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THE ENERGY AND COMPRESSIBILITYLIQUID DROP MODEL EXPANSIONIN THE EXTENDED THOMAS�FERMI MODELM. Abd-AllaDepartment of Physi
s, Cairo University, Cairo, Egypt(Re
eived April 2, 2002; revised version re
eived O
tober 16, 2002)We used the generalized form of the Thomas�Fermi type for the densitypro�le inside spheri
al nu
lei to obtain a leptodermous expansion for thematter density. This expansion was used to 
al
ulate the energy 
oe�
ientsof the liquid drop model formula. We obtained analyti
al expressions forthe volume, surfa
e, 
urvature and higher order energy 
oe�
ients. Theseanalyti
al expressions were used to derive a liquid drop model expansion for
ompressibility of spheri
al nu
lei. We studied the energy and 
ompress-ibility expansion 
oe�
ients and also their 
onvergen
e. Parti
ular interestwas fo
used on the study of surfa
e and 
urvature properties.PACS numbers: 21.10.Dr, 21.60.Jz1. Introdu
tionFor nu
lei that are not too small the surfa
e thi
kness is mu
h smallerthan the nu
lear radius (leptodermous system) and we 
an expand thenu
lear energy of a �nite nu
leus into volume, surfa
e, 
urvature and higherorder 
ontributions. This leptodermous expansion (or the Liquid DropModel (LDM) formula) has proved enormously useful in 
al
ulating �ssionbarriers, ground-state masses and other nu
lear properties [1�3℄. In the limitof a very large nu
lear systems, the density may be 
onsidered to vary alongone axis and extending to in�nity in the two other dire
tions. This one-dimensional geometry is 
alled Semi-In�nite Nu
lear Matter (SINM) and isused to extra
t the surfa
e and 
urvature energy 
oe�
ients of the liquiddrop formula [3, 4℄.In several problems of nu
lear physi
s and astrophysi
s the surfa
e and
urvature properties of nu
lei play a 
ru
ial role. In nu
lear physi
s they areimportant, for example, for barrier heights and saddle-point 
on�guration innu
lear �ssions and also for fragment distribution in heavy ion 
ollision. Inastrophysi
s they are important in studying neutron stars and supernovae.(189)



190 M. Abd-AllaBeing a quantal system, the nu
leus is best des
ribed by the shell modelor one of its self-
onsistent versions, su
h as the Hartree�Fo
k (HF) or ran-dom phase approximations. However, a fairly good des
ription of the nu
leus
an be obtained within the semi
lassi
al approa
h su
h as the liquid-dropmodel, the droplet model or the extended Thomas�Fermi model [1�3℄. Com-parison of Hartree�Fo
k and fully self-
onsistent semi
lassi
al 
al
ulationshas shown that the quantal os
illations in the density are 
on�ned to theinterior of the nu
leus and that the nu
lear surfa
e is well des
ribed bysemi
lassi
al methods [5,6℄. This allows us to 
al
ulate surfa
e properties ofnu
lei by means of semi
lassi
al methods. Although the surfa
e energy 
anbe 
al
ulated in a full quantal way, only one part of the 
urvature energy
an be obtained from a quantum me
hani
al 
al
ulation [7�9℄. This is animportant reason to 
ompute the surfa
e and 
urvature 
oe�
ients usingsemi-
lassi
al methods [9℄.The nu
lear 
urvature energy posses a problem, the so-
alled 
urvatureenergy anomaly [10℄. The value of the 
urvature energy obtained from the-oreti
al 
al
ulations [1, 3, 7�10℄ is about 10MeV. On the 
ontrary, the em-piri
al value determined from the analysis of experimental data on groundstate nu
lear masses is 
ompatible with a vanishing value [2,11,12℄. Severalexplanations have been suggested to solve this anomaly, for instan
e the
onsideration of �nite range intera
tion, Friedel os
illations and relativisti
e�e
ts. The e�e
ts of the �nite range intera
tions and the in�uen
e of Friedelos
illations have been analyzed in referen
e [7℄ and it has been found thatthey are not responsible for the 
urvature anomaly. Also, the relativisti
e�e
ts have been found [9℄ not to be responsible for the anomaly. Myers andSwiate
ki [13℄ pointed out that the reason for this puzzle is due to negle
tingterms of higher order in the LDM formula. They added a higher order termto dispose of the 
urvature energy puzzle. The value of this term was 
hosenempiri
ally so as to make the binding energy vanish at A = 1.The nu
lear 
ompressibility is one important fa
tor in the equation ofstate of nu
lear matter whi
h is a

essible to experiment. It enters stati
properties of nu
lei and also in dynami
al properties. It also plays a rolein determining the strength of the sho
k waves following the 
ollapse of su-pernovae. The dire
t relation between the nu
lear 
ompressibility and these
ond derivative of the binding energy of the nu
leus suggests a liquid droptype formula for the 
ompressibility. One way to determine the 
ompress-ibility 
oe�
ients in this LDM formula is done by �tting the 
ompressibilityliquid drop formula to the experimental data from the giant monopole res-onan
e of nu
lei [14�17℄. Re
ently Satpathy et al., [17℄ used an analyti
alform for the energy LDM expansion to 
al
ulate the 
ompressibility LDMformula. They found that the LDM expansion of the 
ompressibility shows
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ontrast to the rapidly 
onverging LDM energy ex-pansion. They 
on
luded that the LDM expansion of the 
ompressibility isnot quite suitable for the extra
tion of the 
ompressibility 
oe�
ients of thisformula.The present paper has two aims. The �rst aim, is to 
al
ulate the higherorder terms in the LDM energy expansion. We used a variety of Skyrmeintera
tions together with the Extended Thomas�Fermi (ETF) fun
tionalsin
luding fourth order 
orre
tion terms to obtain analyti
al formulae for en-ergy expansion 
oe�
ients. These analyti
al formulae were used to analyzethe surfa
e and 
urvature properties of spheri
al symmetri
 nu
lei. These
ond aim, was to 
al
ulate and study the LDM expansion 
oe�
ients of
ompressibility. The 
onvergen
e of this expansion was also studied.We presented the 
al
ulation method in Se
tion 2. Se
tion 3 presentsour results and dis
ussions. 2. Cal
ulationsThe total energy of a nu
lear system is usually written as an integralover all spa
e of suitable kineti
 and potential energy densitiesE = Z H(r)d3r : (1)For the potential part, a most 
onvenient intera
tion is the Skyrme in-tera
tion that 
onsists of a two-body and a three-body zero range for
e. Thethree-body term simulates the density dependen
e, while the velo
ity depen-dent two-body term represents the �nite range expansion of the for
e [18℄.The general form of the Hamiltonian density for a symmetri
 spheri
al nu-
leus with no Coulomb energy is given byH = Hb +He� +H� ; (2)where Hb, He� , and H� represent the bulk, the e�e
tive mass and the kineti
Hamiltonian energy density, respe
tively. They are given byHb = 38�0�2 + 116 t3��+2 + C1(r�)2 ; (3)He� = C2�� (4)and H� = }22m�� ; (5)



192 M. Abd-Allawhere C1 = 116�9t1 � t2(5 + 4x2)� (6)and C2 = 116�3t1 + t2(5 + 4x2)� : (7)� is the lo
al density of the system and �(�) is its kineti
 energy density.The kineti
 energy density in the ETF model up to the fourth order
orre
tion is given by [3℄�(�) = �0(�) + �2(�) + �4(�) ; (8)where �0(�) is the standard Thomas�Fermi kineti
 energy density term andis given by �0(�) = 35 �3�22 � 23 � 53 ; (9)�2(�) is the se
ond order 
orre
tion and is given by�2 = 136 (r�)2� + 13��+ 16r� � rff + 16 �rff � 112��rff �2 (10)and �4(�) is the fourth order 
orre
tion and is given by�4(�) = 16480 � 23�2� 23 � 13 (8�r�� �4� 27�r�� �2�4�� �+ 24�4�� �2) :(11)f(�) is related to the e�e
tive mass by the relationF (�) = mm� = 1 + �H�� = 1 + 
� ; (12)where 
 = 116 2m}2 h3t1 + t2(5 + 4x2)i : (13)Whenever the energy density 
an be written as a fun
tion of the matterdensity, this is 
alled the Energy Density Formalism (EDF), minimizationof the energy leads to a variational equation known as the Euler�Lagrange(E�L) equation. Solving the E�L equation yields both the density pro�le andthe average total energy of the nu
leus [3℄. The same routine was employedto 
al
ulate the surfa
e energy of the nu
leus using the SINM idea [3,6℄. The
urvature energy is 
al
ulated using the obtained density pro�le [3,6℄.



The Energy and Compressibility Liquid Drop Model Expansion in . . . 193When solving the E�L equation numeri
ally using the ETF limited toa se
ond order 
orre
tion, the variational densities fall o� too qui
kly inthe outer surfa
e and lead to an overestimation of the kineti
 energy [3,18℄.This problem was over
ome when the full fourth order ETF was used andthe results on the average were identi
al to that of Strutinsky-averaged HF
al
ulations [3,4℄. Introdu
ing the fourth order 
orre
tion of the ETF makesthe E�L equation a highly nonlinear fourth order di�erential equation whi
hseems ina

essible to numeri
al solutions [3℄. One pra
ti
al way out of thisdi�
ulty is to perform a leptodermous expansion of the energy using theSINM simpli�
ations [4℄. The se
ond way is to parameterize the densitypro�le and minimize the total energy with respe
t to the density parameters(the restri
ted variational method). The two-parameters Fermi distributionfun
tion (Fermi distribution to a power) for the trial density pro�le wasproved [3,4℄ to give a very good approximation to the numeri
al solution ofthe fourth order E�L equation for symmetri
 SINM.In our model 
al
ulations, we 
hoose the two-parameters Fermi distribu-tion for the trial density�(r) = �0 �1 + exp�r �Ra ���q ; (14)where �0; a, and q are the nu
lear matter 
entral density, the di�usenessparameter and the skewness parameter, respe
tively.For the density pro�le given by Eq. (11), the gradient terms (r�) andthe Lapla
ian terms (4�) 
an be expressed in terms of the density itself.Thus, the total energy of the system 
ontains only integrals of the formR �d3r. These integrals 
an be approximated by the form [19℄Z �pd3r = 4�3 �q0hR3 � aR2A1(pq) + 6a2RA2(pq)� 6a3A3(pq)i ; (15)where the 
oe�
ients An(m) are given by [19℄An(m) = 1(n�1)! Z n1�[1+exp(�x)℄�m+(�1)n[1+exp(x)℄�moxn�1dx : (16)The normalization 
onditionA = Z �(r)d3r = 4�3 �0nR3 � aR2A1(q) + 6a2RA2(q)� 6a3A3(q)o (17)



194 M. Abd-Allais inverted to obtain the radius R in the formR = r0A 13 + aA1(q) + a2r0 hA1(q)� 2A2(q)iA� 13 : (18)From Eqs. (12) and (15) we 
an writeZ �pd3r = �p�10 nA� 3� qr0� [A1(pq)�A1(q)℄A 23+6� ar0�2 [A2(pq)�A2(q)�A1(q)(A1(pq)�A1(q))℄A 13+3� ar0�3 [4A2(q)�3A21(q)(A1(pq)�A1(q))+2A1(q)A2(pq)�2A3(pq)℄+ � ar0�4 [A21(q)(7A1(q)� 9A1(pq)) + 12A2(q) (A1(pq)�A1(q))+ 6A1(q)A2(pq)� 6A3(pq)℄A� 13o : (19)This equation is the leptodermous expansion of the density. Introdu
ingthis equation in the energy Eq. (1), we obtain the leptodermous expansionof the energy in the formE = EVA+ESA 23 +ECA 13 +E0 +E�1A� 13 ; (20)where EV, ES, EC, E0 and E�1 represent the volume, surfa
e, 
urvature,zero and �1=3 energy 
oe�
ients, respe
tively. Ea
h of these terms gets
ontributions from bulk potential, e�e
tive mass and kineti
 energies.Thus, the surfa
e energy 
an be written asEs = Ebs +Ee�s +Eks : (21)The bulk surfa
e energy is given byEbs = �3� ar0�(38 t0�Bs(2) + 116 t3��+1Bs(�+ 2)+ 116 �qa�2 �[9t1 � t2(5 + 4x2)℄G1(0)) : (22)The kineti
 surfa
e energy is given by
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Eks = � 3 qr0 }22m(3a5q �3�2�2 � 23 Bs 53 + 13aBd1 + qa" 136G1(�1) + 
�6 G1(0)� �
�2 �2G1(1) + 13(
�)3G1(2)� 512(
�)4G1(3) + 512(
�)5G1(4)#+ 
�6 �F1(1) � 
�F1(2) + (
�)2F1(3)� (
�)3F1(4)�)� 16480 }22m � 23�2�� 23 �3ar0�C2n8� qa�4H1�27q3a4Q1+24q2a4P1o : (23)The e�e
tive mass surfa
e energy is given byEe�s = �3� qr0�C2�(3a5q �3�2�2 � 23 Bs 83 + �qa� h� 1136G1(0) + 
�6 G1(1)��
�2 �2G1(2) + 13(
�)3G1(3)� 512(
�)4G1(4) + 512(
�)5G1(5)i+ 
�6 hF1(2)� 
�F1(3) + (
�)2F1(4)� (
�)3F1(5)i)� 16480 � 23�2� 23 3ar0 C2� 13 ��7�qa�4H2�3q3a4Q2 + 30q2a4P2� ; (24)where Bs(n), Bd1, G1(n), F1(n), H1, H2, Q1, Q2, P1 and P2 are related tothe 
oe�
ients An(m) and given in the Appendix.The 
urvature energy 
an be written asE
 = Eb
 +Ek
 +Ee�
 : (25)The bulk 
urvature energy is given byEb
 = 6� ar0�2(38 t0�B
(2) + 116 t3��+1B
(�+ 2)+ 116 �qa�2 �h9t1 � t2(5 + 4x2)iB(0)) : (26)



196 M. Abd-AllaThe kineti
 
urvature energy is given byEk
 = 6 aqr20 }22m(3a5q �3�2�2 � 23 B
 53 + qa" 136B(�1) + 
�6 B(0)� �
�2 �2B(1) + 13(
�)3B(2)� 512(
�)4B(3) + 512(
�)5B(4)#+
�6 hX(1) � 
�X(2) + (
�)2X(3) � (
�)3X(4)i)+13 }22m(6qr20B
 � 8��qr20(A1(q + 1)�A1(q)))+ 66480 � 23�2�� 23 � ar0�2 }22m(8� qa�4 [H2 �H1A1(q)℄�27q3a4 [Q2 �Q1A1(q)℄ + 24q2a4 [P2 � P1A1(q)℄)+ 16480 � 23�2� 23 }22m 8�r0q2a3 � 13(24 �(q + 1)A1�q + 93 �� (3q + 2)A1�q + 63 �+ (3q + 1)A1 �q + 33 �� qA1(q)�� 27q �A1�q+93 ��3A1�q+63 �+3A1�q+33 ��A1(q)�): (27)The e�e
tive mass 
urvature energy is given byEe�
 = 6� aqr20 C2(3a5q �3�2�2 � 23 B
 83 + qah� 1136B(0) + 
�6 B(1)� �
�2 �2B(2) + 13(
�)3B(3)� 512(
�)4B(4) + 512(
�)5B(5)i+
�6 �X(2) � 
�X(3) + (
�)2X(4) � (
�)3X(5)� )+ 66480 � 23�2� 23 � ar0�2 C2� 13n� 7q2 [R2 �R1A1(q)℄� 3q [S2 � S1A1(q)℄ + 30 [T2 � T1A1(q)℄o+ 16480 23�2 8�r0q2a3 C2� 43 �30 �(q + 1)A1 �4q + 93 �



The Energy and Compressibility Liquid Drop Model Expansion in . . . 197� (3q + 2)A1�4q + 63 �+ (3q + 2)A1 �4q + 33 �� qA1�4q3 ��� 3q �A1�4q + 93 �� 3A1�4q + 63 �+ 3A1�4q + 33 ��A1�4q3 ��� ; (28)where B
(n), B
, X(n), S1, S2, R1, R2, T1 and T2 are related to the 
oe�-
ients An(m) and given in the Appendix.Also, the energy 
oe�
ient E0 
an be written asE0 = Eb0 +Ek0 +Ee�0 : (29)The bulk energy term Eb0 is given byEb0 = 3� ar0�3(38 t0�B0(2) + 116 t3��+1B0(�+ 2)+ 116 �qa�2 � [9t1 � t2(5 + 4x2)℄C(0)) : (30)The kineti
 energy Ek0 is given byEk0 = 3 a2qr30 }22m(3a5q �3�2�2 � 23 B0 53 + qa " 136C(�1) + 
�6 C(0)� �
�2 �2C(1) + 13 (
�)3 C(2)� 512 (
�)4C(3) + 512 (
�)5 C(4)#+ 
�6 �Y (1)� 
�Y (2) + (
�)2Y (3) � (
�)3Y (4)�)+ }22m �aqr30 U1 � 83(a��)U2� : (31)The e�e
tive mass energy Ee�0 is given byEe�0 = 3 a2qr30 C2�(3a5q �3�2�2 � 23 B0 83+8�3 qaU1+ qa h� 1136C(0)+ 
�6 C(1)� �
�2 �2C(2) + 13(
�)3C(3)� 512(
�)4C(4) + 512(
�)5C(5)i+
�6 �Y (2)� 
�Y (3) + (
�)2Y (4)� (
�)3Y (5)�) ; (32)



198 M. Abd-Allawhere B0(n), U1, U2, C(n) and Y (n) are related to the 
oe�
ients An(m)and given in the Appendix.Also, the energy 
oe�
ient E�1 
an be written asE�1 = Eb�1 +Ek�1 +Ee��1 : (33)The bulk energy Eb�1 is given byEb�1 = � ar0�4(38 t0�B1(2) + 116 t3��+1B1(�+ 2)+ 116 �qa�2 �[9t1 � t2(5 + 4x2)℄D(0)) : (34)The kineti
 energy Ek�1 is given byEk�1 = a3qr40 }22m(3a5q �3�2�2 �23 B1 53 + 6 qa � 136D(�1) + 
�6 D(0)��
�2 �2D(1) + 13(
�)3D(2) � 512(
�)4D(3) + 512(
�)5D(4)�+
�6 [Z(1)� 
�Z(2) + (
�)2Z(3)� (
�)3Z(4)℄): (35)The e�e
tive mass energy Ee��1 is given byEe��1 = a3qr40 C2�(3a5q �3�2�2 � 23 B1 83 + 6 qa ��1136D(0) + 
�6 D(1)��
�2 �2D(2) + 13(
�)3D(3) � 512(
�)4D(4) + 512(
�)5D(5)�+
�6 [Z(2)� 
�Z(3) + (
�)2Z(4)� (
�)3Z(5)℄) ; (36)where B1(n), D(n), and Z(n) are related to the 
oe�
ients An(m) and givenin the Appendix.The nu
lear 
ompressibility is de�ned byK = 9�20 d2 �EA�d�2 ������0 : (37)



The Energy and Compressibility Liquid Drop Model Expansion in . . . 199We used the analyti
al expressions for the energy 
oe�
ients obtainedbefore to get the nu
lear 
ompressibility. A similar leptodermous expansion,or LDM formula, for 
ompressibility is obtainedK = AVA+KSA 23 +KCA 13 +K0 +K�1A� 13 : (38)It is easy and straightforward to 
al
ulate the 
ompressibility 
oe�
ientsKV , KS , KC , K0 and K�1 using the analyti
al equation of the 
orrespond-ing energy terms. 3. Results and dis
ussionsOne pra
ti
al way to solve the fourth order E�L equations is to usethe restri
ted variational method. The trial density pro�le parameters aredetermined by minimizing the total energy of the nu
leus with respe
t tothese parameters. The surfa
e and 
urvature energies are then obtainedusing the SINM approximation. They are de�ned, until now, only for SINMsystems.In our model 
al
ulations we used the generalized form of the Thomas�Fermi distribution fun
tion for the trial density pro�le. We have three den-sity parameters namely, �0, a and q. The 
entral density of the nu
leus �0is determined from the saturation 
ondition of the volume energy and it is�xed by the Skyrme for
e parameters. The normalization 
ondition on themass number of the nu
leus, when using the analyti
al expression for thedensity integral, is inverted to get the LDM expansion for the matter density.This LDM expansion, when introdu
ed in the energy equation, gives 
losedanalyti
al expressions for the LDM energy 
oe�
ients. These expressionswere used to 
al
ulate the surfa
e and the 
urvature energies as fun
tions ofthe density parameters a and q. These density parameters were determinedat the minimum value of both the surfa
e and the 
urvature energies. Theobtained optimal values of a and q for di�erent Skyrme for
es are listed inTable I. The analyti
al expression for the surfa
e energy (also for the otherLDM energy 
oe�
ients) enabled us to study the interrelation between thedi�erent fa
tors of the surfa
e energy. We divided the energy into threeparts: the bulk, the e�e
tive mass and the kineti
 energy term. The sum ofthe bulk and the e�e
tive mass terms is the potential energy. The e�e
tivemass term (the two-body velo
ity dependent term in the Skyrme for
es)re�e
ts the e�e
t of the kineti
 energy formula on the potential part.Table II shows the bulk, e�e
tive mass and the kineti
 surfa
e energies.The total surfa
e energy is also listed and 
ompared with previous results forsome Skyrme for
es. It is noted that the average value of the surfa
e poten-tial energy is +37MeV and the average value of the surfa
e kineti
 energyis �19MeV (to be 
ompared with the average value of the volume poten-tial energy �38MeV and the average value of the volume kineti
 energy



200 M. Abd-Alla TABLE IThe optimal value of the density parameters (a) and (q) for di�erent Skyrme for
eswith the 
orresponding referen
e for the for
e parameters.For
e [Ref. number℄ a qRATP[20℄ 0.64 1.84SGII [21℄ 0.47 1.00SKM* [3℄ 0.6 1.3SKI [22℄ 0.42 1.42SLY4 [22℄ 0.55 1.1SLY7 [22℄ 0.47 1.2SIII [23℄ 0.52 1.4SKA [24℄ 0.64 1.64SKSC4 [25℄ 0.53 1.44SKSC4o [25℄ 0.53 1.44SKSC14 [25℄ 0.53 1.44SKSC15 [25℄ 0.53 1.44SKp [26℄ 0.53 1.11T6 [27℄ 0.56 1.65+22MeV). The negative 
ontribution of the surfa
e kineti
 energy meansthat the parti
les entering the surfa
es are slowed down to redu
e the sur-fa
e energy of the nu
leus. The average value of the surfa
e energy for thedi�erent Skyrme for
e is about +18 MeV whi
h is in a good agreement withthe LDM empiri
al value. Table II shows also that our results are in a strongagreement with that of the restri
ted variational method of Ref. [3℄.Table III shows the bulk, e�e
tive mass and the kineti
 
urvature ener-gies. The average kineti
 
urvature energy is about +2 MeV (SKp and SGIIgive negative values) and the average potential 
urvature energy is about+8MeV. This gives an average value for the nu
lear 
urvature energy ofabout +10MeV whi
h is the well-known value obtained using di�erent the-oreti
al models. The leptodermous 
urvature energy E
 gets 
ontributionfrom the 
ompression energy and the e�e
tive 
urvature energy E�C is givenby [1,2℄ E�C = EC � 2ESKV ; (39)where KV is the volume 
ompressibility. This redu
es the leptodermous
urvature energy by a fa
tor of about 3 MeV and an average value of about7 MeV is obtained for the e�e
tive 
urvature energy. Table III also shows



The Energy and Compressibility Liquid Drop Model Expansion in . . . 201TABLE IIThe bulk, e�e
tive mass and the kineti
 surfa
e energy together with the totalsurfa
e energy for di�erent Skyrme for
es, all in MeV.For
e EbS Ee�S EkS ES ES [Ref.℄SKM* 53.27 �13:04 �22:28 17.95 17.22 [3℄SKa 68.81 �29:56 �20:85 18.39 18.52 [3℄SIII 46.66 �11:98 �16:36 18.32 18.04 [3℄RATP 64.89 �24:21 �22:26 18.43 18.48 [3℄SLY4 61.99 �20:91 �22:39 18.70 18.91 [22℄SLY7 54.28 �18:74 �17:78 17.76 17.85 [22℄SKI 35.17 �3:54 �14:01 17.62 17.31 [22℄SGII 47.26 �11:64 �19:17 16.45 �SKSC4 37.59 0.00 �19:08 18.51 �SKSC4o 37.60 0.00 �19:08 18.52 �SKSC14 37.86 0.00 �19:08 18.78 �SKSC15 37.68 0.00 �19:08 18.60 �SKp 40.47 0.00 �21:31 19.16 �T6 38.32 0.00 �19:55 18.77 � TABLE IIIThe same as Table II but for the 
urvature energy.For
e EbC Ee�C EkC EC(E�
 ) EC [Ref.℄SKM* 3.69 4.82 3.98 12.49 (9.52) 12.82 [3℄SKa �1:07 10.33 4.14 13.41 (10.84) 12.15 [3℄SIII 5.07 2.88 1.76 9.70 (7.81) 9.52 [3℄RATP �0:23 9.21 4.77 13.75 (10.91) 12.99 [3℄SLY4 8.09 5.36 0.17 13.63 (10.58) 8.21 [22℄SLY7 4.53 4.28 1.43 10.24 (7.49) 7.47 [22℄SKI 4.94 0.71 1.58 7.23 (5.55) 5.06 [22℄SGII 8.77 2.24 �0:67 10.35 (7.82) �SKSC4 8.14 0.00 1.36 9.50 (6.58) �SKSC4o 8.13 0.00 1.36 9.49 (6.57) �SKSC14 8.18 0.00 1.36 9.54 (6.54) �SKSC15 8.15 0.00 1.36 9.50 (6 .56) �SKp 11.90 0.00 �1:06 10.84 (7.18) �T6 7.51 0.00 2.24 9.84 (6.85) �



202 M. Abd-Allathat our results for the 
urvature energy using di�erent Skyrme for
es are ina strong agreement with the 
orresponding values obtained by the restri
tedvariational method of Ref. 3.Table IV shows the 
oe�
ients of the higher order terms in the LDMenergy expansion. It is noted that the 
oe�
ient of the E0 term has a slightlygreater value than the 
urvature energy 
oe�
ient EC (but with a negativesign). This result was found in the restri
ted variational 
al
ulations ofreferen
e [17℄ and also dedu
ed by Myers and Swiate
ki [13℄ in their Thomas�Fermi model to over
ome the 
urvature energy puzzle. As seen in Table IVthe energy 
oe�
ient E�1 has a small (negative) value and 
an be negle
tedto stop the energy expansion at the E0 term. TABLE IVThe 
oe�
ients of the higher order terms in the LDM energy expansion.For
e E0 E�1SKM* �12:969 �1:11SKa �12:811 �2:44SIII �10:217 �1:31RATP �13:418 �2:17SLY4 �15:877 �1:92SLY7 �10:472 �1:53SLI �7:228 �0:64SGII �11:125 �1:15SKSC4 �11:386 �0:30SKSCo �11:383 �0:29SKSC14 �11:60 �0:30SKSC15 �11:451 �0:29SKp �14:926 �0:15T6 �11:588 �0:21This result is very 
lear in Table V, where the value of ea
h term inthe energy expansion is 
al
ulated at some representative values of the massnumber (A) using di�erent Skyrme for
es. The energy 
oe�
ient E�1 
anbe negle
ted and the energy expansion stops at the term E0. The energy
oe�
ient E0 
an be negle
ted for mass number A � 200:Table VI shows the energy per nu
leon using the di�erent Skyrme for
esat di�erent values of the mass number (A). We 
ompared our results withthe Thomas�Fermi model of Myers and Swiate
ki EM�S[13℄. We see from



The Energy and Compressibility Liquid Drop Model Expansion in . . . 203TABLE VValues of the di�erent terms in the energy LDM expansion for the representativemass number (A) and di�erent Skyrme for
es.For
e (A) EV ESA� 13 ECA� 23 E0A�1 E�1A� 43 ESKM* (40) �15:776 5.25 0.81 �0:32 �0:01 �10:04(120) �15:776 3.64 0.39 �0:11 0.00 �11:85(200) �15:776 3.07 0.28 �0:06 0.00 �12:49(280) �15:776 2.74 0.22 �0:05 0.00 �12:85SLY7 (40) �15:896 5.19 0.64 �0:26 �0:01 �10:33(120) �15:896 3.60 0.31 �0:09 0.00 �12:07(200) �15:896 3.04 0.22 �0:05 0.00 �12:69(280) �15:896 2.71 0.18 �0:04 0.00 �13:04SKSC4 (40) �15:859 5.42 0.56 �0:28 0.00 �10:17(120) �15:859 3.76 0.27 �0:09 0.00 �11:93(200) �15:859 3.17 0.19 �0:06 0.00 �12:56(280) �15:859 2.83 0.14 �0:04 0.00 �12:92Table VI that our 
al
ulated values for the energy per nu
leon using di�erentSkyrme for
es are 
onsistent with ea
h other. A strong agreement is noti
edfor the for
es SKM*, SLY7 and RATP with that of Myers and Swiate
ki [13℄.We used the obtained analyti
al formulae for the energy 
oe�
ients to
al
ulate the values of the 
ompressibility 
oe�
ients for the most usedSkyrme for
es.Table VII shows the 
ontribution of the bulk, e�e
tive mass and the ki-neti
 
ompressibility terms to the surfa
e 
ompressibility. The 
ontributionof the bulk and the e�e
tive mass 
ompressibility is negative and gives a neg-ative value for the potential 
ompressibility. The 
ontribution of the kineti
term is a small positive and the surfa
e 
ompressibility has a negative value.The ratio j KS=KV j is also tabulated and it 
an be seen that the s
alingmodel result KS ' �KV is well satis�ed for all Skyrme for
es ex
ept for SIIIintera
tion.



204 M. Abd-Alla TABLE VIThe binding energy as a fun
tion of the mass number (A) for di�erent Skyrmefor
es 
ompared with that of Myers and Swiate
ki EM�S [13℄.A SKM* SKa SIII RATP SLY7 SGII SKp EM�S20 �8:54 �8:42 �8:58 �8:48 �8:88 �9:0 �8:66 �8:5740 �10:00 �10:0 �10:1 �10:1 �10:3 �10:4 �10:1 �10:160 �10:80 �10:8 �10:8 �10:9 �11:0 �11:0 �10:8 �10:980 �11:30 �11:3 �11:3 �11:4 �11:5 �11:4 �11:3 �11:4100 �11:60 �11:7 �11:6 �11:7 �11:8 �11:7 �11:6 �11:8120 �11:90 �11:9 �11:9 �12:0 �12:1 �12:0 �11:9 �12:0140 �12:10 �12:1 �12:1 �12:2 �12:3 �12:2 �12:1 �12:2160 �12:20 �12:3 �12:3 �12:4 �12:4 �12:3 �12:3 �12:4180 �12:40 �12:5 �12:4 �12:5 �12:5 �12:4 �12:4 �12:5200 �12:50 �12:6 �12:5 �12:6 �12:6 �12:5 �12:5 �12:7220 �12:60 �12:7 �12:6 �12:7 �12:7 �12:6 �12:6 �12:8240 �12:70 �12:8 �12:7 �12:8 �12:8 �12:7 �12:7 �12:9260 �12:80 �12:9 �12:8 �12:9 �12:9 �12:8 �12:8 �13:0280 �12:90 �13:0 �12:9 �13:0 �13:0 �12:9 �12:9 �13:0TABLE VIIThe 
ontribution of the bulk, e�e
tive mass and kineti
 surfa
e 
ompressibilityterms together with the total surfa
e 
ompressibility. Also, the absolute value ofKS=KV is shown.For
e KbS Ke�S KkS KS j KS=KV jSKM* �241:6 �44:1 54.0 �231:7 (1.07)SKa �272:5 �81:8 72.2 �282:4 (1.07)SIII �476:3 �36:9 43.0 �470:2 (1.32)RATP �251:6 �78:0 60.0 �269:9 (1.13)SLY4 �240:5 �68:5 57.0 �252:0 (1.10)SLY7 �203:6 �56:2 50.0 �209:8 (0.91)SKI �461:9 �10:1 40.0 �431:9 (1.17)SGII �209:6 �37:2 48.0 �198:8 (0.93)SKSC4 �284:1 0.0 48.0 �236:1 (1.01)SKSC4o �284:0 0.0 48.0 �236:0 (1.01)SKSC14 �285:0 0.0 48.0 �237:0 (1.01)SKSC15 �284:3 0.0 48.0 �236:3 (1.01)SKp �237:6 0.0 51.0 �186:6 (0.93)T6 �291:7 0.0 49.0 �242:7 (1.03)
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ontribution of the bulk, e�e
tive mass and thekineti
 energy terms to the 
urvature 
ompressibility. The 
urvature 
om-pressibility has a positive value (KC � 0.85 KV) for all Skyrme for
es usedin our 
al
ulations. The value of the 
urvature 
ompressibility, as found inliterature, is somewhat un
ertain both in magnitude and in sign [28�31℄.While, Treiner et al., [28℄ found KC to be about +345 MeV for SIII for
eusing ETF model, Nayak et al., [29℄ found within the s
aling model KC tobe negative and about �150 MeV for the same for
e, whi
h they assignedto the use of the fourth order 
orre
tion in the ETF kineti
 energy formula.Re
ently, Satpathy et al., [17℄ used the ETF kineti
 energy formula in
lud-ing only the se
ond order 
orre
tion and found that KC to be negative forSkM* (�110 MeV), SKA (�124 MeV) and SIII (�114 MeV). In our model
al
ulations we found that the 
ontribution of the e�e
tive mass term to the
urvature 
ompressibility is zero for all Skyrme for
es. The 
ontribution ofthe bulk term is small 
ompared to that of the kineti
 term. The kineti
term has the main 
ontribution to the 
urvature 
ompressibility. For the ki-neti
 
urvature 
ompressibility the Thomas�Fermi term is found to be zeroand only the se
ond and the fourth order 
orre
tions of the ETF formula area
tive. The most important terms 
on
erned the 
urvature 
ompressibilityare the gradient and the Lapla
ian terms of the ETF kineti
 formula.TABLE VIIIThe same as in Table VII but for the 
urvature 
ompressibility.For
e KbC Ke�C KkC KC jKC=KVjSKM* �18:9 0.0 231 212 (0.98)SKa 2.1 0.0 194 196.1 (0.75)SIII 53.9 0.0 201 254.9 (0.72)RATP �7:9 0.0 222 214.1 (0.89)SLY4 �20:3 0.0 201 180.7 (0.79)SLY7 �12:6 0.0 202 189.4 (0.82)SKI 48.8 0.0 212 260.8 (0.70)SGII �19:7 0.0 200 180 (0.84)SKSC4 �16:3 0.0 223 206.7 (0.88)SKSC4o �16:3 0.0 223 206.7 (0.88)SKSC14 �16:4 0.0 223 206.6 (0.88)SKSC15 �16:3 0.0 223 206.7 (0.88)SKp �29:1 0.0 221 181.9 (0.91)T6 �15:2 0.0 231 215.8 (0.92)



206 M. Abd-AllaTable IX shows the higher order terms of the 
ompressibility LDM ex-pansion. The 
oe�
ient of the A0 term (K0) is negative for all Skyrme for
esand the 
oe�
ient of the A�1=3 term (K�1) is positive. The 
ompressibilityof symmetri
 spheri
al nu
lei as a fun
tion of the mass number (A) is shownin Table X where we 
ompared our results with that of the TF model ofMyers and Swiate
ki KM�S[32℄ and a good agreement is noti
ed for Skm*,SLy4 and SGII for
es. TABLE IXThe higher order terms of the 
ompressibility LDM expansion.For
e K0 K�1SKM* �219:2 165.2SKa �385:7 204.9SIII �71:9 36.0RATP �319:2 180.1SLY4 �345:0 148.1SLY7 �207:2 72.2SKI �12:8 13.5SGII �187:89 10.4SKSC4 �81:1 92.1SKSC4o �81:0 92.1SKSC14 �81:3 92.4SKSC15 �81:1 92.2SKp �129:5 115.5T6 �83:8 109.4Table XI shows the values of the 
ompressibility 
oe�
ients in the LDMexpansion for some representative mass number A and di�erent Skyrmefor
es. The 
ompressibility 
oe�
ient K�1 
an be negle
ted and the LDMexpansion for 
ompressibility stops at the term K0. The 
ompressibility 
o-e�
ient K0 
an be negle
ted for mass number A � 200. Table XI shows alsothat the LDM expansion of the nu
lear 
ompressibility is rapidly 
onverging.Re
ently, Satpathy et al., [17℄ found that this expansion shows anomalousbehavior. Their result may be due to using only the se
ond order 
orre
tionETF kineti
 energy formula in their 
al
ulations. The nu
lear 
ompressibil-ity is very sensitive to the gradient and Lapla
ian terms of the fourth orderETF kineti
 energy formula. In summary, we used the restri
ted variationalmethod to solve the energy equation of the ETF model in
luding fourth order
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lear 
ompressibility as fun
tion of the mass number for the di�erent Skyrmefor
es 
ompared with that of Myers and Swiate
ki KM�S [32℄.A SKM* SKa SIII RATP SLY7 SGII SKp KM�S20 152 170 214 157 169 158 152 12540 163 189 238 173 180 168 159 14860 168 198 251 180 185 173 163 15980 172 204 259 185 189 176 166 166100 175 208 265 189 192 179 168 171120 177 211 270 192 194 181 170 175140 178 213 274 194 194 182 171 178160 180 215 277 196 196 184 172 181180 181 217 280 197 198 185 172 183200 182 219 282 198 199 186 164 185220 183 220 284 200 199 186 175 186240 184 221 286 201 200 187 175 188260 185 222 288 202 200 187 176 189280 185 223 289 202 201 188 176 190TABLE XIThe values of the di�erent terms in the 
ompressibility LDM expansion for therepresentative mass number (A) and di�erent Skyrme for
es.For
e (A) KV KSA� 13 KCA� 23 K0A�1 K�1A� 43 KSKM* (40) 216.7 �67:79 18.13 �5:47 1.21 162.7(120) 216.7 �46:93 8.72 �1:82 0.28 176.7(200) 216.7 �39:58 6.20 �1:09 0.14 182.2(280) 216.7 �35:38 4.96 �0:78 0.09 185.4SLY4 (40) 229.9 �73:7 15.45 �8:62 1.07 164.1(120) 229.9 �51:1 7.43 �2:87 0.25 183.6(200) 229.9 �43:1 5.28 �1:72 0.12 190.5(280) 229.9 �38:53 4.22 �1:23 0-0.8 194.4SKSC4 (40) 234.6 �69:05 17.67 �2:03 0.67 181.9(120) 234.6 �47:87 8.50 �0:68 0.16 194.7(200) 234.6 �40:38 6.04 �0:41 0.08 199.9(280) 234.6 �36:09 4.83 �0:29 0.05 203.1



208 M. Abd-Allagradient 
orre
tions. We got analyti
al equations for the energy 
oe�
ientsin the LDM energy expansion. The LDM energy expansion stopped at thefourth term and gave good 
onvergen
e behavior. The value of the higherorder energy 
oe�
ient E0 was in a good agreement with the empiri
al valueproposed by Myers and Swiate
ki in their Thomas Fermi model to over
omethe 
urvature energy puzzle. Analyti
al expressions were also derived forthe 
ompressibility 
oe�
ients of the LDM 
ompressibility expansion. TheLDM 
ompressibility expansion was found to have good 
onverging behav-ior. The energy and 
ompressibility expansion 
oe�
ients were useful in
omparing the leptodermous 
ontributions of the individual terms of a largevariety of Skyrme for
es on the market for the same referen
e density.AppendixIn this appendix we give the expli
it form of the fun
tions of the 
oe�-
ients An(m) appears in the energy LDM.Bs(n) = A1(nq)�A1(q) ;B
(n) = A2(nq)�A2(q)�A1(q)Bs(n) ;B0(n) = 13f7A31(q)� 12A1(q)A2(q)� 9A21(q)+ 12A2(q)A1(nq) + 6A1(q)A2(nq)� 6A3(nq)g ;B1(n) = A21(q)f5A21(q)� 14A2(q) + 6A2(nq)� 6A2(nq)+A2(q)[8A2(q) + 12A1(q)A1(nq)� 12A2(nq)℄g ;Bd0(n) = A2(q + 1)�A2(q)�A1(q)[A1(q + 1)�A1(q)℄ ;Bd1(n) = qA1(q)� (2q + 1)A1(q + 1) + (q + 1)A1(q + 2) ;Bd2(n) = qA2(q)� (2q + 1)A2(q + 1) + (q + 1)A2(q + 2) ;Bd3(n) = qA3(q)� (2q + 1)A3(q + 1) + (q + 1)A3(q + 2) ;B
 = Bd2 �Bd1A1(q) ;B0 = Bd1[4A1(q)� 3A21(q)℄ + 2Bd2A1(q)� 2Bd3 ;B�1 = B
[A21(q)� 2A2(q)℄ ;Fi(n) = Ai(nq + 2)� 2Ai(2q + 1) +Ai(q) ;Gi(n) = Ai(2q + nq)�Ai(2q + nq + 1) +Ai(2q + nq + 2) ;where i runs over 1, 2 and 3.



The Energy and Compressibility Liquid Drop Model Expansion in . . . 209X(n) = F2(n)� F1(n)A1(q) ;Y (n) = F1(n)[4A2(q)� 3A21(q)℄ + 2F2(n)A1(q)� 2F3(n) ;Z(n) = X(n)[A21(q)� 2A2(q)℄ ;B(n) = G2(n)�A1(q)G1(n) ;C(n) = G1(n)[4A2(q)� 3A21(q)℄ + 2G2(n)A1(q)� 2G3(n) ;D(n) = B(n)[A21(q)� 2A2(q)℄ ;H1 = A1 �q3�� 4A1 �q3 + 1�+ 6A1 �q3 + 2�� 4A1 �q3 + 3�+A1 �q3 + 4� ;H2 = A2 �q3�� 4A2 �q3 + 1�+ 6A2 �q3 + 2�� 4A2 �q3 + 3�+A2 �q3 + 4� ;R1 = A1�4q3 ��4A1�4q3 +1�+6A1�4q3 +2��4A1�4q3 +3�+A1�4q3 +4� ;R2 = A2�4q3 ��4A2�4q3 +1�+6A2�4q3 +2��4A2�4q3 +3�+A2�4q3 +4� ;Q1 = qA1 �q3�� (4q + 1)A1 �q3 + 1�+ (6q + 3)A1 �q3 + 2� ;Q2 = � (4q + 3)A2 �q3 + 3�+ (q + 1)A2 �q3 + 4�+ qA2 �q3�� (4q + 1)A2 �q3 + 1�+ (6q + 3)A2 �q3 + 2� ;S1 = qA1 �4q3 �� (4q + 1)A1�4q3 + 1�+ (6q + 3)A1�4q3 + 2�� (4q + 3)A1�4q3 + 3�+ (q + 1)A1�4q3 + 4� ;S2 = qA2 �4q3 �� (4q + 1)A2�4q3 + 1�+ (6q + 3)A2�4q3 + 2�� (4q + 3)A2�4q3 + 3�+ (q + 1)A2�4q3 + 4� ;R1 = A1�4q3 ��4A1�4q3 +1�+6A1�4q3 +2��4A1�4q3 +3�+qA1�4q3 +4� ;R2 = A2�4q3 ��4A2�4q3 +1�+6A2�4q3 +2��4A2�4q3 +3�+qA2�4q3 +4� ;P1 = q2A1 �q3�� 2q(2q + 1)A1 �q3 + 1�+ (6q2 + 6q + 1)A1 �q3 + 2�� (2q + 1)(2q + 1)A1 �q3 + 3�+ (q + 1)2A1 �q3 + 4� ;P2 = q2A2 �q3�� 2q(2q + 1)A2 �q3 + 1�+ (6q2 + 6q + 1)A2 �q3 + 2�� (2q + 1)(2q + 1)A2 �q3 + 3�+ (q + 1)2A2 �q3 + 4� ;



210 M. Abd-AllaT1 = q2A1 �4q3 �� 2q(2q + 1)A1�4q3 + 1�+ (6q2 + 6q + 1)A1�4q3 + 2�� (2q + 1)(2q + 1)A1�4q3 + 3�+ (q + 1)2A1�4q3 + 4� ;T2 = q2A2 �4q3 �� 2q(2q + 1)A2�4q3 + 1�+ (6q2 + 6q + 1)A2�4q3 + 2�� (2q + 1)(2q + 1)A2�4q3 + 3�+ (q + 1)2A2�4q3 + 4� ;U1 = �2Bd3 + 2Bd2A1(q) +Bd1hA2(q)� 3A21(q)i ;U2 = A2(q + 1)�A2(q)�A1(q) [A1(q + 1)�A1(q)℄ :REFERENCES[1℄ W.D. Myers, W.J. Swiate
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