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1. Introduction

Highly successful and experimentally verified Standard Model of the elec-
troweak interactions has still one crucial particle undiscovered — the Higgs
boson. It is of great importance to estimate even possible range of the Higgs
boson mass for two main reasons. Firstly, the experimental methods that
should be used for the discovery depend on the mass of the Higgs boson. Sec-
ondly, narrowing the possible ranges of the Higgs boson mass may exclude
certain models describing physics beyond the Standard Model. Current di-
rect experimental bound based on the LEP2 data [1] is mh > 113.2 GeV
for the Standard Model Higgs boson. In addition there exists the upper
limit based from the indirect precision electroweak data [2] mh

<
∼ 212 GeV

at 95% C.L. Yet for many of the extensions of the Standard Model these
limits are much looser. In addition to these experimental limits there exist
additional ones based on the theoretical arguments — so called triviality
and vacuum stability bounds.

The triviality bound originates from the fact first described in the work
by Wilson [3]. It states that in the renormalizable theory containing massive
scalar field the strength of the quartic self-interaction term reaches infinity at
some scale κ — and the stronger the interaction, the lower the scale at which
it happens. As a consequence — the requirement of validity up to given scale
bounds the size of the coupling from above what directly translates into the
bound for the Higgs boson mass. The only theory valid at all scales is the
trivial one — with no quartic self-interaction, which is reflected in the name
of this bound. Since in practical terms the couplings have to be at most of
the order of one in order for the theory to remain perturbative, we demand
that up to some scale the coupling is smaller than some arbitrary value. We
call this operational definition of the triviality condition. One should have
in mind that violating this condition does not exclude the theory completely
— it just means that the theory loses its predictivity, which may disfavors
it against other, more predictive theories.

It was noted by Cabibbo [4] that quantum corrections may destabilize
the electroweak potential leading to minimum in the wrong place, additional
minimum or no minimum at all. With mh being proportional to the cur-
vature of the potential at the minimum the vacuum is less stable for lower
mh. Thus the requirement for the correct vacuum structure leads to lower
bound on the Higgs boson mass.

This talk is based on our work in which we established these bounds in
the presence of the general high energy interactions described in terms of
the effective Lagrangian. For more detailed description of topics discussed
here see the original publication [5].
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2. Effective Lagrangian and RGE

The effective Lagrangian method has been widely used in the past [6]. We
followed the approach and conventions of Buechmueller and Wyler [7]. In the
effective Lagrangian method low-energy effects of the unknown high-energy
physics are described in terms of the set of additional, non-renormalizable
operators that are added to the original Lagrangian.

Leff = L0 +
1

Λ
L1 +

1

Λ2
L2 . (1)

The operators are suppressed by the power of the scale of new physics Λ.
As terms contributing to L1 violate either lepton or baryon number — they
are strongly constrained by experiment. Hence we will limit ourselves to 81
independent operators of dimensions 6 constituting L2

L2 =
∑

i

αiOi . (2)

Out of these, if just third generation fermions are taken into account, only
16 can be generated at the tree-level by the unknown, high-energy physics
described by weakly coupled gauge theory. Among these 16 only 5 listed
below contribute directly to effective potential while 11 only through RG-
mixing.

• Oφ = 1
3 |φ|

6 ,

• O∂φ = 1
2

(

∂|φ|2
)2

,

• O
(1)
φ = |φ|2 |Dφ|2 ,

• O
(3)
φ =

∣

∣φ†Dφ
∣

∣

2
,

• Otφ = |φ|2
(

q̄φ̃t + h.c.
)

.

In addition to the above operators we have included one of the the re-

maining 11: O
(1)
qt = 1

2 |q̄t|
2 in order to estimate the importance of the mixing.

The effective potential obtained after inclusion of these operators has the
following form:

Veff(ϕ̄) = −ηΛ2|ϕ̄|2 + λ|ϕ̄|4 −
αφ|ϕ̄|

6

3Λ2

+
1

64π2

[

∑

X=H,G,W,Z,T,ηΛ2

ξXX2

(

ln
X

κ2
− ζX

)

]

,
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with coefficients (ξX , ζX) = (1, 3
2 ), (3, 3

2 ), (6, 5
6), (3, 5

6), (−12, 3
2), (−4, 3

2) for

H,G,W,Z, T, ηΛ2 , respectively, where η ≡ λv2/Λ2.

H = (6λ|ϕ̄|2−ηΛ2)−
[

(6λ|ϕ̄|2−ηΛ2)(2α∂φ+α
(1)
φ +α

(3)
φ )+5αφ|ϕ̄|

2
] |ϕ̄|2

Λ2
,

G = (2λ|ϕ̄|2 − ηΛ2) −

[

(2λ|ϕ̄|2 − ηΛ2)

(

α
(1)
φ +

1

3
α

(3)
φ

)

+ αφ|ϕ̄|
2

]

|ϕ̄|2

Λ2
,

W =
g2

2
|ϕ̄|2



1 +
|ϕ̄|2α

(1)
φ

Λ2



 , T = f2|ϕ̄|2
(

1 +
2αtφ|ϕ̄|

2

fΛ2

)

,

Z =
g2 + g′2

2
|ϕ̄|2



1 +
|ϕ̄|2(α

(1)
φ + α

(3)
φ )

Λ2



 .

Therefore only Oφ = 1
3 |φ|

6 contributes to the effective potential at the tree
level and should have the dominant impact on the potential stability.

As both triviality and stability conditions are checked at various energy
scales it is crucial to implement the Renormalization Group Equation (RGE)
evolution for the couplings used. The full set of the RGE running equations
was presented in the earlier papers: [5, 8]. Here we concentrate on those
essential for further discussion — for λ and αφ:

dλ

dt
= 12λ2 − 3f4 + 6λf2 −

3

2
λ

(

3g2 + g′2
)

+
3

16

(

g′4 + 2g2g′2 + 3g4
)

+2η
[

2αφ + λ
(

3α∂φ + 4ᾱ + α
(3)
φ

)]

,

dαφ

dt
= 9αφ

(

6λ + f2
)

+ 12λ2
(

9α∂φ + 6α
(1)
φ + 5α

(3)
φ

)

+ 36αtφf3

−
9

4

(

3g2 + g′2
)

αφ −
9

8

[

2α
(1)
φ g4 +

(

α
(1)
φ + α

(3)
φ

)

(

g2 + g′2
)2

]

, (3)

where ᾱ = α∂φ + 2α
(1)
φ + α

(3)
φ .

As one can see the dominant terms in the λ evolution are those related to
the quartic scalar self-coupling and to the top quark Yukawa coupling, so the
impact of the 6-dim operators is expected to be small. On the other hand,
for αφ, for small and moderate λ the dominant terms are those proportional
to αφ and αtφ. Yet it would be beneficial to check these hypothesis in detail.
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3. The results

In this study we have included the basic tests against the precision elec-
troweak observables. Since only large, tree-level generated operators have
been included, it was enough to calculate only one-loop electroweak correc-
tions. We limited our study to the observables that are relatively indepen-
dent and are measured with sufficient precision: mt,mW ,mZ , ρ. For each
tested point we demanded that combined χ2 < 25. For mW and mZ for
which experimental measurements are much more precise than the 1-loop
theoretical calculations we used the approximated 1-loop theoretical error
set to 1%. Apart from Λ < 5 TeV region the tested models were fully consis-
tent with the electroweak data at the assumed precision level. For Λ < 5 TeV
the only problematic region was one with large λ but even then the consis-
tency with EW data could be obtained by allowing moderate changes in the
coupling constants.

As our test models we chose models with αi(Λ) = ±1 (i = 1 . . . 6) giving
64 different combinations of signs and employed the following algorithm:

1. pick set of αi at κ = Λ,

2. pick Λ = 2, 3, 4, . . . , 50 TeV,

3. pick λ (mh > 65 GeV, λ < π
2 ),

4. set f, η, g, g′ to SM values at κ = mZ ,

5. solve RGE running equations,

6. check if mt,mW ,mZ and ρ are consistent with the experiment, if not,
try to adjust them several times (step 4) ( problems only at Λ < 5 TeV
and large λ ),

7. check stability and triviality (specified below),

8. repeat procedure for other values of parameters.

We generalized the standard triviality condition to the following ones:

T1: λ < π
2 ,

T2: ∀i|αi| < 1.5,

T3: logical product of the following 3 conditions:

T3a: |ηαi| < λ
4 ,

T3b: |
αφ

λ
| < 3

4 |
Λ

κ
|2,

T3c: |η(4α∂φ + 2α
(1)
φ + 2α

(3)
φ + αφ/λ)| < |λ|.
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The condition T1 is the classic triviality condition. The condition T2 is
its natural generalization for αi. The condition T3 demands that corrections
from new physics are not too large so the whole procedure remains perturba-
tive. One should remember that the conditions T2 and T3 are not triviality
conditions in the strict sense but they are very similar to the operational
definition of the triviality condition as they demand that given couplings are
small enough for the theory to be consistent. In addition, the borders for
all triviality conditions are fuzzy as the limit for the size of the couplings
is arbitrary. The results for T1 have been plotted in Fig. 1. There is no
significant departure from the SM limit as all 65 (64+the SM) curves are
very close to each other.
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Fig. 1. The upper bound on the Higgs boson mass from the standard triviality

condition T1: λ < π/2 (the small-scale structure is due to numerical inaccuracies).

As stability condition we have used the following checks:

S1: For ϕ̄ ≤ 3
4Λ, Veff(ϕ̄) has a unique minimum at ϕ̄ = v0 within 20% of

the SM tree-level value v ≃ 246 GeV,

S2: The potential at ϕ̄ = 3
4Λ lies above its value at the minimum.

The results are plotted in Fig. 2. All 64 curves group into 4 sets of 16
curves. As it was expected, the dominant role is played by αφ. The positive
sign destabilizes the potential while the negative sign stabilizes it. In spite of
the complicated nature of the analysis performed here, it is worth to trace
the way in which αtφ could influence the lower limit on the Higgs-boson
mass. The key point is the fact that Otφ modify the relation between the
top-quark mass and its Yukawa coupling. Another mechanism of enhancing
the contribution from Otφ is the very large numerical factor in front of αtφ
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Fig. 2. Lower bounds on the Higgs boson mass (all the S’s conditions satisfied), the

black curve represents the SM limit, the upper (dotted) curves are for αφ > 0, and

the lower (dashed) ones for αφ < 0. For each style the higher branches correspond

to αtφ < 0 while lower for αtφ > 0.

in the evolution equation of αφ. Because of this a larger |αtφ| amplifies the
evolution of αφ thereby requiring a larger mh. Both effects combine leading
to the dependence on αtφ illustrated in Fig. 2.

It is worth noticing that αφ > 0 whenever the effective operator Oφ is
generated through the tree-level exchange of a heavy scalar isodoublet in
the fundamental high-scale theory. Finally for each of the 64 analyzed
models we applied all conditions combined. We present here figures (Fig. 3)
for 3 representative cases with the αi signs as written on the figures. The
upper and lower borders of the grey-colored regions are triviality T1 and
stability bounds as plotted on the previous figures. The black color regions,
labeled T2 T3, are such that both conditions are satisfied; medium-grey
areas, labeled 6T2 T3, represent the regions where T3 is satisfied but T2
is not; dark-grey areas, labeled T2 6T3, represent the regions where T2 is
satisfied but T3 is not; and light-grey areas, labeled 6T2 6T3, represent the
regions where neither T2 nor T3 are satisfied. The conditions T2 and T3
seem to be quite strong and exclude a significant part of the parameters
space. The violation of T2 is always due to αφ or αtφ. For large (small)
mh condition T2 is always stronger(weaker) than T3 what can be deducted
from the definitions of T2 and T3. On all of the plots condition T3 bounds
from below as it is expected while T2 bound can be from above or from

both sides. We have also found that for αqt = αφ = −1 and αtφ = α
(3)
φ =

α
(1)
φ = α∂φ = +1 both T2 and T3 are violated in the whole parameter space.



5484 B. Grzadkowski, J. Pliszka, J. Wudka

5 10 15 20 25 30 35 40 45 5050

100

150

200

250

300

350

400

450
 [GeV]Hm

 [TeV]Λ

=174.3 GeVtm

=+1(1)
qtα=-1, φα=φ∂α=(1)

φα=(3)
φα=φtαB: 

T3   T2

T3T2   

   T3T2

5 10 15 20 25 30 35 40 45 5050

100

150

200

250

300

350

400

450
 [GeV]Hm

 [TeV]Λ

=174.3 GeVtm

=+1φtα=-1, φα=φ∂α=(1)
φα=(3)

φα=(1)
qtαD: 

T3   T2

T3T2   

T2   T3

   T3T2

5 10 15 20 25 30 35 40 45 5050

100

150

200

250

300

350

400

450
 [GeV]Hm

 [TeV]Λ

=174.3 GeVtm

=+1(1)
φα=(3)

φα=φtα=(1)
qtα=-1, φα=φ∂αC: 

T3   T2

T3
T2

   T3T2

Fig. 3. Exclusion regions for the 3 selected models described in the text.
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However, we would like to emphasize again that the bounds are fuzzy and
that theory violating T2 and T3 may be still acceptable — nevertheless in
such case corrections from new physics are large leading to potential lack of
predictivity. If this happens to be the case in Nature, the violation of T2
or/and T3 conditions will have to be thoroughly examined.

4. Conclusions

We have calculated triviality and stability bounds on mh in the effective
Lagrangian approach for scale of new physics in the range: 2TeV <

∼Λ<
∼50TeV.

The dominant operators contributing to the effective potential at one-loop
level have been included in this analysis. One-loop basic electroweak con-
straints have been taken into account. We concluded that the classic triv-
iality bound remains unchanged. In contrast, the stability limit is very

sensitive to the effective operators: Oφ = 1
3 |φ|

6 and Otφ = |φ|2
(

q̄φ̃t + h.c.
)

.

We have developed generalized triviality-like conditions and we have shown
how strongly they constrain the parameter space.
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