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1. Introduction

The search for a satisfactory breakdown of supersymmetry is one of the
most important challenges in higher dimensional quantum field theories and
string theories. Mechanisms at our disposal so far are the Scherk—Schwarz
mechanism |[1, 2|, orbifold twists [3-5] (or more generally spaces with non
trivial holonomy groups [6]) as well as brane induced supersymmetry break-
ing [7,8]. As in all these cases extra dimensions are involved these mech-
anisms show some similarities, but there are also decisive differences. One
important difference concerns the question of the possible appearance of
chiral fermions as a consequence of supersymmetry breaking. As the com-
pactification of higher dimensional supersymmetric theories usually leads to
N-extended supersymmetry in d = 4, we need a mechanism that breaks
supersymmetry to N = 1 or N = 0 while allowing for a chiral fermion
spectrum via the mechanism of orbifold twists.

(2435)
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In specific models we are very often confronted with a situation that
a certain combination of the above mentioned mechanisms is at work, a
complicated situation that needs a careful analysis to identify the most gen-
eral properties of such a scheme. Also, it has been suggested that brane
induced supersymmetry breakdown is related to the Scherk—Schwarz mech-
anism [9, 10|, a conjecture based on the fact that supersymmetry broken
at a given brane could be restored by a similar mechanism on a different
brane [7,11,12]. Such a mechanism has been analysed in detail in [12] in the
framework of the heterotic M-theory of Hofava and Witten [13]. As this is
a rather complicated set-up and as some approximations are involved, the
explicit calculations were quite difficult and not that easy to present in a
simple way. In the present paper we would like to discuss the set-up of the
combined action of the three mechanisms in the most general way and illus-
trate the schemes in the framework of simple 5-dimensional examples. Our
general formulae are valid also for d > 5, but explicit solutions are much
harder to obtain. Meanwhile a similar effect has been investigated in [14,15]
that has some overlap with the present work. The situation discussed there
is, however, less general than the one considered in the present work (and
we also differ in some of the explicit formulae).

As these mechanisms are in some sense similar, we start in Section 2 with
a careful definition of Scherk—Schwarz mechanism and orbifolding. Section 3
then gives the general conditions for Scherk—Schwarz mechanism on orbifolds
and explains the additional restrictions as compared to the one on manifolds.
In Section 4 we discuss the most general spectrum of the fermion masses on
orbifolds with a Scherk—Schwarz mechanism. Here it is crucial to display the
dependence of these masses on the higher dimensional coordinates to classify
the possibilities for brane induced supersymmetry breakdown. In Section 5
we give solutions for specific simple examples of interest, and point out
some subtleties in the discussion of brane located mass terms. Section 6
summarizes our main results.

2. Compactification, Scherk—Schwarz mechanism and orbifolding

To explain the mutual relations among compactification, orbifolding and
the Scherk—Schwarz mechanism it is useful to describe all these three con-
structions using the same mathematical language. In this section we com-
pare definitions of these three phenomena. We use a one-dimensional exam-
ple to illustrate all important points.

2.1. Compactification

Let us consider a theory defined in D dimensions. Its action is given
by an integral of an appropriate D-dimensional Lagrangian depending on
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D-dimensional fields

sDzz/lﬂch(égn. (1)
F

Such a theory is effectively d-dimensional at low energies if the coordinates
z of the D-dimensional space F' can be split into two sets

M = {z!,y"}, (2)

(M =1,....,D; py=1,...,d; m =d+1,...,D) in such a way that co-
ordinates y™ describe some (D — d)-dimensional compact space C. In the
simplest case this means that the full space-time is a product of two factors

F=MxC, (3)

where M is non-compact and d-dimensional (it should be just the
4-dimensional Minkowski space in realistic models). Integrating over the
compact coordinates ¢ one can obtain an effective d-dimensional theory valid
for energies much smaller than the inverse of the length scale characteristic
for the size of C.

The simplest way to compare the Scherk—Schwarz mechanism and the
ordinary compactification is to consider a case when the compact space C
can be obtained from a non-compact covering space IN using some group G.
Let G be a discrete group acting freely on IN. The action of this group is
represented by some operators 7, mapping IN into itself. For all g1, g2, 93 €
G they satisfy the condition

(9192 =93) = (7;17;2 = 7;3) . (4)

The action of G is free which means that 7, has fixed points in IN only when
g is the identity element of G. We identify points which differ by the action
of T, for any g € G

Toy) ~y. (5)

In other words: we identify two points if they belong to the same orbit in V.
In this way we obtain a compact space

N C=N/G. (6)

But identification of points in the space is not enough. We have also to
demand that “physics” at two identified points is the same. More precisely:
we have to allow only such configurations in the non compact space IN for
which the contribution to the action from a given point is the same as from
any other point identified with it (same for each point of a given orbit in
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the covering space). This should be true at the quantum level in the full
theory but in order to simplify the notation we write it as the classical level
condition for the Lagrangian at two identified points:

L(®(2,Ty(y)) = L(P(z,y)) - (7)

Only then the action for the non compact space IN is equivalent to that
for the compact space C (they differ only by an unimportant normalization
constant).

In the ordinary compactification the above requirement is fulfilled by
demanding that all the fields have the analogous periodicity property under
Ty

P (z,Ty(y)) = (z,y). (8)
This condition is, of course, sufficient to satisfy Eq. (7) but in general it is

not necessary. It is enough to demand that fields at 7,(y) are related to
fields at y by some transformations:

@ (2,T4(y)) = Ty2(z,y) (9)

where operations T, are elements of the global ! symmetry group of the
theory (which again we write at a classical level only):

L(T,8) = L () . (10)

2.2. Scherk—Schwarz mechanism

Now it is easy to define the Scherk—Schwarz mechanism: it is such com-
pactification for which at least some of twist transformations 7}, are different
from identity. The ordinary compactification is the very special case when
Ty = 1forall g€ G.

Of course, the transformations 7}, in the field space cannot be arbitrary.
They, similarly to the transformations 7, in the physical space (4), must
respect the group structure of G:

(9192 = 93) = (T91T92 = Tgs) . (11)

In other words, the transformations T must form an appropriate represen-
tation of G. This is obvious because for every {z,y} and g3 = g192 we
get

Ty, Tg,P(z,y) = Ty P(2, Ty, (y))
= (2, Ty Ty, (y) = D(x, Tgs(y)) = Ty (z,y) . (12)

LIf T is an element of a local symmetry group than we have a Hosotani mechanism
[16,17] which is equivalent to gauge symmetry breaking by nontrivial Wilson lines.




Brane Induced Supersymmetry Breakdown and Restoration 2439

No additional twists are allowed because Ty, Ty, (y) and Ty, (y) denote the
same point in the covering space N (and not two different points which are
identified).

The above definitions are quite simple but nevertheless there is some
confusion about the Scherk—Schwarz mechanism in the literature. It seems
that the reason is the following: In both kinds of compactification the fields @
are functions on the non-compact space IN. In the ordinary compactification
they are also functions on the compact space C because of the condition
(9). On the other hand, in the presence of some nontrivial Scherk-Schwarz
twists Ty, at least some of the fields cannot be described by (single-valued)
functions on C'. Instead, they can be described by sections of some nontrivial
fiber bundle with the compact space C as a base space. Of course, the
structure of that fiber bundle is not arbitrary, it is determined by the twist
operators Tj.

Using the notion of fiber bundles it is possible to define theories on
the compact space C even without referring to the non-compact space IN
(sometimes C' cannot be obtained as N /G). We use only C' and define fields
as sections of fiber bundles over C. Ordinary compactification corresponds
to a case when this fiber bundle is trivial, i.e. just a product of the field
space and the base space. Using this formalism one can also check when
a nontrivial Scherk—Schwarz mechanism is at all possible. To apply this
mechanism we need a nontrivial fiber bundle. Such bundles exist only when
the base space (C in our case) is a non contractible one.

Let us illustrate our discussion with the simplest possible example, that
of the one dimensional circle S'. It can be obtained from the one dimensional
real space, N = R, by using the group of addition of integer numbers, G = Z.
The n-th element of Z is represented on R by the translation by 2anR:

Tuly) =y +27nR. (13)

Identifying points which differ by the action of any of these translations
we obtain a fundamental domain of length 2w R which can be described by
Y € [yo,y0 + 2w R[ or y € |yo,yo + 2nR] for arbitrary yo. The interval must
be open at one end because y = yg and y = yo + 2n R describe the same
point in the compact space and should not be counted twice.

The group Z has infinitely many elements but all of them can be obtained
from just one, represented by translation by 2w R. Thus we need only one
independent twist transformation T':

&(z,y+2nR) = TP(z,vy) . (14)

Other transformations are powers of this one: T, = T". Of course, T" must
be a global symmetry of the Lagrangian.
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Let us simplify this even further and consider only one real field ¢. For
ordinary compactification T' = 1, and our theory is described by real func-
tions on S': ¢(y) (we drop dependence on x). Non trivial Scherk-Schwarz
mechanism is obtained e.g. for T = —1 (of course, the Lagrangian must
be invariant under ¢ — —¢) and the theory can be described in terms of
sections of a Mobius strip. How can we go back to a description in term of
functions? We need a fundamental domain in the covering space R. As we
discussed after Eq. (13) it can be chosen to be [yg,yo + 2mR[. One can use
any yg but yp = —mwR is a good choice if one wants to use even and odd
functions. So sections of the Mdbius strip are represented by single-valued
functions on [—7R, 7R] (we may add the endpoint y = 7R and define that
the value of a function at y = wR is equal to an appropriate limit) with
additional condition

¢(mR) = To(-mR) = —¢(~7R). (15)

In practical calculations it is usually more convenient to work with these
functions than with sections of the Mobius strip. But, of course, one has
to remember that they are single-valued functions on the interval I =
[~ R, wR], but in general are NOT single-valued functions on the circle S*.

It is important to remember also that the position of “the point of dis-
continuity” (yo = £7R in the above example), has no real meaning — one
cannot say in a meaningful way at which point the M6bius strip is twisted.
The Scherk—Schwarz mechanism is related to global properties of the fields
and does not distinguish any particular point(s) in the compact space.

2.8. Orbifolding

Let us now discuss the orbifolding. It is a very important construction
applied in some higher dimensional theories. It can be used to obtain chiral
fermions starting from a model with only non chiral ones. It has to be con-
trasted with the compactification which does not change the chiral structure
of the theory to which it is applied. Nevertheless, using the language intro-
duced in this section, it is possible to define the orbifolding in a very similar
way to that used to analyse the Scherk—Schwarz compactification. We start
with a space described by a manifold P and some discrete group H which is
represented by operations Zj, transforming P into itself. We identify points
in P which differ by the action of Zj, for any h € H and demand that the
fields at such two points differ by some transformation Zp:

Zu(y) ~y, (16)
D(z, Zn(y)) = Zn®(z,y), (17)
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and all these transformations Z;, must be global symmetries of the theory.
The only difference with the compactification is that the group H does not
act freely in P. Some of the transformations Zj have fixed point in P and
the resulting space is in general not a manifold but an orbifold

P—-0=P/H. (18)

Contrary to the Scherk—Schwarz compactification, there are special points
in the space obtained by orbifolding. The resulting space (orbifold) is no
longer a smooth manifold.

The simplest and very popular example is that of the circle S divided
by the two element group Zs. The action of the only nontrivial element of
74 is represented by the reflection

Z(y) = —y. (19)

This operation squares to identity so the same must be true for the corre-
sponding operation Z in the field space. Thus it is always possible to choose
a basis in which all fields have well defined parities

o (*’I;a Z(y)) = @(.’I;, _y) = Z@(:E,y) ) (20)

where Z is a diagonal matrix with eigenvalues +1.

This one-dimensional example is somewhat special. The orbifold S'/Zs
is equivalent to a manifold with a boundary (the fixed points have codi-
mension 1 and can be treated as boundaries). In general, orbifolds are not
equivalent to manifolds with boundaries.

3. Consistency conditions for Scherk—Schwarz mechanism
on orbifolds

Let us now discuss the situation when we perform orbifolding and
Scherk—Schwarz compactification together in one theory. Many models of
this type, especially 5-dimensional ones, have been recently proposed in the
literature. The orbifolding is necessary to obtain chiral fermions and also
breaks some supersymmetry while the Scherk—Schwarz mechanism can be
used to break the remaining supersymmetry. We will see that it is quite sim-
ple to analyse both of these mechanisms simultaneously using the formalism
of the previous section. In the first subsection we present the consistency
conditions which must be fulfilled for a general Scherk—Schwarz compactifi-
cation on orbifolds. In the second subsection we discuss in more detail the
important case of the S'/Zs orbifold.
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3.1. General case

As we discussed in the previous section, the Scherk—Schwarz compact-
ification and the orbifolding, despite important differences between them,
can be described using the same formalism. Also the situation when both
constructions appear simultaneously is quite straightforward to analyse. We
start with a non compact space IN and a discrete group F' acting on it. This
group F' must be only a little bit more complicated than in the previous
cases. It contains a non trivial subgroup which acts freely on N (and is
used to make the resulting space compact like in the Scherk—Schwarz mech-
anism) but has also non trivial elements which have fixed points when acting
on N (like in orbifolding). Let us denote those different types of elements of
F by g and h, respectively. They are represented by transformations 7, and
Zp,. They in fact form one representation of F' and we use different letters
only to distinguish those transformations which have fixed points.

As usually we identify points which differ by the action of any (combi-
nation) of those transformations. We allow also for, in general non trivial,
twists in the field space:

To(y) ~ vy, (21)
Zp(y) ~ v, (22)
(2, Ty(y) = Ty@(x,y), (23)
P(z, 2n(y)) = Zn®(z,y). (24)

The twist operators Ty, and Z;, must, of course, form a representation of the
group F and must be global symmetries of the theory. In full analogy to
Eq. (11) they have to satisfy the appropriate consistency conditions also for
the “mixed” products, e.g.

(grha =h3) = (Tg,Zn, = Zps) - (25)

Now we can easily compare the Scherk—Schwarz mechanism without and
with orbifolding. In both cases we start with the same non compact space
N. In the first case we use a group G which free action on IN is represented
by operators 7,. The action of that group in the field space is represented
by T,. Then we enlarge the group in such a way that some of its elements
have fixed points when acting on IN. For definiteness we may chose it to be
a direct product: F = G x H. The second subgroup H is represented by
some non freely acting operators Z;,. What is the influence of the orbifolding
group H on the Scherk-Schwarz twists T;? Are they more restricted or can
they be more general? The answer is obvious: after orbifolding the Scherk-
Schwarz twists are more restricted as compared to the same theory without
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orbifolding. The reason is that there are additional consistency conditions
of type shown in Eq. (25).

It occurs that those additional consistency conditions can be quite re-
strictive. To show this we investigate now the interplay between the Scherk—
Schwarz mechanism and orbifolding in the important case of the one-dimen-
sional circle.

3.2. Scherk-Schwarz mechanism on S'/Zy orbifold

We obtain the orbifold S'/Zs by dividing the real axis R by the group
7 X Zo. 1t is enough to consider one element of Z and one element of Zs.
The equations (21)-(24) take the following form:

Tly) = y+271R, (26)

Z(y) = —v, (27)

&O(x,y +27R) = TP(z,y), (28)
P(z,—y) = ZP(z,y). (29)

Now we want to find the additional consistency conditions of the form pre-
sented in Eq. (25). There is one such condition and it follows from the fact
that translation 7 and reflection Z for arbitrary y fulfil the condition:

TZT(y) = Z2(y), (30)
from which it follows that
TZTP(z,y) = TZP (2, T (y)) =TP(z, 2T (v))
— (@, TET () = Bz, 2(y) = Z8(z,y).  (31)
So the operators in the field space must satisfy the relation
TZT = Z. (32)

We will show below that the above condition puts quite strong restrictions
on the possible form of the twist T'.

We know that the operator Z must square up to identity so its eigenvalues
must be equal to 1 or —1. Let us start with a basis in which the first n
eigenvalues of Z are +1 and the last m eigenvalues are —1. In such a basis
Z and T matrices have the form

() (e
Z= , T= . (33)
1, ¢ D
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Multiplying Eq. (32) with 7" and using the fact that 7' is unitary we get the
following condition
ZT =T'7. (34)

Substituting Z and T in the form (33) to this equation we find that the
diagonal blocks, A and D, are hermitian while the off-diagonal ones fulfil
the condition C = —Bf. Thus we can change the basis in two (n x n and
m X m) subspaces in such a way that T' has the form

r—( 47 35
_<—BTD> (%)

with diagonal and real A and D. Now we again use Eq. (32); multiplying it
with Z we find
(TZ)? =(TZT)Z = 7> = 1, (36)

which in terms of the matrices A, B and D reads

A’ +BB" = 1,, (37)
D?+B'B = 1, (38)
AB—BD = 0. (39)

The last equation can be rewritten using the components of the matrices as
Bij (Aii = Djj) = 0 (40)

for all 4 = 1,...,n and j = 1,...,m. This means that the elements of
the off-diagonal matrix B can be non zero only in subspaces in which the
diagonal matrices (A and D) have equal eigenvalues. So now we can change
the basis in such a way that the matrices Z and T have the following form:

1,
1,
Z = ]an 3 (41)
1,
a1, By
~Bl  aily,
T = az ]an Bs ) (42)
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where all a; are different. Let us concentrate on the first (n1+mq)x (n1+m1)
block of T'. We can perform two arbitrary changes of basis, one in the
n1 dimensional subspace and second in the mj dimensional one, and the
structures of Z and T matrices remain the same. We can use this freedom
to put the By matrix in the form (for ny < my; the other case can be
analysed in an analogous way)

B1 = . ’ (43)
bn, 00...

with real b;. Now we can use the conditions (37) and (38). It is easy to
see that there are two possibilities: either a1 = +1, By = 0 or nqy = mq,
By = by 1,, with the constant b; satisfying

a? +b2=1. (44)

We can perform now the last change of the basis: we permute appropriately
the coordinates in subspaces with n; > 1. Now the matrices Z and T have
their final form:

03

03

Z = ) , (45)

R(2may)
T = ) , (46)

Tjp—m|

where I},,_,, is a diagonal matrix of dimension |n —m| with diagonal entries
equal +1 while R(27«;) is a matrix describing rotation by an angle 2may;:

( cos(2ma;)  —sin(2mway;) ) .

R(27a;) =
(2mex) sin(2ma;) cos(2may;)

(47)

Observe that now T is block-diagonal with only 2- and 1-dimensional sub-
spaces. If any of the dimensions n; in the form (42) is bigger than 1 then the
corresponding 2n; x 2n,; subspace decomposes to n; block-diagonal entries
with the same rotation angle 2ra.

We see that the possible Scherk—Schwarz mechanism in the case of the
one dimensional orbifold S!/Zs is quite restricted. The only allowed twists
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are: the rotations in two-dimensional subspaces consisting of one field which
is even under the Zs parity and one field which is odd; and the change of
sign of some fields which are not rotated. It should be stressed that (con-
trary to some claims in the literature [14]) orbifolding of the circle does not
open any possibilities for generalizing the Scherk—Schwarz mechanism. The
situation is just opposite: additional, quite strong constraints must be ful-
filled. One can no longer use any arbitrary global symmetry of the theory
for the twists, only twists of the form (46) can be consistently used. In
particular one cannot “generalize” the Scherk—Schwarz mechanism by allow-
ing for extra discontinuities of the fields at the fixed points of the orbifold.
Any discontinuities, as well as other local features of the fields, are deter-
mined by appropriate equations of motion. As we have already stressed,
the Scherk—Schwarz mechanism determines only the global properties of the
fields.

4. Fermion spectrum on S'/Zy with Scherk-Schwarz mechanism
and mass terms

Originally the Scherk—Schwarz mechanism [1,2] was used to break su-
persymmetry. The masses of all levels of the Kaluza-Klein tower (especially
for gravitini) were shifted by a constant. It is interesting to check how mass
levels are changed by the Scherk—Schwarz mechanism on orbifolds. We will
concentrate on the compactification from 5 to 4 dimensions on S*/Zs.

4.1. Kinetic Lagrangian in 5 dimensions

Many 5-dimensional models using the compactification on S'/Zs have
been discussed recently in the literature. But instead of choosing any specific
model of this type we will consider a rather general situation. Thus our
analysis can be used to investigate many different, not only 5-dimensional
theories, by specifying some parameters.

Let us consider one 5-dimensional fermion field. Usually it is described
by a pair of spinors satisfying the symplectic Majorana condition

(X')* = Cseij N, (48)

where C5 is the 5-dimensional charge conjugation matrix. In the case of the
S' /7y compactification those spinors have the following Zs parity properties

AM(—y)=+I"A(y), (49)
N (—y) =—T"X(y). (50)

But it is not very convenient to use these 5-dimensional symplectic Majora-
na spinors. We are interested in the compactified, effectively 4-dimensional
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theory. So let us define two new spinors via the relations

1+1I° 1-—1°

1 1 2

e — 1

P 5 A 5 A, (51)
1—1°% 1+1°

P? = 5 AL+ LQ A2, (52)

It is easy to check that these new spinors fulfil the 4-dimensional Majorana
condition

()" = Cyy)’ (53)
(with Cy being the 4-dimensional charge conjugation matrix) and have well
defined parities under Zo:

P (—y) =+¢'(y), (54)
P> (—y) = —¢°(y) - (55)

where we dropped Then the 5-dimensional kinetic term for our spinor A\ can
be rewritten in terms of *

— NI O = =5 |91 0" + PP O — POy + W@,W] » (56)

where we dropped eventual couplings to gauge bosons. We add also direct
mass terms for the fermions. To be as general as possible we allow for the
y dependence in these mass terms. There can be two kinds of such mass
terms: even and odd under the Zs parity:

mx(=y) = £mx(y). (57)

Taking into account the parity properties of 9 (54), (55) we get the following
Z4 invariant kinetic Lagrangian

Lyin = _% [ + %’Y“a;ﬂl}l + ﬁ’yuaﬂﬁg - $8y¢2 + ﬁayd}l
—my ($T9! +570%) —mo ($T9% 570 |. (58)

The last four terms in the square bracket will give effective 4-dimensional
mass terms after compactification (integration over the 5-th coordinate ).

One could think about further generalization of the above Lagrangian by
allowing for two independent Zo-even mass terms, one for ¢! and another
for 42. This could be an option for two independent spinors 7’ but not
in models discussed here. The spinors ¢! and 12 are related. They are
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just different components of one 5-dimensional spinor. Before orbifolding,
all the interactions for 92 are strictly determined by those for %! simply
by 5-dimensional Lorentz invariance. After orbifolding there is only one
quantum number which differentiate between 1! and 4?; the Zg parity which
is even for one field and odd for the other. But this does not influence terms
quadratic in any of these fields because such terms are Zs-even anyway. So,
in 5-dimensional theories compactified on S! /Z4 the Zo-even mass term m.
should be the same for both fermions.? Similar conclusions can be obtained
also for higher dimensional theories. One common m, mass term appears
e.g. in the case of the 11-dimensional heterotic M-theory [12] which is a
practical realization of the situation discussed in this paper.

The rest of this section is devoted to the analysis of the effective
4-dimensional spectrum of fermions coming from this 5-dimensional Lagran-
gian (58) after compactification on S'/Zy with possible Scherk—Schwarz
twists.

A few remarks about the possible origin of such a Lagrangian and
y-dependent mass terms are in order. The even mass terms, constant or
located at the fixed points of the orbifold, can be explicitly present in the
model under consideration. Other mass terms cannot appear directly be-
cause they are not allowed by the symmetries of the theory (e.g. the direct
odd mass term is forbidden by Zs parity). But they can appear indirectly
when some fields develop non zero vacuum expectation values (VEVs) which
break those symmetries. More generally, the Lagrangian (58) should be
treated as a part of an effective Lagrangian obtained in a given theory after
some operations. Such operations can be e.g.: taking into account non zero
VEVs of the background fields, redefinitions of fields, reduction from higher
dimensions (if we start with a theory which is more than 5-dimensional),
changing from a possible warped metric to an effective flat one etc. Our
analysis can be applied to all situations when after all necessary redefini-
tions we can get the Lagrangian in the form of (58). That Lagrangian is
written for a spin 1/2 fermion but it can be also easily generalized to the
case of spin 3/2 (we have to add two gamma matrices between ¢ and 1)’
in an appropriate way). So our results are valid also for the very interesting
case of gravitini in supersymmetric models.

A very good example of the above mentioned redefinitions is that of the
heterotic M-theory. We analysed the massless gravitino in such a model in
the presence of brane located gaugino condensates in our previous paper [12].
In this model it is necessary to perform several field redefinitions to take into

2 The authors of Refs. [14,15] also consider Lagrangians which do not agree with this
conclusion. In particular in Eq. (3.1) in [15] they assume that there is a delta like
mass term for ¢! but not for 4. It is unclear how such a situation could be realized
in a 5-dimensional model.
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account six extra dimensions compactified on a Calabi—Yau manifold. Some
redefinitions are connected to the fact that the background matric is warped.
In the effective 5-dimensional Lagrangian we obtained two types of masses
for the gravitino field, analogous to those present in (58). Both are generated
by non zero VEVs of some components of the 4-th rank tensor field G apcp
present in the 11-dimensional supergravity. VEV of Giigc gives an even
mass term in 5-dimensions while VEV of G ;7 gives an odd one (a,b and
a,b are, respectively, holomorphic and anti-holomorphic coordinates on the
Calabi-Yau manifold). Thus we see that the Zs even and odd, coordinate-
dependent mass terms can quite naturally appear in higher dimensional
models.

4.2. Mass eigenstate equations and Scherk-Schwarz boundary conditions

Before we look for the spectrum of fermions which can be obtained from
the Lagrangian (58) we have to specify the properties of the fields under the
Scherk—Schwarz twist. In the previous section we have proved that the most
general twist can be decomposed into rotations in 2-dimensional subspaces,
each consisting of one even and one odd field. The two Majorana fermions 1!
and 1? form such a 2-dimensional subspace. In principle it is possible that
' and 1? belong to two different such subspaces if there are more fields
with appropriate quantum numbers (remember that any Scherk-Schwarz
twist must be a global symmetry of the theory so it cannot mix arbitrary
fields). In such a case one should consider 9!, 42 to be vectors and m_,
m— to be matrices in some type of a flavor space. However we are not going
to consider here such a complication especially because it is not important
for the most interesting case of the gravitino in supersymmetric models. We
concentrate on a 2-dimensional subspace for which the twists are given by?

1 0 cos(2ra) —sin(2ma)
7z = ) T = s (59)
0 -1 sin(27a) cos(2mav)
in the basis @ = (3',9?)T. In this case the twist condition (28) reads

P! (z,7R) cos(2ra)y! (z, —mR) — sin(2ra)y?(z, —7R)
2(z,7R) )\ sin@@ra)y'(z,—7R) + cos(2ra)yp?(z, —7R) )

(60)

When the twist parameter « is equal to zero, we have the standard com-

pactification in which 9! (y) and ?(y) are (periodic) functions on the circle.

3 T of this form may be an element of the SU(2)r automorphism group of the d = 5
supersymmetry.
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Now we are ready to analyse the spectrum. First we decompose the
5-dimensional fields " in the following way:

P! (z,y) Up (Y)
; Sl [ 7). (61)
P2 (z,y) n AC)
We are looking for such a decomposition for which x,(z) is the n-th 4-
dimensional Majorana fermion with a definite masses M,,. The vector of
functions (u)(y),u2(y))T describes the shape of this n-th mass eigenstate
in the 5-th dimension. We need both components because in general mass
eigenstates do not have definite parities. Substituting this decomposition
into the Lagrangian (58) we find that the functions u! (y) must satisfy the
following differential equations

ul
0 g(y) + [Mn - m_}_(y)]ui (y) —m— (y)urll (y) =0, (62)
Y
u2
%;w — My, — mi(y)]uy (y) + m—(y)us (y) =0. (63)

They can be rewritten in a more compact form as

ouy, (y)
Oy

+ [My, — my (y)]ioaun(y) — m-(y)osun(y) =0, (64)

where o; are Pauli matrices in a space in which the even and odd components
form a vector u,. The equations alone are not enough, we have to specify
also the boundary conditions. Parity properties of the fields determine the
boundary condition at y = 0:

urlz (0) Cn
(u%m)):(o)’ o

where ¢, are constants which should be adjusted in order to have the correct
normalization of the 4-dimensional fields. The boundary condition at y =
+7R can be obtained from Eq. (60). Substituting expansion (61) into (60)
and using the parity properties of u! (y) we get:

u (nR)
ul (7 R)

= tan(ma) . (66)

The masses and shapes of the 4-dimensional modes can in principle be found
by solving the above differential equations (62), (63) with the boundary
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conditions given by (65), (66). It is possible to simplify this problem if
we are interested only in the masses. To this end we consider only the
ratio of the odd component to the even component of the wave function:
tn(y) = u2(y)/ul(y). The differential equation for this function decouples
from that for the other independent combination of u2(y) and wu)(y) and

reads
Oty (y)
dy

= [My, —my ()] (14 (y)) — 2m—(y)ta(y) - (67)

The appropriate boundary conditions

tn(0) =0, (68)
tn(TR) = tan(ra) , (69)
can be used to obtain the discrete spectrum of masses M,. Unfortunately

for arbitrary mass terms m (y) it is not possible to find the solutions either
for t,,(y) or for the separate components u!,(y) in a closed form.

5. Fermion spectrum for some types of models

In this section we discuss some situations when exact solutions can be
found or when at least some important features of the solutions can be
analysed.

5.1. Arbitrary m (y) with vanishing m_

The situation is very simple when the odd mass term is absent: m_ (y)=0.
Then the equations for the modes can be easily solved. Using the form (64)
we immediately find

Yy
un(y) = exp { =i [ ds [My = m(5)] § un(0). (70)
0

Observe that the above exponent is just equal to the rotation matrix with the
rotation angle given by the integral of [M,, —m_]. Thus the mass eigenstates
are given by

Yy
L cos | Myy — [ dsm (s)
( 1(1‘/)):\/7% Sm{ y fdsmj_ & ’ T
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where we used the boundary condition (65) at y = 0. It is very easy to solve
also the boundary condition (66) at y = 7wR; the masses M,, must satisfy
the following equality:

TR

tan /dy [M,, — m4(y)] | =tan(na), (72)
0

hence, they are given by a simple formula

n+a+ o
M, = % : (73)
where « is the Scherk—Schwarz twist parameter and « is defined by
7R
ar = [dymi(w). (74)
0

From the above formulae we can see that the Scherk—Schwarz twist parame-
ter a and the integrated 5-dimensional, Zy-even mass term a4 have exactly
the same influence on the 4-dimensional mass eigenvalues. They both shift
the masses of all the standard Kaluza—Klein levels by a constant: a/R and
a4 /R, respectively.

From Eq. (73) it is obvious that there are several possibilities when those
two effects produce no net effect leaving the masses of the KK states un-
changed. In the case of a gravitino field in a supersymmetric model this
corresponds to unbroken supersymmetry. This happens when the mass term
and the Scherk—Schwarz parameter satisfy the condition

TR

1
a+—/dym+(y):keZ for m_(y) = 0. (75)
Vs
0

This, of course, does not mean that the Scherk—Schwarz mechanism is equiv-
alent to arbitrary mass terms satisfying the above equations. As we have
already stressed, the Scherk—Schwarz mechanism is related to global proper-
ties of the fields and not to their local behavior. The Scherk—Schwarz twist
parameter appears directly only in the mass formula. On the other hand
the mass term m (y) enters explicitly also the equations determining the
shapes of the modes. And those shapes can be important for example if one
considers interactions with other fields. In fact the Scherk—Schwarz mecha-
nism is equivalent to the mechanism of adding a mass term only if this mass
term is Zo-even and constant, and for sure not when the mass terms are
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localized at the fixed points of the orbifold (such delta-like localization of
the mass terms is quite typical for models considered in the literature).

Let us now discuss the possibility of vanishing fermion (gravitino) mass.
The simplest possibility occurs when & = 0 in Eq. (75). In such a case
the effects due to the Scherk—Schwarz twist and the even mass term cancel
exactly against each other in the mass formula (73) for each KK level (this
was observed in Ref. [14] for delta-like mass terms). A different interesting
situation occurs when the sum of o and a4 is a non zero integer. The
structure of the whole KK tower remains unchanged but the masses of all
individual states do change. If we consider a smooth increase of parameters
«a and a4 from zero to their final values: the initially massless mode gets
non zero mass while one of the massive modes becomes massless.

This crossing of levels cannot occur if a, o < 1. At least one of these
parameters must be comparable to 1. The Scherk—Schwarz twist parameter
a can have values only in the range [—1/2,1/2]. The reason is that, as we
shown in the previous section, the Scherk-Schwarz twist in the case of S'/Z
is just a rotation by and angle 2w« and the boundary condition (66) depends
only on tan(ma). So, @ and (a+n) describe in fact exactly the same model.
The situation with the mass term m, (y) and its (normalized) integral o
is different. Two models in which the value of ay differs by an integer are
really different. But one should be careful. The crossing of levels can occur
when the average of m (y) over the 5-th coordinate satisfies

TR
of dym(y)

L o <%) , (76)

and it is necessary to check whether this is still in the range of validity of
used approximations and/or assumptions.

5.2. Comments on delta like terms on orbifolds

In many models discussed in the literature the even mass terms m (y)
have the form of Dirac delta sources located at the branes (fixed points of
orbifolds used in those models). Such terms are sometimes taken improperly
into account, so let us make some comments to clarify this issue. There is a
problem which quite often appears in the literature, namely when one has to
multiply d(y) by functions vanishing at y = 0, e.g. functions odd in y. The
naive, and incorrect, way is to assume that all such products are zero because
d(y) # 0 only at the point for which the other functions do vanish. To clarify
this we start with reminding the obvious fact that the Dirac delta “function”
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is not a function but a distribution. So one should treat it consistently as a
distribution or as a limit of some appropriate functions. Using any of these
approaches one can easily solve the above mentioned problem of multiplying
d(y) by odd functions. For arbitrary set of (not necessary different) functions
9i(y) odd in y the following relations hold:

2n+1

() I @) =0, (77)
i=1

2n 1 ‘ 2n
3(y) Z_l;[lgz(y) = 570w yhgéil;[lgz(y)- (78)
From the last equation it follows in particular that the delta like mass sources
couple not only to even but also to odd parity fields because the odd fields
can have jumps at y = 0 so also nonzero limits for y — 0. And there is no
obvious way to forbid such couplings by some additional symmetries because
the odd and even fields are just components of one 5-dimensional field with
definite quantum numbers. Because of that we have a common, Zo-even
mass term m_ for both fields, 4! and 4?2, in the kinetic Lagrangian (58).
Such situation is realized e.g. for the gravitino mass terms in the heterotic
M-theory [12].

Another kind of problems can appear when a delta like mass term has
large magnitude. From Eq. (71) we see that the eigenfunctions in the case
of vanishing m_ correspond to a unit vector rotating in the (u', u?) space
with the y-dependent phase angle given by

Y

o(y) = | My — / dsm(s)| - (79)
0

Let us discuss the behavior of this angle close to y = 0. We regularize §(y)
by some functions f.(y) which integrate to 1 and have support for |y| < ¢
with € — 0. The mass term is approximated by m4(y) = cf-(y). For very
small y we can neglect the M,y contribution in Eq. (79). Then for each
function f. the phase at y = € is given by:

€
C

pr(e) == [ dyefity) = 5. (30)

0

The phase is the same for all € so it has this value also in the limit ¢ — 0.
Therefore infinitesimally close to the brane the state vector satisfies the
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condition
u) (€) = cos (%) u (0), (81)
u?(e) = —sin (%) u (0). (82)

The values of ¢ which differ by multiples of 47 give the same values of u'(¢)
and u?(¢). They give however different behavior of the state vector over
the interval y € [0,¢] for € # 0. The state vector corresponding to a bigger
value of ¢ rotates more times by the full angle 27 between points y = 0
and y = €. Thus, the equations (81), (82) taken at ¢ = 0 are alone not
enough to describe a given eigenstate. For small values of the magnitude ¢
the eigenstate may be described by functions u'(y) and u?(y) which are just
discontinuous at y = 0. But for large values of ¢ a more careful treatment
is necessary.

The last remark on delta-like terms on orbifolds concerns their normal-
ization. Performing the integral in Eq. (80) we get only —¢/2 and not —c
because we integrate only over the “half” of the delta’s support, that for
positive 5. This is the so called down-stairs approach to the S!/Zs orbifold
in which we integrate over the interval y € [0, 7R] using the additional pre-
scription that Dirac deltas located at the fixed points give after integration
1/2 instead of 1. In the up-stairs approach one integrates over full circle S*
but the final result must be divided by 2.

5.8. Constant, simultaneously non zero, my and m_

Let us now turn to more complicated cases of the Scherk—Schwarz mecha-
nism on orbifolds, when the odd mass term in the Lagrangian (58) is different
from zero. Now it is not possible to solve the differential equation for the
mass eigenstates (64) by simple integration and exponentiation (as we did
to get Eq. (70) in the case of m_ = 0). The reason is that matrices o9 and
o3 do not commute and they are multiplied by functions of y. The formal
solution of (64) involves an appropriate ordering operator and not just the
ordinary exponential function. Because of that, it is not possible to write the
mass eigenstates, given by solutions of (64), in an explicit, closed form. In
the case of arbitrary m_(y) it is also not possible to solve explicitly Eq. (67)
which determines the masses eigenvalues (without determining the shapes
of the states). But there are some simple cases in which we can solve some
of the equations or at least be able do find some properties of the solutions
on which we concentrate in the rest of this section.

One of the cases when it is possible to find explicitly the eigenstates is
when both mass terms m_ and m_ are constant. Then the solution to (64)
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is given by

un(y) = exp {(—ioa[Mp —mi] 4+ o3m_) y} un(0) (83)
which can be rewritten as

ul cos (pny) + 7= sin (ny)
(Q(y)>oc< Lﬂ uy>’ s

u;, (y) + sin (1uny)

n

where

Hn = \/(Mn —my)? —m? (85)

and we used the boundary condition at y = 0, Eq. (65). The solution (84) is
valid even for imaginary p, (then trigonometrical functions are replaced with
appropriate hyperbolic ones). Now we have to implement also the second
boundary condition, the one at y = £xwR. This condition cannot be fulfilled
for imaginary p, (with one exception which we discuss later). For real
we can find that the masses M,, are given by the solution of the following
equation

(M, — my)tan(ra) = pyp tan [unﬁR — arctan <%)] +m_ (86)
n

in which M,, appears implicitly on the r.h.s. via the parameters p, defined
in Eq. (85). The same condition for mass eigenvalues can be obtained from
equation (67) with boundary conditions (68)-(69). The reality condition for
U, means that the mass eigenstates are given by (84) with mass eigenvalues
satisfying (86) when

| My —my| > |m_| . (87)

Now we discuss the additional solution which corresponds to one excep-
tion from the reality condition for u, mentioned above. It exists only when
the Scherk—Schwarz twist is trivial: @ = 0. In such a case there is a state
with mass M = m_ and shape given by

(4. o {fasm} ) 5

U2(2/) 0

Observe that we have used an integral of m_(y), and not just the product
of a constant m_ with gy, in the above formula. It is not difficult to check
that the solution of such form is valid for arbitrary y-dependent mass term
m_(y). It is quite important because it describes the massless mode in the
case of vanishing m_. It should be stressed that such a state appears only
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when « = 0. This means that in the case of a non trivial Scherk—Schwarz
twist there can be no massless mode for arbitrary m_(y) if my = 0.

Let us now go back to the mass eigenvalue condition (86) and the mass
eigenstates (84). They allow to extend our discussion of (non)equivalence of
the Scherk—Schwarz mechanism and direct 5-dimensional mass terms. When
considering the situation with vanishing Zs-odd mass m_ (see discussion
after Eqs. (74) and (75)) we have observed that in such a case the Scherk—
Schwarz mechanism is equivalent to adding a constant Zg-even mass m..
Moreover, by a suitable choice of the Scherk—Schwarz twist parameter «
it is possible to reproduce the spectrum (but not the shapes of the mass
eigenstates) obtained in the case of vanishing « and given y-dependent m .
The situation changes for m_ # 0 (also if it is constant). From Eq. (86)
it is clear that the masses in the case of the Scherk—Schwarz mechanism
are, for arbitrary «, different from the masses obtained in a theory with
direct mass terms. The twist parameter a and the Zo-even mass m enter
the mass formula (86) in quite different ways. The relation between m.
and mass eigenvalues is very simple. The constant m appears only in the
combination (M, — m4) so it just shifts all the mass states by a constant.
On the other hand, the relation between « and the mass spectrum is quite
complicated and in general cannot be solved explicitly. But one feature of
that relation can be read from the mass formula (86). For arbitrary m, and
m_ it is possible to choose « in such a way that one state with any given
mass (within some range of values) is present in the spectrum. A state with
mass My appears in the spectrum if the Scherk—Schwarz twist parameter is
given by

1 —
a = —arctan {L tan [uoﬁR — arctan <m—)] + m_} . (89)
s M() —my Ko

with pg = \/(MO —my)? —m? if this mass satisfies the condition |My —

my| > |m—|. In particular there is a value of a for which one state is
massless if |my| > |m_|.

5.4. Delta like m4 in the presence of arbitrary m—_(y)

So far we discussed three special situations: arbitrary m, with vanish-
ing m_; constant m_ and m_; arbitrary m_ with vanishing m_ (only the
massless mode). In general it is not possible to find explicit solutions for
more complicated cases. However, there is a very interesting class of models
which can be analysed using the results obtained so far. Let us consider
a situation when the Zy even and odd mass terms are described by some

arbitrary functions of y subject to the constraint m (y)m_(y) = 0 for all y.
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This condition is fulfilled for example in all models in which the Zs-even
mass terms are located at the branes. The reason is that arbitrary m_(y)
vanishes at y = 0 and y = 7R.

For such models it is possible to check whether a massless state exists
in the spectrum. It is very important because this way one can determine
under what conditions supersymmetry remains unbroken in the presence of
the Scherk—Schwarz twists and the direct mass terms.

First we divide the interval [0, 7 R] into pieces in such a way that at each
piece only one of the mass terms, m_(y) or m_(y), is non vanishing. We find
a possible solution corresponding to M = 0 for each of these sub-intervals.
The solution for y; < y < y;4+1 is given by

Yy

un(y) = expio [ dsmn(s) b uolue). i m(5) =0 for y € [y i,
Yi

(90)

Y

woly) = exp{ o3 / dsm_(s) S uo(ys), if ma(y) =0 for y € [yi, yin1].
Yi
(91)

We build the full solution from those partial ones starting from the boundary
condition at ¥y = 0 (65) and demanding that it is continuous at points
y; where the character of the solution changes from (90) to (91) or vice
versa. At the end we check whether ug(7wR) obtained this way, fulfills the
boundary condition (66). Such a procedure allows us to check what value
of the Scherk—Schwarz twist angle is compatible with a massless fermion for
given y-dependent mass terms m (y) and m_(y).

Let us illustrate this by an example of m (y) terms located at the branes:

my(y) = 2moé(y) + 2ma0(y — 7R). (92)
All we have to know about m_(y) is its integral

TR

M= [dym(y). (93)
0
We divide the interval [0, 7R] into three regions (two of them infinitesimally

small close to the branes) and use the procedure described above. The result
for ug(mR) reads
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uo(mR) = exp {ioomy } exp {ogM_} exp {ioamg} uy(0)
B cos(my)  sin(m) M-
B ( —sin(my;)  cos(my) ) < 0 e M- )

( cos(mg)  sin(my) > ( c >
X
—sin(mg) cos(myg) 0
cos(m, ) cos(mg)eM- — sin(m, ) sin(mg)e M-
:c< () cos(mo) () sin(rmo) )_(94)

eM, M_

— sin(m) cos(my) — cos(my) sin(mg)e”

This solution agrees with the Scherk—Schwarz twist condition (66) if

sin(my) cos(mo)e™= + cos(my) sin(mg)e=-

M_

—7 = — tan(ra). (95)

cos(my) cos(mg)eM- — sin(m, ) sin(my)e

In the case of the gravitino this formula — relating the mass terms located
at each of the branes, the bulk (Zs-0dd) mass term and the Scherk—Schwarz
twist — must be fulfilled if supersymmetry in the effective 4-dimensional
theory is to be unbroken.

The above formula can be applied also in the case of ordinary compactifi-
cation without the Scherk—Schwarz mechanism. Putting « to zero we obtain
the condition

tan(m
tan(mz) __ —anr_ (96)
tan(my)
When the Zs-odd mass term integrates to zero, M_ = 0, we get the usual
condition for the unbroken supersymmetry: m,; = —mg (up to terms which

are multiples of 27 which we discussed after Eq. (75)). In the case of vanish-
ing M_ the brane located mass terms generated for the gravitino must add
up to zero. In the presence of non zero M_ the situation is more complicated
and supersymmetry can be unbroken when the condition (96) is satisfied.

The condition (95) for the existence of a massless mode is a quite compli-
cated relation between the Scherk—Schwarz twist angle and the three mass
parameters: mg, my;, M_. Let us now consider a situation when all the
mass parameters are small. Expanding Eq. (95) and keeping only the lead-
ing terms we get a much simpler relation

mo + my = — tan(ra) . (97)

Observe that the integral of the Zs-odd mass, M_, dropped out from the
formula. Moreover, in the case of ordinary compactification (o = 0) we
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get a very simple equality m,; = —mg for arbitrary but small M_. These
approximate conditions should be used e.g. in cases when one does not know
the full theory but only some terms of an expansion in some small parameter.

Let us illustrate this with the heterotic M-theory. The field theoretical
limit of this theory is known only up to the first order of the expansion
in k%3 (related to the 11-dimensional coupling constant). We have shown
in [12] that effectively there are two kinds of 5-dimensional mass terms for
the gravitino: the Zs-even one generated by (Giigpe) and the Zs-odd one
coming from (G,;;5). Both of them are linear in the expansion parameter
k2/3 so one should use the approximate formula (97) and not the full one
(96). Thus the condition for unbroken supersymmetry is just that the brane
located mass terms should sum up to zero as was shown in [12].

It is possible to gain a qualitative understanding why in more compli-
cated models the condition for unbroken supersymmetry (96) differs form
the simple global cancellation of the sources, m, +my = 0, even without the
Scherk—Schwarz twist. In the presence of the non zero mass term M_ the
massless gravitino is not a constant mode even without any brane terms. In
general its amplitude is different at each brane. Thus, the gravitino couples
with different strength to sources present at each of the branes. In general,
a simple algebraic cancellation of sources is not enough to leave supersym-
metry unbroken. From Eq. (96) it is clear that the details of the shape of
the zero mode — determined by the details of the function m_(y) — are
not important. Important is only the relation between the gravitino wave
function at both branes — determined by the integral of m_(y).

6. Conclusions

As we have seen, the consistency conditions for a Scherk—Schwarz mech-
anism on orbifolds are available in general form (Subsection 3.1). The struc-
ture of possible Scherk—Schwarz twists which can be applied on orbifolds is
more restricted than in the case of manifolds. We found the most general
form of such twists which can be consistently used in 5-dimensional theories
compactified on S'/Z,. Only rotations in 2-dimensional subspaces (each
consisting of one field with positive and one with negative parity under Zs)
or multiplication by —1 are allowed.

The consistency conditions can be used to obtain differential equations
and boundary conditions which determine the spectrum of the effective the-
ory after compactification. Solutions, however, are difficult to obtain in
closed form due to the complexity of the problem. We have therefore used
a simple S'/Zs orbifold to illustrate our results. One of the important in-
gredients in the discussion is the general form of the possible mass terms
(and their dependence on the higher dimensional coordinates) that make
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the connection to brane induced supersymmetry breaking. Of particular
importance is the appearance of the mass term m_ in Eq. (58). Its exis-
tence depends on the presence of VEVs of higher dimensional background
fields, as was discussed already in [12]. The investigation in [14,15] did not
consider such a term. In addition, their ansatz for the brane located mass
terms and interactions differs from the one adopted here.

Explicit solutions have been presented for two classes of models: those
with constant mass terms m and m_ and those with arbitrary y-dependent
m4(y) but with vanishing m_. Closed solutions for general mass terms
m4(y) and m_(y) are difficult to obtain. Fortunately some of the most
interesting cases, as e.g those with delta-like mass terms located at the branes
can be analysed with sufficient accuracy. It is possible to find conditions
determining whether massless fermions are present in the spectrum. This
allows to check if supersymmetry is broken in a theory with given form of the
mass terms m4 (y) and m_(y) in the presence of non trivial Scherk—Schwarz
twists.
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