
Vol. 33 (2002) ACTA PHYSICA POLONICA B No 9
ON THE HIERARCHY OF NEUTRINO MASSES�M. Je»abeka;b and P. Urbana;aH. Niewodniza«ski Institute of Nulear PhysisKawiory 26a, 30-055 Kraków, PolandbInstitute of Physis, University of SilesiaUniwersyteka 4, 40-007 Katowie, PolandInstitut für Theoretishe Teilhenphysik, Universität Karlsruhe76128 Karlsruhe, Germany(Reeived July 1, 2002)Dediated to Stefan Pokorski on his 60th birthdayWe present a model of neutrino masses ombining the seesaw meh-anism and strong Dira mass hierarhy and at the same time exhibitinga signi�antly redued hierarhy at the level of ative neutrino masses.The heavy Majorana masses are assumed to be degenerate. The suppres-sion of the hierarhy is due to a symmetri and unitary operator R whoserole is disussed. The model gives realisti mixing and mass spetrum. Themixing of atmospheri neutrinos is attributed to the harged lepton setorwhereas the mixing of solar neutrinos is due to the neutrino setor. SmallUe3 is a onsequene of the model. The masses of the ative neutrinos aregiven by �3 �p�m2� and �1=�2 � tan2 ��.PACS numbers: 14.60.Pq, 12.15.Ff, 14.60.St1. IntrodutionIn this talk the results on neutrino masses and mixings are presentedwhih were obtained in our reent publiations [1, 2℄.In view of the reent results from SNO [3℄ and SuperKamiokande [4℄ andowing to developments in theory [5℄, see also [6, 7℄ and referenes therein,there has emerged a unique solution to the problem of neutrino osillations.The only allowed solution is now LMA MSW, all others being exluded at� Presented at Plank 2002, the Fifth European Meeting, From the Plank Sale tothe Eletroweak Sale �Supersymmetry and Brane Worlds�, Kazimierz, Poland, May25�29, 2002. Speial session dediated to S. Pokorski on the oasion of his 60-thbirthday. (2571)



2572 M. Je»abek, P. Urbanthe 3� level [8℄. Thus we know the pattern of the osillations of the ativeneutrinos, that is those observed in experiment. Simultaneously it beomesmore and more lear that the osillations of atmospheri neutrinos are due to�� � �� transitions [9, 10℄. The third important piee of information is theCHOOZ limit [11℄ indiating that the element Ue3 of the Maki�Nakagawa�Sakata (MNS) lepton mixing matrix [12℄ is small.The experimental data mentioned above an be desribed by a modelbased on the seesaw mehanism [13℄ and a large hierarhy of the Diramasses of neutrinos. Suh a model was onsidered in [1,2℄. We present it hereinluding some tehnial details related to the derivation of the formulae.The main idea of the present model is that a large hierarhy of the Diramasses of neutrinos is possible even though the hierarhy of masses indi-ated by experimental data is far less pronouned than that expeted fromomparison with the quark or harged lepton mass spetra. This nontrivialfat is interesting sine it hints at a possible similarity between the observedhierarhy of quark and harged lepton masses and that of neutrino Diramasses. The disappearane of this hierarhy at the level of the observablemasses of the ative neutrinos is aused by the seesaw mehanism as wellas by the algebrai struture of the low energy e�etive mass operator Ndesribing the masses of the ative neutrinos. The latter is due to a sym-metri and unitary operator R ating in the �avor spae and related to theunitary transformations of the right-handed neutrinos. This operator hasfor the �rst time been onsidered in [1℄. It has been pointed out in [1, 2℄that R plays a ruial role in the low energy physis of neutrinos. In fat, ita�ets the form of the UMNS mixing matrix. In the model we onsider, we�nd a form of the operator R leading to a redution of the underlying Diramass hierarhy and thus produing realisti mass spetra. The resultingmixing matrix is naturally exhibiting a small value of the Ue3 element. Italso follows from our model that the mass ratio of the two lighter neutrinosis given by tan2 ��, �� denoting the solar mixing angle.2. Mass hierarhyOur aim is to explain the observed mass spetrum of neutrinos startingfrom a hierarhy of Dira masses omparable with that of the orrespondingup quark masses. Let us begin with a look at data and at the expetationsfrom the simplest version of the seesaw mehanism. What is known arethe squared mass di�erenes a�eting the osillation pattern of neutrinos.Denote the masses of the ative neutrinos by �1; �2 and �3. Then we ande�ne the ratio � = �m2��m2� = �22 � �21�23 � �22 (1)



On the Hierarhy of Neutrino Masses 2573of the solar to atmospheri mass splitting. The experimental value of theparameter � is �exp � 5� 10�5eV22:5� 10�3eV2 = 2� 10�2 : (2)Although this might well be alled a hierarhy, we must ompare it to thepreditions o�ered by the seesaw mehanism. Choose a referene framewhere the heavy Majorana mass matrix MR is diagonal and assume further-more that it is proportional to the unit matrix. Of ourse, the hierarhy ofthe ative neutrino masses an be redued by assuming a hierarhy in MR,partly ompensating for the hierarhy originating from the Dira masses, seee.g. [14, 15℄. However, we will not have to abandon the simple assumptionof degenerate right-handed Majorana masses to destroy the hierarhy. So,we do not onsider the more general ase, although it is not hard to do so.Thus, MR =M � 1 : (3)At the same time, the Dira mass matrix for neutrinos is written asN = URm(�)UL (4)with m(�) = diag(m1;m2;m3) : (5)Then the mass spetrum of the ative neutrinos is given by the e�etiveoperator N of dimension �veN = NTM�1R N = UTLm(�)TUTRM�1R URm(�)UL : (6)With the simplifying assumption (3), the mass spetrum obtained from thematrix N in Eq. (6) is seen to depend ruially on the following matrix R,R = UTRUR ; (7)whih is symmetri and unitary. The matrix UR satisfying the equationabove for our �nal hoie of R, see Eq. (10), an be found as desribed inAppendix A. The preditions of the simplest seesaw model orrespond toassuming that R = 1. Then the resulting spetrum of the ative neutrinomasses is �1 = m21M � �2 = m22M � �3 = m23M : (8)Sine we also require a hierarhy for the Dira massesm1 � m2 � m3 (9)



2574 M. Je»abek, P. Urbanit beomes evident that the ative neutrino hierarhy is even stronger. Theratio � an now be estimated by letting the mass ratio m3=m2 be of theorder of the orresponding mass ratios for other fundamental fermions, i.e.mb=ms � 30, m�=m� � 17 or mt=m � 100. We would obtain a quantity ofthe order of 10�8�10�4, whih is muh less than the observed hierarhy. So,if we are to sueed in desribing reality with a seesaw model, we must �ndsome way of hiding this huge hierarhy.Now we see that the operator R annot be a unit matrix. In fat, onean easily onvine oneself that its element (R)33 must vanish in order toprevent the Dira mass hierarhy from showing up in the observable massratio.Now onsider what happens if the element (R)23=(R)32 is non-vanishing.It turns out that the resulting mass spetrum for the ative neutrinos isaeptable from the phenomenologial point of view if (R)23 = O(1) is as-sumed. This spetrum orresponds to the ase of the so-alled inverted hi-erarhy. However, the resulting struture of the lepton mixing matrix doesnot resemble the experimentally observed one [2℄.The only remaining ase is R33 = R23 = 0 whih impliesR = 0� 0 0 exp i�10 exp i�2 0exp i�1 0 0 1A : (10)The omplex phase fators in Eq. (10) an be of ruial importane for lep-ton number violating proesses like neutrino-less double beta deays. How-ever, these phase fators do not a�et our disussion whih onentrates onneutrino osillations. So, for the sake of simpliity, in the following onsid-erations we take the same form of R as in [1℄:R = 0� 0 0 10 1 01 0 01A � P13: (11)It turns out that for strongly hierarhial Dira masses Eq. (11) is a neessaryondition for a realisti mixing and mass spetrum. Therefore we assumethat some symmetry underlying �avor dynamis fores UR to ful�ll Eq. (11).The matrix R an drastially redue the hierarhy of the mass spetrum forthe ative neutrinos. So, R is observable, in priniple at least, if a largehierarhy of the Dira masses is a ommon feature of all quarks and leptons.In this sense R is a physial objet whih is imprinted in low energy physialquantities, namely the masses of the ative neutrinos. Unlike the quarksetor with its Cabibbo�Kobayashi�Maskawa mixing matrix [16℄ the leptonsetor has therefore two important matries in the �avor spae. One is the



On the Hierarhy of Neutrino Masses 2575lepton mixing matrix UMNS [12℄ whih a�ets the form of the weak hargedurrent. Another is the matrix R de�ned in Eq. (7). R a�ets the formof UMNS. Moreover, it is also re�eted in the low energy neutrino massspetrum. In our phenomenologial approah we use the experimental inputto �x the form of R. One may hope that this is a �rst step towards anunderlying theory of �avor.3. Lepton mixing matrixIn the previous Setion we have arrived at a way of resolving the problemof strong hierarhy of ative neutrino masses. However, we must show thatthe model desribes orretly the mixing pattern. We now study the mixingmatrix UMNS. In our model, the mixing is due to both harged leptons andneutrinos. The mass matrix for the harged leptons an be written asL = VR diag(me;m�;m� ) VL � VR m(l) VL : (12)The matrix VR multiplying m(l) from the left side an be made equal to oneby an appropriate rede�nition of the right-handed harged leptons. Thishas no observable onsequenes beause at our low energies only left-handedweak harged urrents an be studied. The orresponding Dira mass matrixfor the neutrinos is given in Eq. (4). Let O be a unitary matrix suh thatOTNO = diag(�1; �2; �3) : (13)Note that in Eq. (13) the diagonalization is done by multiplying by thetransposed matrix OT, rather than the Hermitian onjugate Oy, from theleft. We explain in Appendix B how to perform suh a diagonalization.Eq. (12) implies that M2L = LyL is diagonalized by VL, i.e.VLM2LV yL = diag(m2e;m2�;m2� ) : (14)Then from Eqs. (6), (7) one derivesUMNS = VLO = VLU�1L O0 ; (15)where the unitary matrix O0 is suh that1MO0Tm(�)T R m(�)O0 = diag(�1; �2; �3) (16)with R = P13, f. Eq. (11).



2576 M. Je»abek, P. UrbanWe narrow our searh for a realisti neutrino mass matrix by onen-trating on the following struture of the MNS matrix, whih is known tosuessfully desribe data,UMNS = 0B� 1 0 000 bbbbbbbbbbbbbbbbbbbbbbbbb1CA| {z }harged lepton setor
0B�bbbbbbbbbbbbbbbbbbbbbbbbb 000 0 1 1CA| {z }neutrino setor : (17)Sine we hoose a simple form of UL = 1, Eq. (15) implies that the seondmatrix on the right hand side of Eq. (17) is equal to the matrix O0 diagonal-izing the light neutrino Majorana mass matrix. Suh a form of this matrixan be obtained even if the mass matrix N is not of the blok diagonal formsuggested by Eq. (17). In fat, assuming a diagonal Dira mass matrix asin Eq. (5), one obtains the light Majorana mass matrixN = �0� 0 0 r0 1 0r 0 01A ; (18)where r = m1m3m22 ; � = m22M : (19)The way to sidestep this di�ulty is to exhange the eigenvetors of themass matrix with a permutation P23,P23 = 0� 1 0 00 0 10 1 01A ; (20)see [1, 2℄ for details. Then N in Eq. (18) is diagonalized by the matrixO0 = P23U12 ��4� ; (21)where U12 (�) = 0� i os� sin� 0�i sin� os� 00 0 11A : (22)This way, the matrix P23 will appear sandwihed between the two ma-tries in Eq. (17). In priniple, suh an insertion ould destroy the strutureof the mixing matrix. However, due to the partiular form of the harged



On the Hierarhy of Neutrino Masses 2577lepton matrix, nothing wrong happens sine the e�et of P23 ating to theleft is that of exhanging the seond and third olumn. But this may beseen to orrespond to an innouous relabeling of �avors, made irrelevantespeially for the model of the harged lepton matrix we are using,VL = O23 ���4� ; (23)the right hand side meaning the rotation about the �rst axis by the angle of��=4 [2℄. This form of VL has been onsidered in many published models[17℄, in partiular in the models based on the so-alled lopsided form of theharged lepton mass matrix [18℄.4. A realisti modelThe onstrution shown above lets us get rid of the fator of m23=M inthe ative neutrino spetrum, f. Eq. (8), but the mass splitting ratio is nowzero due to the twofold degeneray of the lighter states, so the hierarhyproblem appears to have atually been aggravated. On the other hand, themixing pattern orresponds to the so-alled bimaximal mixing [19℄ whih isnot aeptable for the solar neutrinos [8℄. Both problems an be ured by anappropriate perturbation of the Dira matrix, whose form was found in [2℄.The resulting low energy neutrino mass matrix isM = P23U�LNU�1L P23 = �0� 0 r 0r 2ar 00 0 11A ; (24)where a�1 = tan 2��. For a > 0 the matrix M in (24) is diagonalized byUT12(��)MU12(��) = diag (�1; �2; �3) : (25)Realisti spetra and mixing are obtained for the following range of theparameters a and r0:35 � a � 0:75 and 0:05 � r � 0:25 (26)with the best �ts orresponding to a between 0.46 and 0.57 and r between0.09 and 0.10. It is interesting that the value of r � 0:08 is obtained if theDira masses of neutrinos are assumed to be proportional to the orrespond-ing masses of the harged leptons, see the footnote after Eq. (42) in [2℄. Thelepton mixing matrix beomes



2578 M. Je»abek, P. UrbanUMNS = VLU�1L P23U12 (��) ; (27)and our model leads to the following mass spetrum, see [2℄:�1 � q�m2� tan2 �� =q1� tan4 �� ; (28)�2 � q�m2� =q1� tan4 �� ; (29)�3 � q�m2�: (30)From the presented model we an derive the lightest neutrino mass. Oneobtains about 3 meV at tan2 �� � 0:4. This mass range an be probed bythe 10t version of the GENIUS projet [20℄. Finally, let us note that themass sale of the Majorana masses is between 1010 and 1011 GeV ifm2 � mis assumed. It has been pointed out in [21℄ that this is exatly the rangeof Majorana masses whih may be important for baryogenesis; see [22℄ andreferenes therein. 5. Conluding remarksThe observed neutrino mass splitting ratio exhibits little hierarhy om-pared to the expetations from a simple seesaw model and the assumptionof a Dira mass hierarhy of the order typial for quarks. Nevertheless,we have shown that seesaw models exist whih sueed in suppressing theunderlying strong Dira mass hierarhy leaving only the weak hierarhy ofe�etive light Majorana masses of ative neutrinos. This redution of hi-erarhy is aused by the symmetri unitary operator R, whose e�et is tomodify both the low energy mass spetrum and the lepton mixing matrixUMNS. Realisti mixing pattern and masses are obtained with the form ofR proposed in [1℄ after introduing a proper perturbation of the diagonalDira mass matrix [2℄. The resulting model predits a relation between thetwo lighter ative neutrino masses, �1=�2 � tan2 ��, whih is stable undersmall perturbations. Furthermore, the mass of the heaviest neutrino is re-lated to the mass sale q�m2� governing the osillations of atmospherineutrinos. A small Ue3 follows naturally from the model. The mass of thelightest neutrino is predited to be about 3 meV and an be tested by the10t GENIUS detetor if Majorana phases are not too small and there are nostrong anellations between ontributions to the mass parameter hm�ei.



On the Hierarhy of Neutrino Masses 2579We would like to express our admiration for Stefan Pokorski's works inphysis and wish him many further suesses in the future. This work wasdone during our stay in the Institut für Theoretishe Teilhenphysik, Univer-sität Karlsruhe (TH). We would like to thank the Alexander-von-HumboldtFoundation for grants whih made this possible. A warm atmosphere inTTP is gratefully aknowledged. Work supported in part by the EuropeanCommunity's Human Potential Programme under ontrat HPRN-CT-2000-00149 Physis at Colliders, and by the Polish State Committee for Sienti�Researh (KBN) grant no. 5P03B09320.Appendix ASolution for URThe unitary matrix UR de�ned in Eq. (4) is to satisfy the relationUTRUR = 0� 0 0 exp i�10 exp i�2 0exp i�1 0 0 1A : (A.1)Note that if U 0TR U 0R = 0� 0 0 10 1 01 0 01A (A.2)and UR = U 0R0� exp i�12 0 00 exp i�22 00 0 exp i�12 1A ; (A.3)then the ondition (A.1) is satis�ed. It is thus enough to �nd the matrix U 0Rful�lling Eq. (A.2), whih an be represented asU 0TR = 0� 0 0 10 1 01 0 01AU 0�TR : (A.4)Denoting the elements of U 0TR as(U 0TR )ij = aij (A.5)one an write equations for the aij following from Eq. (A.4)a3i = a�1i; a2i = a�2i; i = 1 : : : 3 : (A.6)



2580 M. Je»abek, P. UrbanAnother set of relations follows from the unitarity of U 0R and an onvenientlybe written in terms of the real vetors u; v; w de�ned asu � (a21; a22; a23); v + iw � (a11; a12; a13) : (A.7)Then, u � v = u �w = v �w = 0 ; (A.8)u2 = 1; v2 = w2 = 12 : (A.9)Obviously, the onditions (A.8), (A.9) do not hange under a rotation of thesystem 0�v + iwuv � iw1A �! 0�v + iwuv � iw1AO ; (A.10)where O is an arbitrary orthogonal matrix. We an therefore hooseu = (0; 1; 0); v = 1p2(1; 0; 0) ; w = 1p2(0; 0; 1) (A.11)to get U 0R = 0� 1p2 0 1p20 1 0ip2 0 �ip2 1A : (A.12)If we take the rotation matrixO = 0BB�� 1p6 1p3 1p2q23 1p3 0� 1p6 1p3 � 1p2 1CCA ; (A.13)we obtain another solution to Eq. (A.2)OU 0R = 1p3 0� ! 1 !�1 1 1!� 1 ! 1A ; (A.14)where ! = exp 2�i3 .



On the Hierarhy of Neutrino Masses 2581Appendix BDiagonalization with transposed matriesWhen diagonalizing the neutrino mass matrix, one must do it by multiplyinga unitary matrix V to the right and its transpose, V T, rather than theHermitian onjugate, to the left. That is, we are faed with the problemof �nding a unitary matrix V suh that a given symmetrial matrix M isdiagonalized V TMV = diag(�1; : : : ; �n) : (B.1)Sine the eigenvalues are to be interpreted as masses, we furthermore require�i 2 R and �i � 0. In general, this problem is di�erent from the usualproedure of diagonalization. In this appendix we show that the matrix Vsatisfying Eq. (B.1) has the formV = (v1 v2 : : : vn) = (u1 u2 : : : un)� i (w1 w2 : : : wn) ; (B.2)where ui;vi;wi are olumn vetors, e.g.vi = 0� vi;1...vi;n1A ; (B.3)and they satisfy the equationM� uiwi� � �MR MIMI �MR�� uiwi� = �i� uiwi� for �1; : : : ; �n � 0 : (B.4)In the formula above, MR and MI are the real and imaginary parts of thematrix M , respetively: M =MR + iMI : (B.5)Note that if � uiwi� (B.6)is the eigenvetor with the eigenvalue �i then� wi�ui� (B.7)is the eigenvetor with the eigenvalue ��i. The unitarity of V requires theorthogonality relations for the vetors ui;wi:vyivj = uTi uj +wTi wj = (ui;wi)T� ujwj � = Æij : (B.8)
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