scale is a flat direction of this four dimensional theory, hence it stays decou-
pled from any UV cut-off scale, including the 4d Planck scale. Moreover,
the compactification scale 1/R5 can be arbitrarily smaller than the decon-
struction scale and it is determined by the discrete parameter which is the
order I' of the orbifold group Zp.

4. Summary

In this paper we have discussed the interplay between gravity /moduli
and gauge/matter sectors in creating physically relevant vacua in higher-
dimensional brane worlds. We started with five-dimensional brane-bulk su-
pergravities, with flipped and unflipped boundary conditions, constructed
and discussed in [3,4,6,15]. We have demonstrated that in both, flipped
and unflipped cases, adding nontrivial gauge/matter sectors on the branes
changes geometry of the four-dimensional sections and affects stabilization
of the orbifold. To achieve vacua with hierarchically broken supersymmetry,
static orbifold and nearly vanishing 4d cosmological constant one needs a
tuning involving all sectors of the brane-bulk Lagrangian. Thus the physics
of visible and gravity /moduli sectors cannot be treated separately in such
models, and the need for a tuning translates into the issue of stability of mass
scales. A possibility for a natural separation between the gauge and gravity
sectors, achieved by field-theoretical methods known from four-dimensional
theories, appears in models with deconstructed dimensions. As an example
of deconstruction we have discussed quiver theories which result from a non-
supersymmetric orbifolding of the N' = 4 U(K) gauge theories. In a generic
situation these non-supersymmetric models exhibit an improved UV behav-
ior — the quadratically divergent contributions to the effective potential
vanish at the one-loop level. If the gauge group resulting from orbifolding
becomes broken down to the diagonal subgroup by universal vevs, then the
resulting low-energy theory exhibits custodial supersymmetry and theory
space extra dimensions. The hierarchy v < Mgy o is protected at the
one-loop level, and at one-loop universal vevs remain a flat direction and
zero-mode multiplets do not suffer from a mass splitting. Of course, the
situation becomes even better in N = 1 supersymmetric orbifoldings. The
deconstructed extra dimensions are fictitious, and belong to a renormaliz-
able 4d gauge model. On the other hand gravity is four-dimensional at all
scales. Hence, while retaining at low energies signatures of extra dimensions,
these models simplify the physics of the gauge sector/gravity interface.
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