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�-DEFORMED KINEMATICS AND ADDITION LAWFOR DEFORMED VELOCITIES�Jerzy LukierskiInstitute of Theoretial Physis, University of Wrolawpl. M. Borna 9, 50-205 Wroªaw, PolandAnatol NowikiInstitute of Physis, University of Zielona Górapl. Sªowia«ski 6, 65-069 Zielona Góra, Poland(Reeived July 2, 2002)Dediated to Stefan Pokorski on his 60th birthdayIn �-deformed relativisti framework we onsider three di�erent de�ni-tions of �-deformed veloities and introdue orresponding addition laws.We show that one of the veloities has lassial relativisti addition law.The relation of veloity formulae with the oprodut for fourmomenta andnonommutative spae-time struture is exhibited.PACS numbers: 03.30.+p, 04.60.+m1. IntrodutionReently due to inreasing interest in deformed relativisti spae-timeframework (see e.g. [1�6℄) it is important to understand the deformation ofEinsteinian relativisti kinematis. In partiular the problems our if thelassial Poinaré symmetries are replaed by quantum ones, with modi�a-tion of lassial Abelian addition law for the momenta. Here we shall on-sider as distinguished example the so�alled �-deformed quantum Poinarésymmetries (see e.g. [7�11℄), whih reently were also used as possible frame-work for desribing the quantum gravity e�ets (see e.g. [12�16℄).The �-deformed relativisti Hopf algebra framework in birossprodutbasis is haraterized by lassial Lorentz algebra of O(3; 1) generators� Supported by the Polish State Committee for Sienti� Researh (KBN) grant no5PO3B05620. (2537)



2538 J. Lukierski, A. NowikiM�� = (Mi; Ni), ommuting fourmomenta P� = (Pi; P0 = E=) and�-deformed ommutation relations of threemomenta Pi with boost gener-ators Ni: [Ni; Pj ℄ = i2Æij ��(1� e(�2E=�2)) + 1� ~P 2�� i�PiPj : (1)All remaining Poinaré algebra relations remain lassial. The mass squareCasimir M2 for �-deformed Poinaré algebra in birossprodut basis looksas follows [3,8,9℄ osh E�2 � 12�22 e(E=�2) ~p 2 = 1 + M22�2 : (2)One an onsider the formula (2) as desribing the deformation of lassi-al energy-momentum dispersion relation !(~p) = (~p 2 + m202)1=2 for freepartiles [3℄!(~p)! E�(~p) = ��2 ln241 + M22�2 �sM2�2 �1 + M24�2�2 + ~p 2�2235= ��2 ln"osh�m0� ��rsinh2 �m0� �+ ~p 2�22# ; (3)where the value M2 is related with the rest mass of partile as follows [15℄M2 = 2�2(osh m0� � 1) : (4)The quantum group struture of �-deformed Poinaré algebra is providedby nonprimitive oproduts, whih for threemomenta Pi and energy E takethe following form �Pi = Pi 
 1 + e(�E=�2) 
 Pi ;�E = E 
 1 + 1
E : (5)The �-deformed relativisti framework is desribed by dual pair of Hopfalgebras desribing �-deformed Poinaré algebra and �-deformed Poinarégroup [17�19℄. Considering nonommutative translations bx� of �-deformedPoinaré group as desribing nonommutative spae-time oordinates onean show that [bx0; bxi℄ = � i~�bxi ; [bxi; bxj ℄ = 0 : (6)



�-Deformed Kinematis and Addition Law : : : 2539The relations (6) desribe �-deformed Minkowski spae [17,9,3℄. Further,by onsidering semidiret produt of �-deformed Poinaré algebra and �-Poinaré group (so-alled Heisenberg double [18℄) one obtains �-deformedgeneralized phase spae [18�19℄.The aim of this note is to onsider the possible de�nitions of �-deformedveloities and study their addition law. Due to non-primitive oprodut (5)one an introdue three di�erent veloity formulae:(i) The one following from lassial Hamilton equation_Xi = Vi = �E�(~p)�pi : (7)By onsidering �-deformed phase spae in birossprodut basis (see e.g.[18�20℄) one on�rms that the sympleti form de�ning Hamiltonianequations (7) are not deformed.(ii) Two other types of veloities are linked with non-Abelian addition lawof three-momenta. By onsidering Pi 
 1 = pi, 1
 Pi = ÆLpi one anwrite ~p+ e(�E=�2)ÆL~p = ~p+ Æ~p) ÆL~p = e(E=�2)Æ~p : (8)We de�ne the left-ovariant veloity as follows:V Li = limÆpi!0 E�(~p+ Æ~p)�E�(~p)ÆLpi= e(�E(~p)=�2) �E�(~p)�pi = e(�E(~p)=�2)Vi : (9)Using the assignment Pi 
 1 = ÆRpi; 1
 Pi = pi one obtainsÆR~p+ e(�ÆE=�2)~p = ~p+ Æ~p =) ÆR~p = Æ~p+ �1� e(�ÆE=�2)� ~p= �1 + 1�2 ~p ~rE� Æ~p ; (10)where assuming that momenta and veloities are parallel, i.e. ~p k ~V =~rE(~p) we used the relation~p(~rE � Æ~pi) = (~p � ~rE)Æ~pi : (11)Using (10) one an introdue right-ovariant veloityV Ri = limÆpi!0 E�(~p+ Æ~pi)�E�(~p)ÆRpi = �1 + 1�2 ~p ~V��1 �E�(~p)�pi : (12)



2540 J. Lukierski, A. NowikiThe veloities (7) have been introdued in standard basis still in 1992by Bary [21℄ (in birossprodut basis see [22℄). The veloities V Li wereintrodued in [23,24℄ and both veloities (9) and (12) for massless asein [24℄ as left and right group veloities.We shall show that the most interesting with its properties is the veloityV Ri � it has lassial veloity addition law, whih for parallel veloities(0; 0; V R1 ), (0; 0; V R2 ) looks as followsV R12 = V R1 + V R21 + V R1 V R22 : (13)We shall disuss below all the three veloities desribed by formulae (7), (9)and (12) for arbitrary value of mass parameter M (see also (4)).2. Three veloities � general propertiesThree veloities (7), (9) and (12) are related with eah other by thefollowing formulae V Li = e(�E�(~p)=�2)Vi ; (14a)V Ri = Vi1 + 1�2 ~p~v ; (14b)where from (7) and (1)�(2) follows that1~V = ~p�2 �1� e(�2E=�2) � ~p 2�22� = ~p e(E=�2)� �osh(m0� )� e(�E=�2)� : (15)One an alulate that1V 2 = 2e(2E=�2) "1� sinh2(m0� )�osh(m0� )� e(�E=�2)�2# : (16)and one obtains limE!1V =1 : (17)In the interval M � E � 1 the funtion (16) inreases monotonially.1 Further we denote V = j~V j, E = E�(~p) and p2 � ~p 2.



�-Deformed Kinematis and Addition Law : : : 2541From the formulae (14) and (15) one gets~V L = e(�E=�2) ~p�2 �1� e(�2E=�2) � ~p2�22� = ~p� �osh(m0� )� e(�E=�2)� : (18)and after simple algebrai manipulation~V R = ~p�2 �1� e(�2E=�2) + ~p 2�22� = ~p e(E=�2)� �e(E=�2) � osh(m0� )� : (19)We get (V L)2 = 2 "1� sinh2(m0� )�osh(m0� )� e(�E=�2)�2# ; (20)(V R)2 = 2 "1� sinh2(m0� )�osh(m0� )� e(E=�2)�2# : (21)One an show:(i) for all energies (V L)2 � 2 and (V R)2 � 2;(ii) for M < E <1 we get d(V L)2dE > 0 and d(V R)2dE > 0, i.e. both funtions(20) and (21) are monotoni;(iii) if M = 0 (equivalent to m0 = 0) both veloities V Li and V Ri havelassial absolute value i.e. (V L)2 = (V R)2 = 2 2.3. Right group veloity � addition formulaLet us write the formula (19) as follows:~p = �B(m0; E)~V R ; (22)where B(m0; E) = 1� osh(m0� ) e(�E=�2) : (23)2 The observation (iii) has been made also in [24℄.



2542 J. Lukierski, A. NowikiThe funtion B(m0; E) enters into the �-deformed Lorentz transformationsdetermined by the boost parameter ~� = �~n (~n 2 = 1) [25,16℄E(�) = E + �2 lnW (E;~n~p ;�) ; (24a)~p(�) = W�1(E;~n~p ;�) f~p+ [(~n~p)(osh�� 1)�� B(m0; E) sinh�℄~ng ; (24b)where W (E;~n~p ;�) = 1� 1� (~n~p) sinh�+B(m0; E)(osh�� 1) : (25)The funtion (25) satis�es the relationW (E;~n~p ;�) = B(m0; E)� 1B(m0; E(�)) � 1 : (26)Let us de�ne the veloity ~WR as the veloity (22) in the frame Lorentz-transformed by the boost parameter ~� = �~n.Using (22) we have the formula~p(�) = �B(m0; E(�))�!WR : (27)From (27) and (24b) one gets�!WR = B(m0; E)W (E;~n~p ;�) +B(m0; E) � 1�n~V R + ~n h(~n~V R)(osh�� 1)�  sinh�io ; (28)and further we obtain�!WR = ~V R + ~n[(~n~u)(osh�� 1)�  sinh�℄osh�[1 � 1 (~n~u) tanh�℄ : (29)Introduing the relative veloity ~u of two �-deformed Lorentz frames, oneat rest (� = 0) and seond desribed by boost parameter ~� = ~n�~u = �~n tanh� ; (30)the relation (29) an be written in the form (see e.g. [26℄)



�-Deformed Kinematis and Addition Law : : : 2543�!WR =  1 + ~V R~u2 !�1(~V R�1� u22 �1=2+ ~u"1 + ~V R~uu2 � ~V R~uu2 �1� u22 �1=2#) : (31)The formula (31) desribes the general Einsteinian omposition law of twoarbitrary three-veloities ~V R; ~u, whih for parallel veloities ~V Rk~u reduesto the formula (13).It should be stressed that basi ingredient in the derivation of lassialaddition law (31) is the relation (22). If we use other two formulae (15) or(18) for deformed veloities, analogous reasoning leads to the deformationof lassial addition formulae (13) and (31).To omplete the argument we shall show that the de�nition (30) is equiv-alent to the relation (22). Indeed, let us solve the relation ~p(�) = 0 desrib-ing the transformation from the moving system with nonvanishing momen-tum ~p(� = 0) to the rest system with ~p = 0 (� 6= 0). From (24b) onegets ~p(�) = 0 =) ~p+ (~n~p)(osh�� 1)� �B(m0; E) sinh� = 0 : (32)Further if ~nk~p one obtains (p � j~pj)p osh�� �B(m0; E) sinh� = 0 : (33)We see that inserting in (33) the veloity u from formula (30) (u =  tanh�)we obtain the relation (22) (p = �B(m0; E)u).4. Veloity and nonommutative spae-timeIn order to desribe veloity formula in nonommutative spae-time oneshould use the orresponding deformed Hamiltonian formalism. For �-de-formed relativisti phase spae suh a framework has been proposed in [3℄3The �-deformed nonommutative phase spae kinematis is determinedby basi Poisson brakets of relativisti phase spae variables YA = (x�; p�)given in birossprodut basis by the following relations [18,19℄:fpi; xjg = Æij ;fp0; x0g = �1 ;fp0; xig = 0 ;3 See formulae (1.5)�(1.10) and (4.2) in [3℄.



2544 J. Lukierski, A. Nowikifx0; xig = xi� ;fx0; pig = � pi� ;fp�; p�g = 0 : (34)Writing down (34) in ompat formfYA; YBg = !(�)AB(x; p) :we obtain the �-deformed Hamilton equations desribing evolution with re-spet to the parameter s dYAds = !(�)AB �H(�)�YB : (35)where H(�) = H(�)(x; p) determines the dynamis. Assuming translationalinvariane one should take one-partile Hamiltonian as H(�) = H(�)(p0; ~p)and expliitely from (35) one getsdxids = ��H(�)�pi ; (36a)dx0ds = � 1� pi�H(�)�pi + �H(�)�p0 (36b)and dp�ds = 0 i.e. p� are s-independent.The physial interpretation of the parameter s depends on the hoie ofthe Hamiltonian H(�). We an onsider the following two basi ases:(i) The Hamiltonian H� desribes the energy dispersion relation E =E�(~p) by means of the formulaH(�) � H�(p0; ~p) = p0�E�(~p). In suha ase if � ! 1 (standard relativisti framework) i.e. H1(p0; ~p) =p0 � (~p 2 + m202)1=2 one an identify the parameter s with timevariable (dx0ds = 1  ! x0 = s+ onst:) and one obtains the standardveloity formula dxidx0 = pi(~p 2 +m202)1=2 : (37)If � 6= 0 suh identi�ation is not possible, beause from (36b) it followsthat dx0ds = � 1� pi�H��pi ; (38)



�-Deformed Kinematis and Addition Law : : : 2545and further we getdxidx0 = dxidsdx0ds = ��H��pi�1� 1�2 pi �H��pi � ; (39)i.e. after using (7) we obtain our favored veloity formula (14b).(ii) One an use also as the Hamiltonian H(�) the �-invariant mass Casimirby assuming that H(�) � M24. In lassial relativisti ase H(1) =E2 � 2~p 2 = 2 �p20 � ~p 2� the parameter s orresponds to Poinaré-invariant length parameter. One getsdxids = 22pi ; dx0ds = 22p0 (40)and on the mass-shell ( H(1) = m204 = onst:) we obtain the formula(37). In general ase (� � 1) the deformed mass shell ondition (2)an be written as identity H(�)(E�(~p); ~p) �M24 where E�(~p) is givenby (3). One obtains�H(�)�p0 �E��pi + �H(�)�pi = 0) �H(�)�pi = �Vi �H(�)�p0 : (41)After inserting (41) into (36a)�(36b) one getsdxids = Vi �H(�)�p0 ; dx0ds = �1 + 1�piVi� �H(�)�p0 (42)and we obtain again the formula (14b).5. Final remarksFollowing the philosophy advoated �rstly by Majid [27℄ quantum-de-formed spae-time kinematis desribes generalized symmetries and non-ommutative geometries at ultra-short Plank sales. The real hallenge isto �nd observable physial e�ets aused by suh modi�ation of short dis-tane behavior of quantum phenomena. The study presented here has muhmore modest aim: it provides a ontribution to the desription of kinematisobtained in the framework of deformed quantum theories.It should be pointed out that suh a kinematial framework requiresstill several problems to be solved, in partiular understanding the relationbetween �-deformed kinematis and desription of marosopi bodies. Thebasi question is to understand how the �-e�ets anel if we onsider verylarge sum of elementary objets desribed by deformed �-kinematis. Wewould like to stress that in suh a ase we should obtain for marosopibodies the lassial relativisti kinematis.
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