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1. Introduction

In the Standard Model (SM) CP violation results from Yukawa couplings
of the Higgs field to the quark fields that are introduced to produce fermion
masses. The quark mass matrix is diagonalized by four unitary transforma-
tions. In the charged-weak current the interactions with the W boson to
the quarks becomes flavor diagonal in the basis of weak eigenstates. The
latter are related to mass eigenstates by the unitary Cabbibo–Kobayashi–
Maskawa (CKM) matrix Vij [1,2], where the first (second) index denotes an
up-type (down-type) quark. A convenient representation of CKM matrix is
the Wolfenstein parameterization [3], which to order O(λ5) is given by:

V =





1 − λ2

2 − λ4

8 λ Aλ3(ρ− iη)

−λ+A2λ5(1
2 − ρ− iη) 1 − λ2

2 − λ4

8 (1 + 4A2) Aλ2

Aλ3(1 − ρ̄− iη̄) −Aλ2 +Aλ4(1
2 − ρ− iη) 1 − 1

2A
2λ4



+O(λ6).

(1)
Of the four parameters λ = 0.2235± 0.0033, is the best measured, A ≃ 0.82
is known to ∼ ±5%, while ρ̄ = ρ(1 − λ2/2) and η̄ = η(1 − λ2/2) are poorly
known. In the SM, η̄ represents the CP-violating phase. Unitarity of CKM
matrix yields six triangular relations, of which VudV

∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0

is the most useful, since it specifies a triangle in the ρ̄ − η̄ plane with apex
ρ̄, η̄ and sides of similar length.
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The BaBar experiment has been running since May 1999 and by now
has recorded an integrated luminosity of Ltot = 131.3 fb−1 on the Υ(4S)
peak and Ltot = 12.5 fb−1 in the continuum 40 MeV below the Υ(4S) peak.
This luminosity corresponds to a BB̄ sample of ∼ 1.42 × 108 events. The
performance of the BaBar detector is described elsewhere [4].

Since in the Υ(4S) rest frame B mesons are produced nearly at rest, we

can take advantage of two kinematic variables, mES =
√

E∗2
beam − p∗2B and

∆E = E∗
B−E∗

beam, where E∗
beam and E∗

B (p∗B) respectively denote the beam
energy and the energy (momentum) of the reconstructed B meson in the
Υ(4S) rest frame. In the ∆E −mES plane signal events will cluster around
∆E = 0 and mES = mB , while backgrounds from other B decays and qq̄
continuum typically show no peaking behavior in the signal region.

2. Measurement of |Vcb|

The CKM matrix element |Vcb| is extracted from semileptonic decays
involving charm quarks. The inclusive decay rate to order O(1/m2

B) is pre-
dicted by the heavy quark expansion (HQE) [5]:

Γ (B → Xcℓν) =
G2

F|Vub|2
192π3

0.369m5
B×

[

1−1.54
αs

π
−1.65

Λ̄

mB

(

1−0.87
αs

π

)

−0.95
Λ̄

2

m2
B

− 3.18
λ1

m2
B

+ 0.02
λ1

m2
B

+O

(

ΛQCD

mB

)3
]

, (2)

where GF is the Fermi constant and Λ̄, λ1 and λ2 are non-perturbative HQE
parameters. Intuitively, Λ̄ denotes the energy of the light-quark and gluon
degrees of freedom, λ1/mB represents the average kinetic energy of the b-
quark inside the B meson, and λ2/mB denotes the hyperfine interaction
of the b-quark spin with the spin of the light degrees of freedom. The B
meson mass can be expanded in terms of the b quark mass and the HQE
parameters, mB = mb + Λ̄ − (λ1 + 3λ2)/(2mb). Similarly, hadronic-mass
moments and lepton-energy moments can be expressed in terms of HQE
parameters. Measuring the hadronic-mass moment m2

X , we can determine
Λ̄ and λ1 if we specify λ2 and the next-order HQE parameters.

Following a method pioneered by CLEO [6], BaBar has measured the
mX and m2

X moment distributions in semileptonic B → Xcℓν decays using
8.9 × 107BB̄ pairs [7]. In the recoil of fully reconstructed B mesons in dif-
ferent hadronic final states, we select events that have exactly one lepton
with momentum p∗ > 0.9 GeV in the B rest frame. The missing four-
momentum in the event serves as an estimator for the ν four-momentum
(pmiss = pν) in a two-constraints kinematic fit, where we require equal
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masses for the reconstructed and recoil B mesons and zero missing-mass
squared (m2

miss = 0). For mES > 5.27 GeV 7,114 candidates are retained
above a background of 2,102 events. The resulting m2

X distribution (for
p∗ > 0.9 GeV) corrected for combinatorial backgrounds is shown in
figure 1(a).
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Fig. 1. (a) The measured M2
X distribution for p∗min = 0.9 GeV after subtracting

combinatorial backgrounds. The histogram shows the dominant D and D∗ con-

tributions and the shaded area indicates residual background. (b) Constraints on

HQE parameters from the measured semileptonic decay rate and the m2
X distribu-

tion projected into the Vcb −mb plane. For comparison, combined measurements

for hadronic-mass moments from BaBar , CLEO and DELPHI and lepton-energy

moments from CLEO and DELPHI are also shown.

To extract Λ̄ and λ1, we perform a χ2 minimization of the m2
X mo-

ment distributions for seven different lepton threshold momenta, where we
fixed λ2 = 0.128 ± 0.01 GeV2, Ti = 0 GeV3, ρ1 = 1/2(0.5)3 GeV3 and ex-
pressed ρ2 in terms of T2, T4, and the D∗–D and B∗–B mass splittings [8].

Using the MS scheme [5] we extract Λ̄
MS = (0.53 ± 0.09exp) GeV and

λMS
1 = (0.36±0.09exp) GeV2. A combined fit to the hadronic-mass moments

and the semileptonic width Γsl = (4.37 ± 0.18) × 10−11 MeV in the Υ(1S)
mass scheme [9] yields mb(1S) = (4.638 ± 0.094exp ± 0.090th) GeV, λ1 =
(0.26±0.06exp ±0.06th) GeV2, and |Vcb| = (42.10±1.04exp ±0.72th)×10−3.
While the first error results from all experimental uncertainties, the second
error denotes uncertainties from perturbative effects [10], dimensional anal-
ysis and 1/m3

b corrections summed in quadrature. The Vcb − mb contour
is plotted in figure 1(b) showing good agreement with results of other ex-
periments [6,11,12]. The world average for inclusive measurements yields
|Vcb| = (42.0 ± 0.5exp ± 0.9th) × 10−3 [13].
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In exclusive B → D∗ℓν decays, |Vcb| is extracted from the phase-space
corrected decay rate at zero recoil. Heavy quark effective theory (HQET) [14]
predicts the value at zero recoil to be |Vcb|FD∗(1) [15], where FD∗(1) =
0.91 ± 0.04 is the universal form factor for finite b-quark mass at zero recoil
[16, 17]. BaBar measures |Vcb|FD∗(1) = (34.1 ± 1.3) × 10−3 yielding |Vcb| =
(37.5±1.4exp ±1.6th)×10−3 [18], which is consistent with the world average
for exclusive measurements of |Vcb| = (40.2 ± 0.8exp ± 1.8th) × 10−3 [13].
Within errors, exclusive and inclusive |Vcb| measurements are consistent.

3. Measurement of |Vub|

The CKM matrix element |Vub| is measured in charmless semileptonic
B decays. In HQE [19], Vub is related to the branching fraction by

|Vub| = 0.00445

(B(B → Xuℓν)

0.002

1.55 ps

τb

)1/2

× (1.0 ± 0.02pert ± 0.0521/m3
b

).

(3)
Since the branching fraction B(B → Xuℓν) is only 2% of B(B → Xcℓν) [20],
we need to look at kinematic regions that are depleted in the B → Xcℓν
background. Besides the lepton endpoint spectrum [21] and B → ρℓν [22],
BaBar has explored the hadronic-mass mX below the D meson [21]. Using
the fully reconstructed hadronic B meson sample selected from 8.9×107 BB̄
decays, we look for events that contain an identified lepton (p∗ > 1.0 GeV)
in the recoil and perform ν reconstruction. To minimize the B → Xcℓν
background, events with a K± or a K0

S are rejected. We measure the ratio
of branching fractions Ru = B(B → Xuℓν)/B(B → Xℓν) to reduce ex-
perimental systematic effects. The total sample of semileptonic candidates
comprises 29,982 events. Figure 2(a) shows the observed hadronic-mass spec-
trum. A χ2 fit with the B → Xuℓν signal shape, a B → Xcℓν background
shape and other background contributions (hadrons misidentified as leptons,
secondary τ decays or charm decays) yields 175 ± 21 signal candidates for
mX < 1.55 GeV. The background-subtracted spectrum is displayed in fig-
ure 2(b).

FormX < 1.55 GeV we measure Ru = (2.06±0.25stat±0.26sys±0.36th)%,
where the theory error is obtained by varying the non-perturbative parame-
ters Λ̄ and λ1 within their uncertainties including a −0.8 correlation between
them [6,24]. We further measure a charmless inclusive branching fraction
of B(B → Xuℓν) = (2.24 ± 0.27stat ± 0.26sys ± 0.39th) × 10−3, that yields
|Vub| = (4.62±0.28stat±0.27sys±0.49th)×10−3. Our result agrees with other
inclusive Vub measurements, as shown in figure 3 [13]. My weighted average
of inclusive measurements is |Vub| = (4.20 ± 0.12exp ± 0.60th)× 10−3, where



Probing the CKM Triangle at BaBar 5277

]
2

 [GeV/cXm
0 1 2 3 4 5

E
ve

nt
s 

/ B
in

0

100

200

300

400

]
2

 [GeV/cXm
0 1 2 3 4 5

E
ve

nt
s 

/ B
in

0

100

200

300

400
Data

ν u l →b
ν c l →b

Other

a)

]
2

 [GeV/cXm
0 1 2 3 4 5

E
ve

nt
s 

/ B
in

0

50

100

]
2

 [GeV/cXm
0 1 2 3 4 5

E
ve

nt
s 

/ B
in

0

50

100
Data

ν u l →b
b)

Fig. 2. The mX distribution for B̄ → Xℓ−ν̄ candidates; (a) data (points) and fit

components and (b) data after subtraction of b→ cℓν and the other backgrounds.
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Fig. 3. Comparison of inclusive |Vub| measurements (compiled by HFAG).
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the theoretical uncertainty is obtained by taking the difference of weighted
means with the theoretical uncertainty added linearly and the weighted Vub
average, ∆th

Vub
= 〈Vub + ∆Vub

〉 − 〈Vub〉.

4. Measurement of |Vtd|

The CKM matrix element Vtd is obtained from the B0
dB̄

0
d oscillation

frequency ∆mBd
, which has been measured in several experiments with dif-

ferent methods [13]. BaBar has measured ∆mBd
using dileptons [25], a

B → D∗ℓν sample [26] and a fully reconstructed B-meson sample [27]. For
the same luminosity, the dilepton sample yields the most precise result for
the oscillation frequency ∆mBd

, which is extracted from the time-dependent
asymmetry of opposite-sign and same-sign dileptons originating from un-
mixed and mixed BB̄ events, respectively:

A(∆t) =
Nℓ+ℓ−(∆t) −Nℓ±ℓ∓(∆t)

Nℓ+ℓ−(∆t) +Nℓ±ℓ∓(∆t)
∝ cos(∆mBd

∆t) . (4)

The time difference between the two B decays, ∆t, is computed from the
nominal boost and the spatial separation of the two B decay vertices, ∆z =
z2 − z1. The decay vertices are determined from the positions of closest ap-
proach to the primary vertex in the transverse plane, which is obtained for
each event from a vertex fit of the two lepton tracks and the beam spot con-
straint. To parameterize the measured asymmetry, we have to convolve Nℓℓ

with the time resolution function and include all backgrounds. The largest
background comes from B+B− decays (50%), which have no oscillatory term
and mainly contribute to Nℓ+ℓ− . Another large source is b→ c→ ℓ cascade
decays, while contributions from J/ψ decays, qq̄ continuum and hadrons
misidentified as leptons are found to be small.

In a sample of 2.3 × 107 BB̄ events, BaBar [25] has selected 99,010
dilepton events after significantly reducing background of leptons from cas-
cade decays with the help of a neural network. The sample has a purity
of 87% and a efficiency of 9%. The time-dependent asymmetry is plotted
in figure 4. The oscillation frequency is extracted from a binned maximum
likelihood fit to the data sample with the requirement |∆t| < 12 ps, yield-
ing ∆mBd

= (0.493 ± 0.012stat ± 0.009sys) ~ps−1. The dominant systematic
errors result from the B lifetimes and the time-dependence of the resolution
function.

Using 14,000 reconstructed B0 → D∗−ℓ+ν events, BaBar [26] measured
∆mBd

= (0.492 ± 0.018stat ± 0.013sys) ~ps−1. Both results are in good
agreement with the world average of ∆mBd

= (0.502 ± 0.006) ~ps−1 [13].
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Fig. 4. Time-dependent asymmetry between opposite-sign and same-sign dileptons.

5. Measurement of sin 2β

The theoretical cleanest CP violation measurements in the BB̄ system
produced at the Υ(4S) are obtained for CP eigenstates f that have a single
amplitude. Here, CP violation is caused by the interference of the direct
decay B0 → f with the decay after mixing B0 → B̄0 → f . The relevant
parameter is [28]

λf = ηf
q

p

Āf̄
Af

, (5)

where ηf is the CP eigenvalue of f , q/p ≈ e−2iβ is the mixing phase and
Āf̄/Af is the amplitude ratio. CP violation occurs, if λf 6= ±1 or if Imλ 6= 0,

which are both sufficient and necessary conditions for Γ (B̄0(∆t) → fCP)
and Γ (B0(∆t) → f) to differ. We basically distiguish among three types
of CP violation: (i) CP violation in decay which is also called direct CP
violation (Āf̄/Af 6= ±1), (ii) CP violation in mixing (q/p 6= ±1), and (iii)
CP violation in the interference between decays with and without mixing
(Imλ 6= 0).

Generally, the time-dependent CP asymmetry is expressed by [28]:

aCP(∆t) =
Γ (B̄0(∆t) → f) − Γ (B0(∆t) → f)

Γ (B̄0(∆t) → f) + Γ (B0(∆t) → f)

= −Cf cos(∆mBd
∆t) + Sf sin(∆mBd

∆t) , (6)

where Cf = (1 − |λf |2)/(1 + |λf |2) and Sf = 2Imλf/(1 + |λf |2). In case
of a single amplitude with |λf | = 1, the first term vanishes and the time
dependence is solely governed by the sine term. It is important to measure
the time dependence of the CP asymmetry, since the time-integrated CP
asymmetry vanishes. The experimental separation between Γ (B̄0(∆t) → f)
and Γ (B0(∆t) → f) depends upon how well the b flavor can be tagged at
production and upon the shape of the time resolution function. For example,
the mistag rate w and the resolution function R(∆t) can be measured inde-
pendently in BB̄ mixing analyses [25,26]. Experimentally, a time-dependent
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CP-violation measurement basically involves three steps: (i) kinematic re-
construction of one B in a CP eigenstate, (ii) flavor tagging of the other B at
production and (iii) measurement of the time difference ∆t between the two
decay vertices [29]. Since the B mesons are boosted in BaBar (βγ = 0.55),
we need to determine the decay vertex separation along the boost direc-
tion (z).

The golden mode for measuring sin 2β is B0 → J/ψK0
S . Since the tree

amplitude dominates, we encounter a single weak phase (β) expecting negli-
gible direct CP violation (|λψKS

| = 1+O(10−3) [28] and the CP asymmetry
is simply given by sin 2β sin(∆mBd

t). Experimentally, B → J/ψK0
S has

a large branching fraction and can be cleanly reconstructed with high effi-
ciency. Other charmonium K0

S (K0
L) eigenstates are rather suitable as well.

In a sample of 8.8×107 BB̄ pairs, BaBar [30] has measured the CP asym-
metry in charmonium K0

S (K0
L) modes. We reconstruct the CP-odd eigen-

states B0 → J/ψK0
S , B0 → ψ(2S)K0

S , B0 → χc1K
0
S, and B0 → ηcK

0
S with

K0
S → π+π−, K0

S → π0π0 (only for J/ψ final states), ψ(2S) → e+e−, µ+µ−

or J/ψπ+π−, χc1 → γJ/ψ, J/ψ → e+e− or µ+µ−, and ηc → KK̄π. We
reconstruct the CP-even eigenstate J/ψK0

L [31]. After vertex requirements
and flavor tagging we retract 1,506 CP-odd signal candidates with a purity
of 94% and 988 CP-even signal candidates with a purity of 55%. In addi-
tion, we detect 147 events in B0 → J/ψK∗0 with K∗0 → K0

Sπ
0 [32]. The

J/ψK∗0 decay is a vector vector mode that has mixed symmetry requiring a
transversity angle analysis [33] to separate the CP-even and CP-odd eigen-
states. The CP-odd component was measured to be R⊥ = 0.16 ± 0.035,
yielding ηf = 0.65 ± 0.07 after corrections.

B flavor tagging at production utilizes charge correlation of a primary
lepton or a kaon and the b quark flavor. For example, a primary e+(µ+)
produced in B0 → D∗−ℓ+ν and similarly a K+ that is produced in the
cascade B0 → D̄X, D̄ → K+Y originates from a b̄ quark. In addition, the
charge of the slow π− is anticorrelated with the b̄ quark flavor.

For each event we combine the information on number of leptons, kaons
and slow pions along with tracking, particle identification, and kinematics
information into a neural network. We classify each event into four mutually
exclusive tagging categories: lepton, kaon I, kaon II and inclusive category
[29]. The relevant parameter is the effective tagging efficiency, Q = ǫ(1−2w),
which combines the reconstruction efficiency with the mistag rate, because
the error on sin 2β is affected by Q as σ(sin 2β) ∼ 1/

√
Q. We measure

Q = (7.9 ± 0.3)% (lepton), Q = (10.7 ± 0.4)% (kaon I), Q = (6.7 ± 0.4)%
(kaon II) and Q = (2.7 ± 0.3)% (inclusive), yielding total tagging efficiency
of Q = (28.1± 0.7)% [29]. While the lepton category has the highest purity,
the kaon categories have the highest efficiency.
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For a boost of βγ = 0.55, the average vertex separation is 〈∆z〉 = 254 µm
[29], while the typical resolution for measuring ∆z is σ = 180 µm. The
time distributions and CP asymmetry of charmonium K0

S and J/ψK0
L CP

eigenstates are displayed in figure 5. Performing a 34-parameter unbinned
maximum likelihood fit to the time distribution of the full CP sample (2,461
events) and a sample of fully reconstructed B hadronic final states (25,375
events), BaBar measures sin(2β) = 0.741 ± 0.067stat ± 0.033syst [30]. Our
result is in perfect agreement with a recent Belle measurement [34].
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Fig. 5. Comparison of the measured B̄0 and B0 decay time distributions for (a)

ηf = −1 and (c) ηf = +1 CP eigenstates of charmonium K0 modes and the corre-

sponding time-dependent CP asymmetries (b,d). The solid lines represent projec-

tions of the maximum likelihood fits and the shaded regions represent backgrounds.

In the SM b → cc̄d processes, such as B → J/ψπ0 or B → D(∗)±D(∗)∓,
the weak phase is the same as that for B → J/ψK0

S . The measurements,
however, may differ from sin 2β because of additional phases from non-
negligible penguin amplitudes. The CP asymmetry is parameterized with
both the sine and cosine terms, where Sf = sin 2βeff . We have measured CP
asymmetries in B → J/ψπ0 [35], B → D∗±D∓ [36], and B → D∗±D∗∓ [37].
The latter mode requires a transversity angle analysis to separate CP-even
and CP-odd eigenstates. The results are summarized in Table I. Presently,
the errors are too large to draw definite conclusions on direct CP violation.
In B → D∗+D∗−, SD∗D∗ is 2.5σ below the SM expectation.
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In the SM, CP eigenstates that originate from b → ss̄s processes also
measure sin 2β. Theoretically, B → φK0

S is the cleanest mode, since both
the leading and sub-dominant mode are penguin loops with the t quark dom-
inating as shown in figure 6 (u quark contribution is 0.02) [38]. Rescattering
contributions are expected to be small [39]. In the SM, one expects at most
a 5% deviation for SφK0

S
from sin 2β measured in B → J/ψK0

S . B → φK0
S is

rather sensitive to new physics, as additional diagrams with new heavy parti-
cles in the penguin loop may produce deviations from the SM prediction [40].
Experimentally, we need a high luminosity to be sensitive to deviations, since
the branching fraction is very small. BaBar has selected 70 ± 9 φK0

S signal
events in a sample of 1.24×108 BB̄ pairs. For a selection efficiency of 7.4%,
this yields a branching fraction of B(B → φK0

S = (7.6+1.3
−1.2 ±0.5)×10−6 [41].
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Fig. 6. SM penguin diagrams and rescattering diagram for B → φK0
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Figure 7 shows the time dependence of the B̄0 and B0 decay rates and
the resulting CP asymmetry. A maximum likelihood fit yields SφK0

S
=

0.45 ± 0.43stat ± 0.07sys, and CφK0
S

= −0.38 ± 0.37stat ± 0.12sys, which is

consistent with the SM prediction. Using 1.5 × 108 BB̄ pairs, Belle [42]
measured SφK0

S
= −0.96±0.50stat

+0.09
−0.11 sys, which deviates by 3.5σ from the

sin 2β world average for charmonium K0
S (K0

L) eigenstates. Averaging both
experiments yields SφK0

S
= −0.14 ± 0.33, which is 2.6σ below the present

sin 2β world average for charmonium K0
S (K0

L) eigenstates and thus is still
consistent with the SM.

The CP eigenstate B → η′K0
S has an order of magnitude larger branch-

ing fraction than B(B → φK0
S). In a sample of 8.8× 107 BB̄ events, BaBar

measured B(B → η′K0
S = (55.4 ± 5.2 ± 4.0) × 10−6 [43]. Here, however, the

sub-dominant processes include a b→ u tree diagram, which is estimated to
be of the order of |T/P | ≈ (8±3)% [44]. Table I summarizes all BaBar mea-
surements of Sf and Cf or |λf |. Figure 8 shows the world average of sin 2βeff

measurements compiled by the heavy flavor averaging group (HFAG). At the
present level of precision all Sf measurements are consistent with the SM.
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Fig. 8. Compilation of sin 2βeff measurements by HFAG for different CP eigenstates

averaged over BaBar and Belle.



5284 G. Eigen

TABLE I

Summary of BaBar measurements for parameters of the CP asymmetry Sf and
Cf or |λf | (Eq. (6)) obtained in different CP eigenstates originating from b→ cc̄s,
b → ss̄s, and b → cc̄d processes. In addition, the order of magnitude of branching
fractions is shown as well as the dominant decay amplitude in bold face.

Mode B[10−6] A Yields Sf Cf or (|λf |)

J/ψK0
S 440 T 2461 0.741 ± 0.067± 0.033 (0.95 ± 0.05 ± 0.03)

η′K0
S 29 P + T 203 ± 19 0.02 ± 0.34 ± 0.03 0.10 ± 0.22 ± 0.04

φK0
S 4 P 70 ± 9 0.45 ± 0.43 ± 0.07 −0.38 ± 0.37 ± 0.12

J/ψπ0 20 T + P 40 ± 7 0.05 ± 0.49 ± 0.16 0.38 ± 0.41 ± 0.08
D∗+D− 900 T + P 113 ± 13 −0.82 ± 0.75 ± 0.14 −0.47 ± 0.40 ± 0.12
D+D∗− 900 T + P −0.24 ± 0.69 ± 0.12 −0.22 ± 0.37 ± 0.10
D∗+D∗− 1000 T + P 156 ± 14 0.05 ± 0.29 ± 0.10 (0.75 ± 0.19 ± 0.02)

6. Measurement of sin 2α

In order to determine the angle α, we need to measure time-dependent
CP asymmetries of b→ uūd processes, such as B → π+π−, B → ρπ, B → ρρ
[28]. Penguin pollution, however, generally complicates the extraction of α
[45]. In B → π+π−, we expect P/T ∼ 30%. Leading-order and subdominant
Feynman diagrams for B → ππ are depicted in figure 9. The CP asymmetry
aππ contains both the cosine and sine terms and Sππ measures sin 2αeff ,
where 2αeff = 2α+ ∆φ. Using the Gronau–London method [45], ∆φ can be
determined by a B → ππ isospin analysis [46] that requires to measure six
branching fractions: B0 → π+π−, B0 → π0π0, B+ → π+π0, B̄0 → π+π−,
B̄0 → π0π0 and B− → π−π0. Via isospin relations, the amplitudes of B
and B̄ decays form two triangles as shown in figure 10. Since the amplitudes
of the charged B decays are solely determined by the tree diagram, their
absolute values are equal providing a common basis for the two triangles.
The angle between the two triangles defines ∆φ. Inclusion of electroweak
penguin processes slightly modifies the extraction of α [47].

The decays B0 → π+π− and B+ → π+π0 have been measured by
CLEO [58], BaBar [49, 50] and Belle [51]. For example, BaBar measures
branching fractions of B(B0 → π+π−) = (4.7 ± 0.6 ± 0.2) × 10−6 [49] and
B(B+ → π+π0) = (5.5+1.0

−0.9 ±0.5)×10−6 [50] for the π+π− and π+π0 modes,

respectively. Recently, evidence for B → π0π0 was also found by BaBar [52]
and Belle [53]. Analyzing 1.24 × 108 BB̄ pairs, BaBar selected 46 ± 13 ± 3
π0π0 candidates (a 4.2σ significance) yielding a rather large branching frac-
tion of B(B0 → π0π0) = (2.1 ± 0.6 ± 0.3) × 10−6.
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Fig. 9. Leading-order and subdominant Feynman diagrams for B → ππ decays.
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Fig. 10. Isospin relation for B → ππ and B̄ → ππ decays.
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Fig. 12. Comparison of Sππ and Cππ measurements from BaBar and Belle.

For a sample of 1.24×108 BB̄ pairs, BaBar measured the time-dependent
B̄0 and B0 decay rates and the CP asymmetry for B → π+π− as shown in
figure 12. A maximum likelihood fit to the CP asymmetry yields Cππ =
−0.19± 0.19± 0.05 and Sππ = −0.40± 0.22± 0.03 [54]. Without an isospin
analysis we can presently place an upper bound on ∆φ of |αeff − α| < 48◦.
In order to extract α from αeff with a precision of σ(∆φ) = 5◦, a sample
of the order of 1010 BB̄ events is required [55]. Our results differ from the
Belle measurements [56] as shown in figure 12. The present world average is
consistent with the expected value for α obtained from sides of the unitarity
triangle and sin 2β. In the near future a Dalitz plot analysis in B → ρπ may
provide additional information on α.

7. Measurement of γ

The ratios of branching fractions involving B → Kπ or B → ππ decays
bear sensitivity to the angle γ. As an example, figure 13 shows the pre-
dictions of QCD factorization [57] for Rk = B(B0 → K±π∓)/(2B(B0 →
K0π0)), Rc = B(B0 → π±π∓)/(2B(B± → π±π0)) × τB±/τB0 , and Rn =
B(B0 → π0π0)/B(B± → π±π0)×τB±/τB0 . Using average values for the Kπ
and ππ branching fractions listed in Table II, we determine Rk = 0.79±0.1,
Rc = 0.48 ± 0.08 and Rn = 0.47 ± 0.12. While the measurement of Rk
prefers small values of γ (< 50◦), the measurement of Rc prefers γ values
above 70◦. The measurement of Rn excludes all values of γ at the 1.67σ
level (see figure 13).

Another method for measuring γ is based upon D0D̄0 mixing between a
color-allowed Cabbibo-suppressed b→ cūs transition and a color-suppressed
Cabbibo-allowed b → uc̄s transition that both are order O(λ3) processes.
This idea, for example, is utilized in B± → DK± transitions depicted in
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Fig. 13. Predictions from QCD factorization [57] for Rk, Rc and Rn in comparison

to recent measurements shown as black lines (central value plus error bars). Note

that in the right-hand plot the central value lies outside the figure.

TABLE II

Branching fraction measurements of charmless B → Kπ and B → ππ decays from
BaBar [49], Belle [51], and CLEO [58].

Mode BaBar Belle CLEO Average

B[10−6] B[10−6] B[10−6] B[10−6]

K±π∓ 17.9 ± 0.9 ± 0.7 18.5 ± 1.0 ± 0.7 18.0+2.3+1.2
−2.1−0.9 17.9 ± 1.0

K0π0 10.4 ± 1.5 ± 0.8 12.6 ± 2.4 ± 1.4 12.8+4.0+1.7
−3.3−1.4 11.3 ± 1.3

K±π0 12.8+1.2
−1.0 ± 1.0 12.8 ± 1.4+1.4

−1.0 12.9+2.4+1.2
−2.2−1.1 12.8 ± 1.1

K0π∓ 17.5+1.8
−1.7 ± 1.3 22.0 ± 1.9 ± 1.1 18.8+3.7+2.1

−3.3−1.8 19.7 ± 1.5

π±π∓ 4.7 ± 0.6 ± 0.2 4.4 ± 0.6 ± 0.3 4.5+1.4+0.5
−1.2−0.4 4.6 ± 0.4

π0π0 2.1 ± 0.6 ± 0.3 1.7 ± 0.6 ± 0.3 < 4.4 2.0 ± 0.5

π±π0 5.5+1.0
−0.9 ± 0.5 5.3 ± 1.3 ± 0.5 4.6+1.8+0.7

−1.6−0.6 5.2 ± 0.8

figure 14 [59]. The amplitudes of the decays B− → D0K−, B− → D̄0K−

and B− → D0
CPK

− form a triangle, where D0
CP denotes a CP eigenstate.

For example, we can reconstruct CP-even eigenstates (D0
+) in decays such

as D0
+ → π+π− or D0

+ → K+K−. Another triangle is obtained for the
corresponding B+ decays. Since the color-allowed b→ c transition involves
no weak phase, the amplitudes A(B− → D0K−) and A(B+ → D0K+) are
identical. Using the amplitude A(B− → D0K−) as a common basis for both
triangles, the opening angle between them is 2γ, as shown in figure 15.

To determine γ, we measure the following ratio of branching fractions

RCP =
B(B− → D0

CPK
−) + B(B+ → D0

CPK
+)

B(B− → D0K−) + B(B+ → D0K+)
= 1+r2DK±2rDK cos δ cos γ

(7)
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Fig. 14. Leading-order Feynman diagrams for B+ → D̄0K+ and B+ → DK+.

2γ

D  K  )0 --A(B

-

=D  K  )0 +A(B+

D  K  )0 -A(B-

2 A(B D  K  )+
0 ++

D  K  )0 +A(B+ 2 A(B D  K  )+
0 -

Fig. 15. Triangular relations for B± → DK± amplitudes.

and the CP asymmetry

ACP =
B(B− → D0

CPK
−) − B(B+ → D0

CPK
+)

B(B− → D0
CPK

−) + B(B+ → D0
CPK

+)
=

2rDK sin δ sin γ

RCP
, (8)

where we denote the strong phase by δ and the ratio of color-suppressed
amplitudes by rDK = |A(B− → D̄0K−)|/|A(B+ → D0K+)|. In addition to
γ, both δ and rDK (≃ 0.1−0.3) are also unknown. BaBar has measured these
quantities for the CP-even D0 state, yielding R+ = 0.89 ± 0.21 ± 0.08 and
A+ = 0.17 ± 0.23+0.09

−0.07 [54]. The ratio of Cabbibo-suppressed to Cabbibo-
-allowed decays amount to

B(B± → D0
CPK

±)

B(B± → D0
CPπ

±)
= (7.4 ± 1.7 ± 0.6)%

and
[B(B+ → D̄0K+) + B(B− → D0K−)]

[B(B+ → D̄0π+) + B(B− → D0π−)]
= (8.31 ± 0.35 ± 0.2)% .

In order to determine the three unknown parameters γ, δ and rDK, RCP and
ACP also need to be measured for CP-odd D0 eigenstates, such as K0

Sπ
0
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or K0
Sφ states. Assuming rDK = 0.3, the errors are presently too large to

constrain γ. For a luminosity of L = 0.5 (2.0) ab−1, we expect a precision
of σ(sin2 γ) = 0.32 (0.2) for rDK = 0.3 [63].

The angle γ can be also extracted by measuring the time-dependent
decays rates of B̄0 → D(∗)+π− [61]. Here, the color-allowed process (O(λ2))
interferes with the color-suppressed process (O(λ4)) after BB̄ mixing. The
B0 and B̄0 time-dependent decays rates are given by:

Γ (B0→D∓π±,∆t) = Ne−|∆t|/τ
B0

[

1±C cos(∆mB0
d

∆t)+S∓ sin(∆mB0
d

∆t)
]

Γ (B̄0→D∓π±,∆t) = Ne−|∆t|/τ
B0

[

1∓C cos(∆mB0
d

∆t)−S∓ sin(∆mB0
d

∆t)
]

,

(9)
where C = (1− r2Dπ)/(1+ r2Dπ), S

∓ = (2rDπ)/(1+ r2Dπ) sin(2β+ γ± δ) and
rDπ = A(B̄0 → D−π+)/A(B0 → D−π+) ≈ 0.02. Using 8.8 × 107 B0B̄0

decays BaBar has studied both B0 → D∓π± and B0 → D∗∓π± decays.
Using a maximum likelihood fit to the ∆t distributions of B̄0 and B0 decays
to D(∗)∓π± final states, BaBar measures the following combinations [60]

2rD∗π sin(2β + γ) cos δD∗π = −0.068 ± 0.038 ± 0.021,

2rD∗π sin(2β + γ) sin δD∗π = −0.031 ± 0.070 ± 0.035,

2rDπ sin(2β + γ) cos δDπ = −0.022 ± 0.038 ± 0.021,

2rDπ sin(2β + γ) sin δDπ = −0.025 ± 0.068 ± 0.035. (10)

From these results we determine sin(2β+γ) > 0.69@ 68.3% confidence level
(C.L.).

8. Present status of the unitarity triangle

Figure 16 shows the present status of the unitarity triangle, where we
have included world average measurements of B(B → Xcℓν), B(B → D∗ℓν),
B(B → Xuℓν), B(B0 → ρ∓ℓ±ν), ∆mBd

, ǫK and sin 2β = 0.736±0.049 mea-
sured in charmonium K0

S (K0
L) CP eigenstates [20] [64]. We further include

the information of B0
s B̄

0
s mixing, where we use a new parameterization based

on the significance of observing ∆mBs
in the present LEP and SLD ampli-

tude measurements [13]. The method is discussed in detail in reference [64].
A χ2 minimization is used to determine the parameters ρ̄, η̄, A of the CKM
matrix. The prediction of observables in terms of Wolfenstein parameters
involves theoretical parameters, such as reduced rates for the branching frac-
tions, fB

√
BB , BK and ξ [28], which are affected by non-Gaussian uncertain-

ties. We include terms that take care of correlations among the observables
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Fig. 16. Present status of the unitarity triangle. The black points represent a ρ̄, η̄

central value obtained from an individual χ2 fit, the dark-shaded region shows an

overlay of the corresponding 95% C.L. contours, while the light ellipse indicates a

typical shape of a 95% C.L. contour. Also shown are the 95% bounds on |Vub/Vcb|,
∆mBd

, ∆mBs
, ǫK and sin 2β.

and the Gaussian errors in the theoretical parameters. The explicit values
of the observables and theoretical parameters are listed in reference [64]. We
perform a particular χ2 fit with fixing the theoretical parameters to specific
values within their allowed region, which we call a “model”. We perform χ2

fits for many different models scanning over the entire non-Gaussian range
for each of the theoretical parameters. We accept only models that have a
fit probability of P (χ2) > 5%). The light-colored ellipse in Figure 16 rep-
resents a 95 % C.L. contour of a typical fit. The black region shows the
most-probable (central) value for ρ̄, η̄ for each model accepted, while the
dark-shaded region represents the overlay of the 95% C.L. contours of all
accepted models. In order to guide the eye we also show individual 95%
C.L. bounds for |Vub/Vcb|, ∆mBd

, ∆mBs
, ǫK , and sin 2β.

This procedure allows us to place non-Gaussian ranges and experimen-
tal errors on the Wolfenstein parameters and angles of the unitarity trian-
gle, yielding 0.103−0.067 ≤ ρ̄ ≤ 0.337+0.026, 0.280−0.020 ≤ η̄ ≤ 0.409+0.034,
0.80−0.024 ≤ A ≤ 0.85+0.027, (83.1−16.6)

◦ ≤ α ≤ (130.0+5.4)◦, and
(40.4−3.2)

◦ ≤ γ ≤ (74.5+8.3)◦. In our notation, the non-Gaussian uncertain-
ties are denoted by a range and the experimental uncertainties are shown
on top as one-sided errors. Additional measurements of sin 2α and γ in the
future will further overconstrain the unitarity triangle. Adding information
of CP asymmetries of B → φK0

S will provides a crucial test of the SM, once
the precision on SφK0

S
is improved. The ultimate test of the SM, however,

will be to check if α+ β + γ = π. To achieve a precision of the order of 5◦,
we will need a luminosity of 30–50 ab−1.
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9. Conclusion

About three years after the start of the B factories, sin 2β measured
in charmonium K0

S (K0
L) eigenstates is becoming a precision measurement.

sin 2βeff measured in B → D∗+D∗− decays may indicate the presence of
penguin processes. The present results of sin 2β measured in B → φK0

S
look interesting, but the errors are too large to draw conclusions concerning
new physics phases. The determination of sin 2α is complicated due to the
presence of penguin amplitudes. In order to separate sin 2α from sin 2αeff

measured in the CP asymmetry aπ+π− , an integrated luminosity of tens
of ab−1 is needed. The determination of γ in B± → D0

CPK
± final states

or from time-dependent CP asymmetries of B0 → D(∗)−π+ modes is even
more difficult. The B → Kπ and B → ππ branching fractions may already
indicate a problem with QCD factorization in the BBNS model [57] and
require further investigation with increased luminosities.

Inclusive analysis methods for B → Xuℓν and B → Xcℓν allow the
extraction of |Vub| and |Vcb| with a reduced model dependence. The extrac-
tion of |Vtd| will depend on improvements of the non-Gaussian uncertain-
ties in fBd

√

BBd
. In the future, the ratio of branching fractions B(B →

ργ)/B(B → K∗γ) may provide additional constraints on |Vtd|/|Vts| [65].
Presently, the precision of the ρ̄ − η̄ plane is determined by theoretical un-
certainties. In order to reduce the allowed region in the ρ̄− η̄ plane, we need
both precision measurements and reduced non-Gaussian theoretical uncer-
tainties. In the future, measurements of sin 2α and γ will provide further
constraints on the unitarity triangle. The ultimate test, however, will con-
sist of checking the relation α + β + γ = π. With increasing luminosity
the uncertainties of CP asymmetries will decrease. While for charmonium
K0

S (K0
L) CP eigenstates the uncertainty at L = 50 ab−1 is expected to level

off around σ(sin 2β) ∼ 1.5% due to dominating systematic errors, we expect
to reach a precision for B → φK0

S of σ(sin 2β) < 3% (for sin 2β = 0.736) [66].
The precision for aππ is expected to be σ(α) ∼ few ◦, while that of the CP
violating asymmetry in B → D(∗)π will be of the order of 3% [55].
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