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We review the propagation of light neutrinos in matter assuming that
their mixing with heavy neutrinos is close to present experimental limits.
The phenomenological implications of the non-unitarity of the light neu-
trino mixing matrix for neutrino oscillations are discussed. In particular we
show that the resonance effect in neutrino propagation in matter persists,
but for slightly modified values of the parameters and with the maximum
reduced by a small amount proportional to the mixing between light and
heavy neutrinos squared.

PACS numbers: 12.15.Ff, 14.60.St, 26.65.+t, 95.85.Ry

1. Introduction

There is convincing evidence for neutrino masses and mixing, being at
least three light neutrinos with masses < 2.2 eV [1,2]. In fact LEP has mea-
sured the number of light standard neutrinos N, = 2.994 + 0.012, excluding
new ones with masses below ~ M /2. Light neutrinos with small couplings,
sterile, and heavy ones are not ruled out, although there are astrophysical
and cosmological constraints on their masses, nature and decay lifetimes [3].

In order to describe their interactions it is usually assumed that the
mixing of the three light standard neutrinos is given by a unitary matrix,
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and then that their mixing with heavy neutrinos (and the lack of unitarity)
is negligible. In practice this is the case for see-saw models [4]. Indeed, if for
the sake of discussion we assume only one light neutrino, the mass matrix

(0 ) 0

requires a very heavy Majorana mass, typically of the order of the unifica-
tion scale M ~ 10'S GeV, to generate light masses m ~ v2/M ~ eV, with
v ~ 250 GeV the electroweak vacuum expectation value. As a consequence
the mixing between light and heavy neutrinos v/M ~ 1072°, and thus com-
pletely negligible. The numerical problem can be improved introducing a
small Yukawa coupling A (v — Av everywhere), but not evaded. However,
one can write down models where the light masses and mixings are not
correlated, allowing in principle for observable non-decoupling effects pro-
portional to the mixing between light and heavy neutrinos. In particular in

the general 2 x 2 case
a v
< Av M) 2)

the light mass m ~ a — A2v?/M can vanish and at the same time the mixing
~ A /M can be relatively large if we fine tune a. This scenario can be
made more natural adding new degrees of freedom. For example, one can
write models with two heavy neutrinos N and N’ per family and an effective
approximate symmetry L, + Ly — Ly» implying a mass matrix of the form

0 0 XM
0O 0 M|, (3)
A M0

where a large singlet vacuum expectation value M gives a Dirac mass to
the heavy neutrinos, whereas the light neutrino is massless and the mixing
between the light and heavy neutrinos Av/M arbitrary. This is similar to
the light neutrino mass matrix texture obtained imposing the lepton number
symmetry L,, — Ly, — L, [5]. Eq. (3) generalises to three families trivially
but leaves three massless neutrinos. If we want to give them a small mass,
we can introduce a Majorana mass m’ < M for the heavy neutrino N,
violating the approximate symmetry and inducing a light neutrino mass
m ~ m/A2v?/M?. An alternative way is to assume that there exists a much
heavier Majorana fermion which through the see-saw mechanism gives a very
small mass to the light neutrino, violating also the approximate symmetry
(up-left entry), and mixes very little. At any rate, it seems necessary in order
to have small enough neutrino masses and at the same time a relatively large
mixing between light and heavy neutrinos, that both have different origin.
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Models with extra dimensions can do the job [6,7]. A neutral fermion living
in the bulk can reduce to a massless right-handed neutrino plus a tower
of heavy Kaluza—Klein modes. Then as pointed out in Ref. [7] after the
electroweak symmetry breaking the new fermions can mix with a standard
neutrino and give a massless mode with a relatively large mixing ~ AvR,
where R is the compactification radius. In this case the truncation of the
Kaluza-Klein tower can also generate a tiny neutrino mass ~ A%v2/Ms,
with Mg the mass scale of the underlying (string) theory where the infinite
Kaluza—Klein tower is truncated.

If one assumes a relatively large departure of the unitary mixing among
light neutrinos, one must wonder about possibly large contributions to rare
leptonic processes, e.g. 4 — ey, — eeé, Z — efi,.... As no such decays
have been observed, relatively stringent bounds on the mixing between light
and heavy neutrinos and the heavy masses can be derived [8]. In the fol-
lowing independently of their origin we discuss the effects of non-decoupled
heavy neutrinos in light neutrino physics, in particular in neutrino oscilla-
tions.

New contributions to processes involving only the known fermions as ini-
tial and final states are typically proportional to the square of the mixing
between light and heavy neutrinos, and then small and difficult to observe.
This makes processes forbidden in the absence of such a mixing particularly
interesting. Prime examples are the lepton number violating processes in-
volving charged leptons and CP violating neutrino oscillations. If the angle
mixing the electron and tau neutrinos is not small but negligible, no CP
violating neutrino oscillation is observable if the light neutrino mixing ma-
trix is unitary. This does not need to be the case if the light neutrinos mix
with heavy ones making the light neutrino mixing matrix non-unitary [9].
Hereafter we will discuss this possibility following closely Ref. [10] but stick-
ing mainly to the eigenmass basis description of neutrino oscillations. In
Section 2 we introduce the neutrino bases convenient for describing neu-
trino propagation in matter [11], which we review in Section 3. In Section
4 we study the case of two neutrinos propagating in unpolarised, isotropic
and neutral matter, and in Section 5 we calculate the corrections to the
resonance effect in neutrino oscillations. Section 6 is devoted to conclusions.

The mixing with heavy neutrinos implies the loss of unitarity of the
Maki-Nakagawa—Sakata (MNS) mixing matrix [12] describing the charged
current interactions. The same happens if the observed charged leptons
mix with new heavy ones [13]. The phenomenological consequences are also
similar. Both cases are explicit examples of the Standard Model (SM) ex-
tensions parametrised in Ref. [14]. Present limits on rare processes postpone
any observation of these effects in neutrino oscillations to v factory experi-
ments [15].
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2. Neutrino eigenstates

Let us assume that there are three light active, ng light sterile and ng
heavy neutrinos. So the mass matrix has dimension n = 3 4+ ng + ng, being
diagonalised by a unitary matrix

UTMUU = ( )dlag = dlag(m1m2 m3+nsM1 MnR) 3 (4)

=4 ) )

with the (34+ng) x (3+ng) matrix U (ng xng matrix U’) describing the mixing
among the light (heavy) neutrinos and the matrices V and V' parametris-
ing the mixing between the light and heavy neutrinos. Thus, the flavour
eigenstates are linear combinations of the mass eigenstates

where

n 3+ng 34+ns+nr
[Va) = Z U* Jailvi) = Z az|Vi> + Z V;’L|VZ ) (6)
=1 1=34ns+1

with a = 1,2,3 standing for e, u, 7, respectively. In the charged lepton
mass eigenstate basis the first three rows of U, parametrise the charged and
neutral current interactions, the corresponding Lagrangians being

L l 1 — Uy ;W + h.c. 7
cCc = QﬂSIDHWa;LT; a'Y Y5 ( )az iV ( )
and
e
Ing = ————— Z vt (1 = ys) i

4 sin Oy cos Oy |
i,j=

+2 > [Ty (L= ) —2Qpsin’Ow] f 3 Z,,  (8)
f=epn

where T3y and () are the third component of the weak isospin and the charge
of the fermion f, respectively, and 2;; = >-,_. , ; (Us)4;(Uv),;. The non-
observation of SM deviations (except for neutrino oscillations) bounds the
new interactions. Universality sets limits on the diagonal elements of

Wap = WWap = dus — (uuf)aﬂ : 9)
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and the off-diagonal ones are mainly constrained by the non-observation of
the lepton number violating processes pu — ey, u — eeé, Z — efi, ... [8]

Wee < 0.0054, wy, < 0.0096, wrr < 0.016, |we,| < 0.0001, |w, | < 0.01
(10)
(assuming no model dependent cancellation).

Future experiments will improve these bounds or detect new effects. In
neutrino oscillations with low energy production and detection processes and
heavy neutrinos not propagating large distances the effective flavour states
are obtained truncating Eq. (6)

3+ng 3+ns

Do) = Ay Z Ugilvi) = Z Usilvi) (11)
i—1 i—1

where we have also conventionally included the normalisation factor
Ao = Z3+ns |Z/{az|2 = /1 — waq- These states do not need to be orthog-
onal

<’7a|’75> = (>\a>‘ﬁ)_1 (5a,3 - waﬂ) ) (12)

reading in the flavour basis

3+nsg n
Da) = ;1 [Va) — Zwﬂa|l/ﬂ Z (V’UT>/3 lvg) | - (13)
B=3+ns+1 @

As an example, let us consider neutrino production in the charged current
process l, X — vgY . If the available mass

Amg = A (\/(El; + Ex — Ey)? — (p). +9x —ﬁy)Q) (14)

is much smaller than the heavy neutrino masses but much larger than the
light ones, these will be produced coherently and the amplitude

3+nsg
Al X = 75Y) = N3 Y Ui A(l, X — 1Y)
=1
3+nsg
~ A Uty AN X = 1Y)
i=1
= 25" (680 — wga) AM(IZ X = vaY), (15)

where ASM(I7 X — 1,Y) is the SM amplitude for massless neutrinos. In

particular
o(IZX = 7,Y) ~ Xo™M(IZ X = 1,Y). (16)
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3. Neutrino propagation in matter

Similarly to the case of photons the coherent scattering of light neutrinos
in a medium modifies their properties. In the first case it gives the index
of refraction of light, and for neutrinos it modifies their effective masses
changing substantially their oscillation pattern, also showing resonance phe-
nomena eventually [11]. The coherent neutrino scattering is described by a
four-fermion Hamiltonian

3—|—nS
H,( Z > ] [Fre (g + afiw) 7], ()
zk 1la=V,A
where I'y(4) = Yu(vuy5) and f stands for the type of matter electrons e
and nucleons p,n. This Hamiltonian and the couplings g and gf can
be calculated from Egs. (7),(8) [10]. The Feynman dlagrams are drawn in
Fig. 1.

@) () ©

Fig.1. Feynman diagrams for neutrino scattering in matter. All three diagrams
contribute to neutrino-electron scattering n; + e~ — ni + e~ (f = e), but only
diagram (a) contributes to neutrino—nucleon scattering n; + f — ny + f (f = p,n).

0 = —gF = Ulei + p (— 4 + 2sin® Ow) |
] - 1
gev = —geh = —Ulei + 3P 8%i;

gf%/ = —glsz = pQi (T3; — 2Q sin’ ),

Jf = —9ea = —pQiTsy, (18)

where f = p,n and
My

M% C082 0W 3 3p 3n / ) Qp 3 Qn ( )

p:
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Then, the interaction Hamiltonian for a v; of momentum k and helicity A
propagating in matter produces a v; with the same momentum and helicity
is

mt_Z/d3 NfZ/ 3pfp’

(v K A(f 7 31 H] (@) f 5 Dvi k), (20)

where ps(p,5) is the distribution function for the background fermions of
type f, momentum p and spin § normalised to give the number of fermions

per unit volume
Ny = Z / 3Pf (21)

Assuming that the neutrinos are relativistic k2 ~ Efk > mf . and using
- k
1nt(k = ) — _ |: 1nt(k = +1)j|

Egs. (17),(18) we can write
s i (£2)
f k| Ey

i ((BF\ [ EEN ] (Ep)@- )
o << Ey > f<|E|Ef> <|E|<mf +Ef>>>

(22)

where Ey = ,/mfc + p? and my are the energy and mass of the f fermion,
respectively,

B

!

Z / 30125, (23)

and A = —1 (+1) stands for the helicity of the Dirac (antineutrinos) and
Majorana neutrinos. This Hamiltonian enters the evolution equation for
light neutrinos (expanding to first order in H™?)

3+nsg

1—¢k (X t) =" Hilpi(k A1), (24)
=1

with o (k A\, ) = (v, k A|9(t)) and

A
He = ﬂilém + HI(E ). (25)
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As usual, we have removed the diagonal pieces of the effective Hamiltonian
for they give global unobservable phases in neutrino oscillations. In partic-
ular Amzl = m2 — m1 With these equations one can evaluate the different
probability amphtudes We apply them to a simple example in next section.

4. Propagation in an unpolarised, isotropic
and electrically neutral medium

Let us assume that for each fermion type f matter is unpolarised (§) = 0
and isotropic (p) = 0, and as a whole electrically neutral N, = N, # N,,. In
this case the interaction Hamiltonian is momentum and helicity independent

HENF ) = V2Gr [Ne(gby + gbi) + Nughi|
= \/_GF < kuez - §P~kaNn> . (26)

For constant density the evolution equation (24) can be easily solved diag-
onalising the effective (Hermitian) Hamiltonian

0 0 0 0
0 Am3, 0 0
et — Lo 0o amy o o
2kl o 0 0  Am?
: ki
3 + (AQ'_;%&) 0 0
Ny .
+V2Gr Y U, 0 -5 0 Usi
a,f=1 0 0 =5/ as
3+nsg
= W2 Wii, 27
2| P 2 ji (27)
where fn? are the effective (real) masses and Wj; the diagonalising (uni-

tary) matrix giving the effective mass neutrinos as linear combination of the
vacuum mass ones. Hence

Apysig(L) = (05(0)|7a(t = L))
gy ﬂ'ﬁiL
= N DT U We T U, (28)
k,ji=1

The X\ factors result from the normalisation of the effective flavour states
in Eq. (11). If we ask for transitions of flavour neutrinos travelling long
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distances (allowing for heavy neutrinos to decay), these factors must be
removed according to Eq. (15)

Ay (L) = AaAgAsy iy (L) (29)

For illustration we calculate the probability amplitudes for the case of 2
standard families and 1 heavy neutrino. We can as usual parametrise I and
V in Eq. (5) with 3 mixing angles and 1 phase

C12€C13 512€13

u=1 _ _ is _ is | (30)
512€23 C12523513€ C12€23 512523513€

s13¢ 10

< 523C13 ) ’ (31)
where s;;, ¢;j stand for sin6;;, cos 6;;, respectively, and s13 and s93 are small,
with their products being constrained by Eq. (10). (U, has the same form as
the mixing matrix for three families but now the third row corresponds to the
mainly heavy singlet neutrino, and the third column to the corresponding
heavy mass eigenstate. The other two phases needed to parametrize U, in
general are not observable in neutrino oscillations.) We can use the vacuum

expressions to learn about the new effects. Indeed, taking W equal to the
identity

Py, sy, (L) = |Ay, 0. (L)|* = ci5 (1 — sin? 2012 sin” A) (32)

AmglL

with A = 2
4|

, and

2 2 2 . 2 . .
Py, 5u, (L) = ci3573533 + sin2012¢73 {513523¢23 sin 0 sin 24

+ [sin 2019 (033 — 3%3333) 4+ cos 2019513 sin 26093 cos 5] sin’ A} . (33)

The sum of both probabilities is always smaller than 1. In fact if we also add
the probability amplitude for producing the mainly heavy flavour eigenstate
P, (L) (which one may eventually detect through its decay products
[16]), we obtain 25, which is smaller than 1 if the electron neutrino mixes
with the heavy mass eigenstate, s;3 # 0. Besides, there are CP violating
effects even with two families (or with three families and a vanishing mixing
between the first and third one, or two degenerate light masses)
AP,Y,, (L) = Pyy,(L) = P, (L)

Ve—Vy

= %,8in2019513 510 2093 sin I sin 2A . (34)
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At any rate, all new effects are suppressed by at least the product of two
small mixings si3 and/or sg3, and thus they are bounded by the stringent
limits in Eq. (10). Obviously we call the initial neutrino e and the final p
but they stand for any two flavours. In fact the larger effects are expected
for v, — v, transitions.

5. Resonant oscillation of light neutrinos
without heavy neutrino decoupling

The same is true for neutrino oscillations in matter. For example in this
case the usual resonant behaviour

sin 2912

Sin 207 = = (35)
\/(% — €08 2012)2 + sin? 265
writes 4
Sin 20eg = ¢35 (36)
V(B — c0s20;5)2 + A2
with
o 2
2 k|N,
A? = |[sin20;5 + \/_GF7|2|313 sin 26053 cos §
Ams,
o 2
2 N,
+ <7IZF|];| n) 5%3 sin? 2093 sin’ & ,
may
V2Gr k(2N = No) 5 | V2Gr kN,
B = A2 i3+ W(C%:s — s13s53) . (37)
21 21

Thus the form is the same, but the resonance effect corresponds to values
of the parameters corrected by amounts again suppressed by at least the
product of two small mixings s13 and/or sg93. The important point is that
the maximum sin 20, is not 1 but ¢2; what gives another (difficult) way to
measure the mixing between light and heavy neutrinos.

6. Conclusions

Light neutrino masses are so small that mixing between light and heavy
neutrinos must have a different origin if it is to be observable. This requires
either fine tuning or models with two different heavy scales. Natural SM
extensions realizing this scenario are FEg models with two heavy scales of
gauge symmetry breaking. Models with extra dimensions have also typically
two such scales, the compactification and the string scale.
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Independent of its origin one may wonder about the phenomenological
implications of having heavy neutrinos with relatively large mixing with the
SM ones. This case does not exhibit the cancellations present in the SM with
only three massive light neutrinos but the departure from the SM predictions
is bounded to be small, in fact smaller than the limits quoted in Eq. (10).
These bounds result from charged lepton processes highly suppressed in the
SM. New heavy neutrinos manifest in these transitions through their inter-
change in loops; whereas in neutrino processes they show up at tree level.
In any case it can be proven that the corrections involve at least two powers
of the small mixing between light and heavy neutrinos. No such new effects
have been observed, the required precision for their detection demanding
improved measurements of rare charged lepton processes or neutrino experi-
ments at a v factory. In this case the main signature is the observation of CP
violation together with no mixing between the first and third families. Other
effects which are corrections to SM processes like the sum of probabilities
not adding to 1 or modified resonance effects will be difficult to discriminate.
At any rate the best place to look for is in u and 7 processes not involving e
because present limits are less stringent. Besides their masses are larger and
it is generally believed that mixing effects have some kind of scaling with
them, favouring the observation of SM departures in heavy flavours.

We thank J. Gluza and J. Santiago for useful comments. The work was
supported in part by the Polish State Committee for Scientific Research
(KBN) under Grant 2P03B05418, MCYT under contract FPA2000-1558,
Junta de Andalucia group FQM 101 and the European Community’s Hu-
man Potential Programme under contract HPRN-CT-2000-00149 Physics at
Colliders.

REFERENCES

[1] D.E. Groom, F. James, R. Cousins, Fur. Phys. J. C15, 191 (2000).

[2] For a recent review on neutrino physics M.C. Gonzélez-Garcia, Y. Nir,
hep-ph/0202058; see also S.M. Bilenky, C. Giunti, W. Grimus, Prog. Part.
Nucl. Phys. 43,1 (1999); E.Kh. Akhmedov, in Trieste 1999, Particle physics,
p. 103, hep-ph/0001264; J.W.F. Valle, hep-ph/0205216.

[3] R.N. Mohapatra, P.B. Pal, Massive Neutrinos in Physics and Astrophysics,
Lectures Notes in Physics, Vol.41, World Scientific, Singapore 1991.

[4] M. Gell-Mann, P. Ramond, R. Slansky, in Supersymmetry, eds. D. Freed-
man and P. van Nieuwenhuizen North Holland, Amsterdam 1979, p. 315;
T. Yanagida, in Proceedings of the Workshop on Unified Theory and Baryon
Number in the Universe, eds. O. Sawada and A. Sugamoto, KEK, Tsukuba,



2596 F. pEL AGUiLA, M. ZRALEK

Japan (1979); R. Mohapatra, G. Senjanovic, Phys. Rev. Lett. 44, 912 (1980);
Phys. Rev. D23, 165 (1981).

[5] R. Barbieri et al., J. High Energy Phys. 9812, 017 (1998); G. Altarelli, R. Fer-
uglio, Phys. Rep. 320, 295 (1999).

[6] N. Arkani-Hamed, S. Dimopoulos, G. Dvali, J. March-Russell, Phys. Rev.
D65, 024032 (2002); Y. Grossman, M. Neubert, Phys. Lett. B474, 361 (2000).

[7] K.R. Dienes, E. Dudas, T. Gherghetta, Nucl. Phys. B557, 25 (1999).

[8] F. del Aguila, M.J. Bowick, Nucl. Phys. B224, 107 (1983); P. Langacker,
D. London, Phys. Rev. D38, 907 (1988); E. Nardi, E. Roulet, D. Tommasini,
Phys. Lett. B327, 319 (1994); D. Tommasini, G. Barenboim, J. Bernabeu,
C. Jarlskog, Nucl. Phys. B444, 451 (1995); S. Bergmann, A. Kagan, Nucl.
Phys. B538, 368 (1999); J.I. Illana, T. Riemann, Phys. Rev. D63, 053004
(2001).

[9] F. del Aquila, M. Zralek, Nucl. Phys. B447, 211 (1995); J.A. Aquilar-
Saavedra, G.C. Branco, Phys. Rev. D62, 096009 (2000).

[10] B. Bekman et al., hep-ph/0207015 and references therein; see also M. Czakon,
J. Gluza, M. Zralek, Acta Phys. Pol. B32, 3735 (2001).

[11] L. Wolfenstein, Phys. Rev. D17, 2369 (1978); S.P. Mikheev, A.Y. Smirnov,
Sov. J. Nucl. Phys. 42, 913 (1985) [Yad. Fiz. 42, 1441 (1985)].

[12] Z. Maki, M. Nakagawa, S. Sakata, Prog. Theor. Phys. 28, 870 (1962).

[13] G.C. Branco et al., University of Granada preprint, UG-FT-139/02.

[14] M.C. Gonzalez-Garcia, Y. Grossman, A. Gusso, Y. Nir, Phys. Rev. D64,
096006 (2001).

[15] M.M. Alsharo’a et al., hep-ex/0207031.

[16] F. del Aguila, E. Laermann, P.M. Zerwas, Nucl. Phys. B297, 1 (1988).



