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We present a model of neutrino masses combining the seesaw mech-
anism and strong Dirac mass hierarchy and at the same time exhibiting
a significantly reduced hierarchy at the level of active neutrino masses.
The heavy Majorana masses are assumed to be degenerate. The suppres-
sion of the hierarchy is due to a symmetric and unitary operator R whose
role is discussed. The model gives realistic mixing and mass spectrum. The
mixing of atmospheric neutrinos is attributed to the charged lepton sector
whereas the mixing of solar neutrinos is due to the neutrino sector. Small
U.3 is a consequence of the model. The masses of the active neutrinos are

given by ps & \/Am2 and pi/ps ~ tan’g.

PACS numbers: 14.60.Pq, 12.15.Ff, 14.60.St

1. Introduction

In this talk the results on neutrino masses and mixings are presented
which were obtained in our recent publications [1,2].

In view of the recent results from SNO [3| and SuperKamiokande [4] and
owing to developments in theory [5], see also [6,7] and references therein,
there has emerged a unique solution to the problem of neutrino oscillations.
The only allowed solution is now LMA MSW, all others being excluded at
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the 30 level [8]. Thus we know the pattern of the oscillations of the active
neutrinos, that is those observed in experiment. Simultaneously it becomes
more and more clear that the oscillations of atmospheric neutrinos are due to
v, 2 v, transitions [9,10]. The third important piece of information is the
CHOOZ limit [11] indicating that the element U3 of the Maki-Nakagawa—
Sakata (MNS) lepton mixing matrix [12] is small.

The experimental data mentioned above can be described by a model
based on the seesaw mechanism [13] and a large hierarchy of the Dirac
masses of neutrinos. Such a model was considered in [1,2]. We present it here
including some technical details related to the derivation of the formulae.

The main idea of the present model is that a large hierarchy of the Dirac
masses of neutrinos is possible even though the hierarchy of masses indi-
cated by experimental data is far less pronounced than that expected from
comparison with the quark or charged lepton mass spectra. This nontrivial
fact is interesting since it hints at a possible similarity between the observed
hierarchy of quark and charged lepton masses and that of neutrino Dirac
masses. The disappearance of this hierarchy at the level of the observable
masses of the active neutrinos is caused by the seesaw mechanism as well
as by the algebraic structure of the low energy effective mass operator N/
describing the masses of the active neutrinos. The latter is due to a sym-
metric and unitary operator R acting in the flavor space and related to the
unitary transformations of the right-handed neutrinos. This operator has
for the first time been considered in [1]. It has been pointed out in [1,2]
that R plays a crucial role in the low energy physics of neutrinos. In fact, it
affects the form of the Uyng mixing matrix. In the model we consider, we
find a form of the operator R leading to a reduction of the underlying Dirac
mass hierarchy and thus producing realistic mass spectra. The resulting
mixing matrix is naturally exhibiting a small value of the U3 element. It
also follows from our model that the mass ratio of the two lighter neutrinos
is given by tan? s, 6 denoting the solar mixing angle.

2. Mass hierarchy

Our aim is to explain the observed mass spectrum of neutrinos starting
from a hierarchy of Dirac masses comparable with that of the corresponding
up quark masses. Let us begin with a look at data and at the expectations
from the simplest version of the seesaw mechanism. What is known are
the squared mass differences affecting the oscillation pattern of neutrinos.
Denote the masses of the active neutrinos by u1, e and ps. Then we can
define the ratio
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of the solar to atmospheric mass splitting. The experimental value of the
parameter p is
5x 107 %eV?

2.5 x 10-3eV?2

Although this might well be called a hierarchy, we must compare it to the
predictions offered by the seesaw mechanism. Choose a reference frame
where the heavy Majorana mass matrix My is diagonal and assume further-
more that it is proportional to the unit matrix. Of course, the hierarchy of
the active neutrino masses can be reduced by assuming a hierarchy in My,
partly compensating for the hierarchy originating from the Dirac masses, see
e.g. [14,15]. However, we will not have to abandon the simple assumption
of degenerate right-handed Majorana masses to destroy the hierarchy. So,
we do not consider the more general case, although it is not hard to do so.
Thus,

Pexp & =2x1072. (2)

Mp=M-1. (3)

At the same time, the Dirac mass matrix for neutrinos is written as
N = Ugm™ Uy, (4)

with
m) = diag(my, ma, ms3) . (5)

Then the mass spectrum of the active neutrinos is given by the effective
operator N of dimension five

N = NTMIN = UFmWTUE Mg ' Urm Uy, (6)

With the simplifying assumption (3), the mass spectrum obtained from the
matrix N in Eq. (6) is seen to depend crucially on the following matrix R,

R = UEURa (7)

which is symmetric and unitary. The matrix Ugr satisfying the equation
above for our final choice of R, see Eq. (10), can be found as described in
Appendix A. The predictions of the simplest seesaw model correspond to
assuming that R = 1. Then the resulting spectrum of the active neutrino

masses is
2 2 2

_my _my _my
Ml—M<<M2 M<<M3 J (8)

Since we also require a hierarchy for the Dirac masses

mp K mg K m3 9)
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it becomes evident that the active neutrino hierarchy is even stronger. The
ratio p can now be estimated by letting the mass ratio ms/mg be of the
order of the corresponding mass ratios for other fundamental fermions, i.e.
mp/ms ~ 30, m,/m, = 17 or my/m, ~ 100. We would obtain a quantity of
the order of 1078-10"*, which is much less than the observed hierarchy. So,
if we are to succeed in describing reality with a seesaw model, we must find
some way of hiding this huge hierarchy.

Now we see that the operator R cannot be a unit matrix. In fact, one
can easily convince oneself that its element (R)33 must vanish in order to
prevent the Dirac mass hierarchy from showing up in the observable mass
ratio.

Now consider what happens if the element (R)23 = (R)32 is non-vanishing.
It turns out that the resulting mass spectrum for the active neutrinos is
acceptable from the phenomenological point of view if (R)23 = O(1) is as-
sumed. This spectrum corresponds to the case of the so-called inverted hi-
erarchy. However, the resulting structure of the lepton mixing matrix does
not resemble the experimentally observed one [2].

The only remaining case is R33 = Ra3 = 0 which implies

0 0 exp 1oy
R= 0 exp ipo 0 . (10)
exp i 0 0

The complex phase factors in Eq. (10) can be of crucial importance for lep-
ton number violating processes like neutrino-less double beta decays. How-
ever, these phase factors do not affect our discussion which concentrates on
neutrino oscillations. So, for the sake of simplicity, in the following consid-
erations we take the same form of R as in [1]:

R =

_ o O
O = O

1
0| = Pi3. (11)
0

It turns out that for strongly hierarchical Dirac masses Eq. (11) is a necessary
condition for a realistic mixing and mass spectrum. Therefore we assume
that some symmetry underlying flavor dynamics forces Ug to fulfill Eq. (11).
The matrix R can drastically reduce the hierarchy of the mass spectrum for
the active neutrinos. So, R is observable, in principle at least, if a large
hierarchy of the Dirac masses is a common feature of all quarks and leptons.
In this sense R is a physical object which is imprinted in low energy physical
quantities, namely the masses of the active neutrinos. Unlike the quark
sector with its Cabibbo-Kobayashi-Maskawa mixing matrix [16] the lepton
sector has therefore two important matrices in the flavor space. One is the
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lepton mixing matrix Unng [12] which affects the form of the weak charged
current. Another is the matrix R defined in Eq. (7). R affects the form
of Unmns- Moreover, it is also reflected in the low energy neutrino mass
spectrum. In our phenomenological approach we use the experimental input
to fix the form of R. One may hope that this is a first step towards an
underlying theory of flavor.

3. Lepton mixing matrix

In the previous Section we have arrived at a way of resolving the problem
of strong hierarchy of active neutrino masses. However, we must show that
the model describes correctly the mixing pattern. We now study the mixing
matrix Uyng. In our model, the mixing is due to both charged leptons and
neutrinos. The mass matrix for the charged leptons can be written as

L = Vg diag(me, my, m,) Vi, = Vo m® 14,. (12)

The matrix Vg multiplying m®) from the left side can be made equal to one
by an appropriate redefinition of the right-handed charged leptons. This
has no observable consequences because at our low energies only left-handed
weak charged currents can be studied. The corresponding Dirac mass matrix
for the neutrinos is given in Eq. (4). Let O be a unitary matrix such that

OT"NO = diag(p1, pa, p3) - (13)
Note that in Eq. (13) the diagonalization is done by multiplying by the
transposed matrix OT, rather than the Hermitian conjugate O, from the
left. We explain in Appendix B how to perform such a diagonalization.
Eq. (12) implies that M? = L'L is diagonalized by V1, i.e.
Vi M2V = diag(m?,m2,m?). (14)
Then from Egs. (6), (7) one derives
Uwns = VLO = WU, 1O, (15)

where the unitary matrix O’ is such that
LT )T W)y _ 3
;O ™7 BmWO = diag(pa, p2, p3) (16)

with R = Py3, cf. Eq. (11).
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We narrow our search for a realistic neutrino mass matrix by concen-

trating on the following structure of the MNS matrix, which is known to
successfully describe data,

1 0 0 0
Uuns = | 0 @ @ ol . (17)
0

0 0 1

~”

charged lepton sector neutrino sector

Since we choose a simple form of Uy, = 1, Eq. (15) implies that the second
matrix on the right hand side of Eq. (17) is equal to the matrix O diagonal-
izing the light neutrino Majorana mass matrix. Such a form of this matrix
can be obtained even if the mass matrix A is not of the block diagonal form
suggested by Eq. (17). In fact, assuming a diagonal Dirac mass matrix as
in Eq. (5), one obtains the light Majorana mass matrix

0 0 r
N=pl0 1 0], (18)
r 0 0
where )
mims ms
= = — . 19

The way to sidestep this difficulty is to exchange the eigenvectors of the
mass matrix with a permutation P,

1 00
Ps=(00 1], (20)
010
see [1,2] for details. Then A in Eq. (18) is diagonalized by the matrix
O' = Pyl (%) : (21)
where
tcosa  sina 0
Uig () = | —isina cosa 0 |. (22)

0 0 1

This way, the matrix P,3 will appear sandwiched between the two ma-
trices in Eq. (17). In principle, such an insertion could destroy the structure
of the mixing matrix. However, due to the particular form of the charged
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lepton matrix, nothing wrong happens since the effect of P»3 acting to the
left is that of exchanging the second and third column. But this may be
seen to correspond to an innocuous relabeling of flavors, made irrelevant
especially for the model of the charged lepton matrix we are using,

™

Vi = Oy (iz> : (23)

the right hand side meaning the rotation about the first axis by the angle of
+7/4 [2]. This form of V4, has been considered in many published models
[17], in particular in the models based on the so-called lopsided form of the
charged lepton mass matrix [18].

4. A realistic model

The construction shown above lets us get rid of the factor of m2/M in
the active neutrino spectrum, cf. Eq. (8), but the mass splitting ratio is now
zero due to the twofold degeneracy of the lighter states, so the hierarchy
problem appears to have actually been aggravated. On the other hand, the
mixing pattern corresponds to the so-called bimaximal mixing [19] which is
not acceptable for the solar neutrinos [8]. Both problems can be cured by an
appropriate perturbation of the Dirac matrix, whose form was found in [2].
The resulting low energy neutrino mass matrix is

0O = 0
M= PQgUENUITlPQ;g = U r 2ar 0 s (24)
0 0 1

where o~ ! = tan 2. For a > 0 the matrix M in (24) is diagonalized by

UL (00) MUz (00) = diag (1, o, 1) - (25)

Realistic spectra and mixing are obtained for the following range of the
parameters ¢ and r

035<a<075 and 0.05<r <025 (26)

with the best fits corresponding to a between 0.46 and 0.57 and r between
0.09 and 0.10. Tt is interesting that the value of r ~ 0.08 is obtained if the
Dirac masses of neutrinos are assumed to be proportional to the correspond-
ing masses of the charged leptons, see the footnote after Eq. (42) in [2]. The
lepton mixing matrix becomes
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Unins = VUL ' PosUsa (6) (27)

and our model leads to the following mass spectrum, see [2]:

\/Am2 tan?6s / /1 — tan* 0, (28)

po ~ fAm2 /31— tant s, (29)

From the presented model we can derive the lightest neutrino mass. One
obtains about 3 meV at tan? ., ~ 0.4. This mass range can be probed by
the 10t version of the GENIUS project [20]. Finally, let us note that the
mass scale of the Majorana masses is between 10'0 and 10'" GeV if mg ~ m,
is assumed. It has been pointed out in [21] that this is exactly the range
of Majorana masses which may be important for baryogenesis; see [22] and
references therein.

Q

M1

5. Concluding remarks

The observed neutrino mass splitting ratio exhibits little hierarchy com-
pared to the expectations from a simple seesaw model and the assumption
of a Dirac mass hierarchy of the order typical for quarks. Nevertheless,
we have shown that seesaw models exist which succeed in suppressing the
underlying strong Dirac mass hierarchy leaving only the weak hierarchy of
effective light Majorana masses of active neutrinos. This reduction of hi-
erarchy is caused by the symmetric unitary operator R, whose effect is to
modify both the low energy mass spectrum and the lepton mixing matrix
Unmns. Realistic mixing pattern and masses are obtained with the form of
R proposed in [1] after introducing a proper perturbation of the diagonal
Dirac mass matrix [2]. The resulting model predicts a relation between the
two lighter active neutrino masses, u1/po ~ tan? 6, which is stable under
small perturbations. Furthermore, the mass of the heaviest neutrino is re-

lated to the mass scale @/AmQ@ governing the oscillations of atmospheric

neutrinos. A small U.s follows naturally from the model. The mass of the
lightest neutrino is predicted to be about 3 meV and can be tested by the
10t GENIUS detector if Majorana phases are not too small and there are no
strong cancellations between contributions to the mass parameter (m,, ).
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Appendix A
Solution for Ur

The unitary matrix Ug defined in Eq. (4) is to satisfy the relation

0 0 exp i
UpUr = 0 exp i 0 : (A.1)
exp i¢py 0 0
Note that if
0 0 1
ULU,k=10 1 0 (A.2)
1 00
and .
exp % 0 0
Ur = Ug 0 exp Z% 0 , (A.3)
0 0 exp %

then the condition (A.1) is satisfied. It is thus enough to find the matrix U}
fulfilling Eq. (A.2), which can be represented as

0 0 1
Ugb=(0 1 0 |UET . (A.4)
1 0 0
Denoting the elements of UL as
(UR)ij = aij (A.5)

one can write equations for the a;; following from Eq. (A.4)

(131 — a?z’ a22 = a’;l’ ’L = ]_ “ e 3 . (A'6)
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Another set of relations follows from the unitarity of Uj, and can conveniently
be written in terms of the real vectors u, v, w defined as

u = (a21,a2,a23), v +iw = (a11,a12,a13). (A7)
Then,
uv=u-w=v-w=_0, (A.8)
2 2 2 _ 1
u =1 v =w =3 (A.9)

Obviously, the conditions (A.8), (A.9) do not change under a rotation of the
system

v+ 1w v 4w
U — U 0, (A.10)

v —lw v — W

where O is an arbitrary orthogonal matrix. We can therefore choose

1 1
u=(0,1,0), v=—(1,0,0), w=——=(0,0,1 A1l
(0,1,0) \/5( ) \/ﬁ( ) (A.11)
to get
1 0 L
V2 V2
Up= 0 1 0 (A.12)
i
If we take the rotation matrix
-1 1 1
V6 V3 V2
_ 2 1
0= 55 0 , (A.13)
-1 1 1
NIV V2
we obtain another solution to Eq. (A.2)
1 w 1 w*
ovg=—11 1 1], (A.14)
V3 w* 1l w

where w = exp %
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Appendix B
Diagonalization with transposed matrices
When diagonalizing the neutrino mass matrix, one must do it by multiplying
a unitary matrix V to the right and its transpose, VT, rather than the
Hermitian conjugate, to the left. That is, we are faced with the problem

of finding a unitary matrix V such that a given symmetrical matrix M is

diagonalized
VIMV = diag(\i, ..., \). (B.1)

Since the eigenvalues are to be interpreted as masses, we furthermore require
Ai € R and \; > 0. In general, this problem is different from the usual
procedure of diagonalization. In this appendix we show that the matrix V
satisfying Eq. (B.1) has the form

V=wv...v)=(ugus ... up) —i(wy we ... wy), (B.2)
where u;, v;, w; are column vectors, e.g.
Vi1
v, = : ) (B.3)
Vi,n

and they satisfy the equation

M( %)= (TR I)( Z):Ai< Z) for Ap,...,\n > 0. (B4
<wz> <MI —MR w; w; or A - ( )

In the formula above, M and M are the real and imaginary parts of the

matrix M, respectively:
M = My + M. (B.5)

<::) (B.6)

is the eigenvector with the eigenvalue A; then

<_"“1;Z> (B.7)

is the eigenvector with the eigenvalue —\;. The unitarity of V requires the
orthogonality relations for the vectors u;, w;:

Note that if

Ws
v;-rvj = U;Fuj + ’wz'ij = (i, wz‘)T <w]) = 0jj - (B.8)
J
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The conditions (B.8) are fulfilled due to the fact that the 2n x 2n matrix M
appearing in Eq. (B.4) is symmetric and real, so it has orthogonal eigenvec-
tors, which can be normalized.

To prove Eq. (B.2), solve the equation

MV =V*A, where A = diag(A1, Aa,...,\n) . (B.9)
Writing
V=Ww-1iV, (B.10)
where
VR=(uiuy ... up) ,V1=(wy wy ... wy), (B.11)

we obtain (Mg + iM;)(Vgr —iVi) = (Vr + V1) A and so

MgyVR + MiV; = VRA, (Bl?)
MiVi — MeVi = Vid. (B.13)

This system of equations can be rewritten in terms of the matrix M

M(ZZ):A<ZZ) i=1...n. (B.14)

Therefore, the problem is reduced to finding the eigenvalues and eigenvectors
of the matrix M. There are 2n of them and the eigenvalues are of the form
+A1, A9, ... £ An. Of those, we choose the n non-negative ones.
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