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We review the theory and present status of the proton spin problem
with emphasis on possible gluonic and sea contributions. We discuss the
possibility of a J = 1 fixed pole correction to the Ellis–Jaffe sum rule for po-
larized deep inelastic scattering. Fixed poles in the real part of the forward
Compton scattering amplitude have the potential to induce subtraction
constant corrections to sum rules for photon–nucleon scattering.
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1. Introduction

Understanding the spin structure of the proton is one of the most chal-
lenging problems facing subatomic physics: How is the spin of the proton
built up out from the intrinsic spin and orbital angular momentum of its
quark and gluonic constituents? What happens to spin in the transition
between current and constituent quarks in low-energy QCD. Key issues in-
clude the role of polarized glue and gluon topology in building up the spin
of the proton.

Our present knowledge about the spin structure of the nucleon comes
from polarized deep inelastic scattering. Following pioneering experiments
at SLAC [1], recent experiments in fully inclusive polarized deep inelastic
scattering have extended measurements of the nucleon’s g1 spin dependent
structure function to lower values of Bjorken x where the nucleon’s sea be-
comes important [2]. From the first moment of g1, these experiments have
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been interpreted to imply a small value for the flavour-singlet axial-charge:

g
(0)
A |pDIS = 0.2 − 0.35 . (1)

This result is particularly interesting [3, 4] because g
(0)
A is interpreted in

the parton model as the fraction of the proton’s spin which is carried by
the intrinsic spin of its quark and antiquark constituents. The value (1) is
about half the prediction of relativistic constituent quark models (∼ 60%).
It corresponds to a negative strange-quark polarization

∆s = −0.10 ± 0.04 (2)

(polarized in the opposite direction to the spin of the proton).

The small value of g
(0)
A |pDIS extracted from polarized deep inelastic scat-

tering has inspired vast experimental and theoretical activity to understand
the spin structure of the proton. New experiments are underway or be-
ing planned to map out the proton’s spin-flavour structure and to measure
the amount of spin carried by polarized gluons in the polarized proton.
These include semi-inclusive polarized deep inelastic scattering, polarized
proton–proton collisions at RHIC [5], and polarized ep collider studies [6].
Experiments at JLab will map out the valence region at large Bjorken x

(close to one) [7]. An independent, weak interaction, measurement of g
(0)
A

could be performed using elastic neutrino proton scattering [8]. Experiments
with transversely polarized targets are just beginning and promise to reveal
new information about the spin structure of the proton including tests of the
Burkhardt–Cottingham sum rule for the nucleon’s g2 spin structure function
and measurements of a whole new family of “transversity observables”.

The plan of these lectures is as follows. We first summarise the phe-
nomenology of the proton spin problem, including possible gluonic contri-
butions. Next, in Sections 2 and 3, we give an overview of the derivation
of the spin sum rules for polarized photon–nucleon scattering, detailing the
assumptions that are made at each step. Here we explain how these sum
rules could be affected by potential subtraction constants (subtractions at
infinity) in the dispersion relations for the spin dependent part of the forward
Compton amplitude. We next give a brief review of fixed pole contributions
to deep inelastic scattering in Section 4. Fixed poles are well known to play
a vital role in the Adler sum rule for W -boson nucleon scattering [9] and the
Schwinger term sum rule for the longitudinal structure function measured
in unpolarized deep inelastic ep scattering [10]. We explain how fixed poles
could, in principle, affect the sum rules for the first moments of the g1 and
g2 spin structure functions. For example, a subtraction constant correction
to the Ellis–Jaffe sum rule for the first moment of the nucleon’s g1 spin de-
pendent structure function would follow if there is a real constant term in
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the spin dependent part of the forward deeply virtual Compton scattering

amplitude. In section 5 the QCD axial anomaly and its manifestation in g
(0)
A

and the spin structure of the proton are discussed. We conjecture that gluon
topology may induce a J = 1 fixed pole correction to the Ellis–Jaffe sum
rule. Photon–gluon fusion and its importance to semi-inclusive measure-
ments of sea polarization in polarized deep inelastic scattering are discussed
in Section 6. A summary of key issues is given in Section 7.

1.1. The proton spin problem

First consider the flavour-singlet channel.
In QCD the axial anomaly [11] induces gluonic contributions to the

flavour-singlet axial charge associated with the polarized glue in the nucleon
and with gluon topology.

1. The first moment of the g1 spin structure function for polarized photon–
gluon fusion (γ∗g → qq̄) receives a negative contribution −αs

2π from

k2
t ∼ Q2, where kt is the quark transverse momentum relative to

the photon gluon direction and Q2 is the virtuality of the hard pho-
ton [12, 13]. It also receives a positive contribution (proportional to
the mass squared of the struck quark or antiquark) from low values
of kt, k

2
t ∼ P 2,m2 where P 2 is the virtuality of the parent gluon and

m is the mass of the struck quark. The contact interaction (kt ∼ Q)
between the polarized photon and gluon is flavour-independent, as-
sociated with the QCD axial anomaly and measures the spin of the
target gluon. The mass dependent contribution is absorbed into the
quark wavefunction of the nucleon.

2. Gluon topology is associated with gluonic boundary conditions and

has the potential to induce a topological contribution to g
(0)
A associ-

ated with Bjorken x equal to zero: topological x = 0 polarization or,
essentially, a spin polarized condensate inside a nucleon [14].

Putting this physics together leads to the formula [12–15]:

g
(0)
A =

(∑

q

∆q − 3
αs

2π
∆g

)

partons

+ C . (3)

Here ∆gpartons is the amount of spin carried by polarized gluon partons in
the polarized proton and ∆qpartons measures the spin carried by quarks and
antiquarks carrying “soft” transverse momentum k2

t ∼ m2, P 2; C denotes
the topological contribution. Since ∆g ∼ 1/αs under QCD evolution, the
polarized gluon term [−αs

2π ∆g] in Eq. (3) scales as Q2 → ∞ [15].
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Understanding the transverse momentum dependence of the quark and
gluon contributions in Eq. (3) is essential to ensure that theory and experi-
mental acceptance are correctly matched when extracting information from
semi-inclusive measurements aimed at disentangling the individual valence,
sea and gluonic contributions [16].

Since x = 0 is inaccessible to deep inelastic scattering, the deep inelastic

measurement of g
(0)
A , Eq. (1), is not necessarily inconsistent with the con-

stituent quark model prediction 0.6 if a substantial fraction of the spin of
the constituent quark is associated with gluon topology in the transition
from constituent to current quarks (measured in polarized deep inelastic
scattering) through dynamical axial U(1) symmetry breaking [4].

An “x = 0” correction to deep inelastic measurements of g
(0)
A would also

follow if there is a leading twist “subtraction at infinity” in the dispersion
relation for the spin dependent part of the forward Compton scattering am-
plitude (from a J = 1 Regge fixed pole). An independent measurement of
the flavour-singlet axial-charge through elastic neutrino proton scattering
would be extremely valuable.

1.2. The isovector part of g1

Quark model predictions for g1 work much better in the isovector chan-
nel. The Bjorken sum rule which relates the first moment of (gp

1 − gn
1 ) to

the isovector axial charge g
(3)
A measured in neutron beta decays has been

confirmed at the level of 10% [2].
Looking beyond the first moment, the shape of (gp

1 − gn
1 ) is very in-

teresting. Fig. 1 from Ref. [4] shows 2x(gp
1 − gn

1 ) (SLAC data) together
with the isovector structure function (F p

2 − Fn
2 ) (NMC data). The ratio

R(3) = 2x(gp
1 − gn

1 )/(F p
2 − Fn

2 ) is plotted in Fig. 2. It measures the ratio of
polarized to unpolarized isovector quark distributions. The ratio R(3) is ob-
served to be approximately constant (at the value ∼ 5/3 predicted by SU(6)
constituent quark models) for x between 0.03 and 0.2, and goes towards one
when x → 1 (consistent with the predictions of QCD counting rules [17]).
The area under (F p

2 − Fn
2 )/2x is fixed by the Gottfried integral [18]. The

observed shape of gp
1−g

n
1 is almost required [4] in order to reproduce the area

under the Bjorken sum rule, which is fixed by the value of g
(3)
A . The constant

ratio in the low to medium x range contrasts with the naive Regge prediction
(strictly for Q2 = 0) that the ratio R(3) should be roughly proportional to
x as x→ 0.
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Fig. 1. The isovector structure functions 2xg
(p−n)
1 (SLAC data) and F

(p−n)
2 (NMC).

Fig. 2. The ratio R(3) = 2xg
(p−n)
1 /F

(p−n)
2 .

2. Scattering amplitudes and cross-sections

The spin dependent structure functions g1 and g2 are defined through
the imaginary part of the forward Compton scattering amplitude. Consider
the amplitude for forward scattering of a photon carrying momentum qµ
(q2 = −Q2 ≤ 0) from a polarized nucleon with momentum pµ, mass M and
spin sµ. Let Jµ(z) denote the electromagnetic current in QCD. The forward
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Compton amplitude

Tµν(q, p) = i

∫
d4z eiq·z〈p, s| T (Jµ(z)Jν(0)) |p, s〉 (4)

is given by the sum of spin independent (symmetric in µ and ν) and spin
dependent (antisymmetric in µ and ν) contributions:

T S
µν =

1

2
(Tµν + Tνµ)

= −T1

(
gµν +

qµqν
Q2

)
+

1

M2
T2

(
pµ +

p · q

Q2
qµ

)(
pν +

p · q

Q2
qν

)
(5)

and

TA
µν =

1

2
(Tµν − Tνµ)

=
i

M2
εµνλσq

λ

[
sσ(A1 +

ν

M
A2) −

1

M2
s · qpσA2

]
. (6)

Here ν = p · q/M , ε0123 = +1, and the proton spin vector is normalized to
s2 = −1. The form-factors T1, T2, A1 and A2 are functions of ν and Q2.

The hadron tensor for inclusive photon–nucleon scattering, which con-
tains the spin dependent structure functions, is obtained from the imaginary
part of Tµν :

Wµν =
1

π
ImTµν =

1

2π

∫
d4z eiq·z〈p, s| [Jµ(z), Jν(0)] |p, s〉 . (7)

Here the connected matrix element is understood (indicating that the photon
interacts with the target and not the vacuum). The spin independent and
spin dependent components of Wµν are

W S
µν = −W1

(
gµν +

qµqν
Q2

)
+

1

M2
W2

(
pµ +

p · q

Q2
qµ

)(
pν +

p · q

Q2
qν

)
(8)

and

WA
µν =

i

M2
εµνλσq

λ

[
sσ
(
G1 +

ν

M
G2

)
−

1

M2
s · qpσG2

]
, (9)

respectively. The cross sections for the absorption of a transversly polarized
photon with spin polarized parallel σ 3

2
and anti-parallel σ 1

2
to the spin of

the target nucleon are:

σ 3
2

=
4π2α√
ν2 +Q2

[
W1 −

ν

M2
G1 +

Q2

M3
G2

]
,

σ 1
2

=
4π2α√
ν2 +Q2

[
W1 +

ν

M2
G1 −

Q2

M3
G2

]
, (10)
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where we use usual conventions for the virtual photon flux factor [19]. The
spin dependent part of the inclusive photon–nucleon cross section is:

σ 1
2
− σ 3

2
=

8π2α√
ν2 +Q2

[
ν

M2
G1 −

Q2

M3
G2

]
. (11)

For real photons (Q2 = 0) this equation becomes {σ 1
2
− σ 3

2
= 8π2α

M2 G1} —

that is, G2 decouples from polarized photoproduction. The W2 structure
function is measured in unpolarized lepton nucleon scattering through the
absorption of a longitudinally and transversly polarized photon. In high Q2

deep inelastic scattering the structure functions exhibit approximate scaling:

M W1(ν,Q
2) → F1(x,Q

2) ,

ν W2(ν,Q
2) → F2(x,Q

2) ,
ν

M
G1(ν,Q

2) → g1(x,Q
2) ,

ν2

M2
G2(ν,Q

2) → g2(x,Q
2) . (12)

Here x = Q2

2mν is the Bjorken variable. The structure functions F1, F2, g1
and g2 scale modulo perturbative QCD logarithmic evolution in Q2.

Regge theory makes predictions for the high-energy asymptotic behaviour
of the structure functions:

W1 ∼ να ,

W2 ∼ να−2 ,

G1 ∼ να−1 ,

G2 ∼ να−1 . (13)

Here α denotes the (effective) intercept for the leading Regge exchange con-
tributions. The Regge predictions for the leading exchanges include α = 1.08
for the pomeron contributions to W1 and W2, and α ≃ 0.5 for the ρ and
ω exchange contributions to the spin independent structure functions. For
G1 the leading gluonic exchange behaves as {ln ν}/ν [20, 21]; there are also
isovector a1 and isoscalar f1 Regge exchanges [22]. If one makes the usual
assumption that the a1 and f1 Regge trajectories are straight lines parallel
to the (ρ, ω) trajectories then one finds αa1 ≃ αf1 ≃ −0.4, within the phe-
nomenological range −0.5 ≤ αa1 ≤ 0 [23]. For G2 one expects contributions
from possible multi-pomeron (three or more) cuts (∼ (ln ν)−5) and Regge-
pomeron cuts (∼ ναi(0)−1/ ln ν) with αi(0) < 1 (since the pomeron does not
couple to A1 or A2) [24]. The effective intercepts for small x, or high ν,
physics increase with increasing Q2 through perturbative QCD evolution.
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3. Dispersion relations and spin sum rules

Sum rules for the (spin) structure functions are derived using dispersion
relations and, for deep inelastic scattering, the operator product expansion.
For fixed Q2 the forward Compton scattering amplitude Tµν(ν,Q2) is ana-
lytic in the photon energy ν except for branch cuts along the positive real
axis for |ν| ≥ Q2/2M . Crossing symmetry implies that

A∗
1(Q

2,−ν) = A1(Q
2, ν) ,

A∗
2(Q

2,−ν) = −A2(Q
2, ν) . (14)

The spin structure functions in the imaginary parts of A1 and A2 satisfy the
crossing relations

G1(Q
2,−ν) = −G1(Q

2, ν) ,

G2(Q
2,−ν) = +G2(Q

2, ν) . (15)

For g1 and g2 these relations become

g1(x,Q
2) = +g1(−x,Q

2) ,

g2(x,Q
2) = +g2(−x,Q

2) . (16)

We use Cauchy’s integral theorem and the crossing relations to derive dis-
persion relations for A1 and A2. Assuming that the asymptotic behaviour
of the spin structure functions G1 and G2 yield convergent integrals in an
unsubtracted dispersion relation we are tempted to write unsubtracted dis-
persion relations:

A1(Q
2, ν) =

2

π

∞∫

Q2/2M

ν ′dν ′

ν ′2 − ν2
ImA1(Q

2, ν ′) ,

A2(Q
2, ν) =

2

π
ν

∞∫

Q2/2M

dν ′

ν ′2 − ν2
ImA2(Q

2, ν ′) . (17)

These expressions can be rewritten as dispersion relations involving g1 and
g2. We define:

α1(ω,Q
2) =

ν

M
A1 ,

α2(ω,Q
2) =

ν2

M2
A2 . (18)
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Then, the formulae in (17) become

α1(ω,Q
2) = 2ω

∞∫

1

dω′

ω′2 − ω2
g1(ω

′, Q2) ,

α2(ω,Q
2) = 2ω3

∞∫

1

dω′

ω′2(ω′2 − ω2)
g2(ω

′, Q2) , (19)

where ω = 1
x = 2Mν

Q2 .

In general there are two alternatives to an unsubtracted dispersion rela-
tion.

1. First, if the high energy behaviour of G1 and/or G2 (at some fixed
Q2) produced a divergent integral, then the dispersion relation would
require a subtraction. Regge predictions for the high energy behaviour
of G1 and G2 — see Eq. (13) — each lead to convergent integrals so
this scenario is not expected to occur.

2. Second, even if the integral in the unsubtracted relation converges,
there is still the potential for a “subtraction at infinity”. This scenario
would occur if the real part of A1 and/or A2 does not vanish fast
enough when ν → ∞ so that we pick up a finite contribution from
the contour (or “circle at infinity”). In the context of Regge theory
such subtractions can arise from fixed poles (with J = α(t) = 0 in
A2 or J = α(t) = 1 in A1 for all t) in the real part of the forward
Compton amplitude. We shall discuss these fixed poles and potential
subtractions in Section 4.

In the presence of a potential “subtraction at infinity” the dispersion
relations (17) are modified to:

A1(Q
2, ν) = P1(ν,Q

2) +
2

π

∞∫

Q2/2M

ν ′dν ′

ν ′2 − ν2
ImA1(q

2, ν ′) ,

A2(Q
2, ν) = P2(ν,Q

2) +
2

π
ν

∞∫

Q2/2M

dν ′

ν ′2 − ν2
ImA2(q

2, ν ′) . (20)

Here

P1(ν,Q
2) = β1(Q

2) ,

P2(ν,Q
2) = β2(Q

2)
M

ν
(21)
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denote the subtraction constants. The crossing relations (14) for A1 and A2

are observed by the functions Pi. Scaling requires that β1(Q
2) and β2(Q

2)
(if finite) must be nonpolynomial in Q2 — see Section 4. The equations (20)
can be rewritten:

α1(ω,Q
2) =

Q2

2M2
β1(Q

2) ω + 2ω

∞∫

1

dω′

ω′2 − ω2
g1(ω

′, Q2) ,

α2(ω,Q
2) =

Q2

2M2
β2(Q

2) ω + 2ω3

∞∫

1

dω′

ω′2(ω′2 − ω2)
g2(ω

′, Q2) . (22)

Next, the fact that both α1 and α2 are analytic for |ω| ≤ 1 allows us to
make the Taylor series expansions (about ω = 0):

α1(x,Q
2) =

Q2

2M2
β1(Q

2)
1

x
+

2

x

∑

n=0,2,4,...

(
1

xn

) 1∫

0

dy yng1(y,Q
2) ,

α2(x,Q
2) =

Q2

2M2
β2(Q

2)
1

x
+

2

x3

∑

n=0,2,4,...

(
1

xn

) 1∫

0

dy yn+2g2(y,Q
2)

(23)

with x = 1
ω .

These equations form the basis for the spin sum rules for polarized
photon–nucleon scattering. We next outline the derivation of the Bjorken [25]
and Ellis–Jaffe [26] sum rules for isovector and flavour-singlet parts of g1 in
polarized deep inelastic scattering, the Burkhardt–Cottingham sum rule for
G2 [27], and the Drell–Hearn–Gerasimov sum rule for polarized photopro-
duction [28]. Each of these spin sum rules assumes no subtraction at infinity.

3.1. Deep inelastic spin sum rules

Sum rules for polarized deep inelastic scattering are derived by com-
bining the dispersion relation expressions (23) with the light cone operator
production expansion. When Q2 → ∞ the leading contribution to the spin
dependent part of the forward Compton amplitude comes from the nucleon
matrix elements of a tower of gauge invariant local operators multiplied by
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Wilson coefficients1 :

TA
µν = iεµνλσq

λ
∑

n=0,2,4,...

(
−

2

q2

)n+1

qµ1qµ2 . . . qµn

∑

i=q,g

Θ
(i)
σ{µ1...µn}

Ei
n

(
Q2

µ2
, αs

)
,

(24)
where

Θ
(q)
σ{µ1 ...µn}

≡ inψ̄γσγ5D{µ1
. . . Dµn}ψ − traces (25)

and
Θ

(g)
σ{µ1...µn}

≡ in−1εαβγσG
βγD{µ1

. . . Dµn−1G
α
µn}

− traces . (26)

Here Dµ is the gauge covariant derivative and the sum over even values of n
in Eq. (24) reflects the crossing symmetry properties of Tµν . The functions

Eq
n(Q2

µ2 , αs) and Eg
n(Q2

µ2 , αs) are the respective Wilson coefficients. The op-

erators in Eq. (24) may each be written as the sum of a totally symmetric
operator and an operator with mixed symmetry

Θσ{µ1 ...µn} = Θ{σµ1...µn} +Θ[σ,{µ1]...µn} . (27)

These operators have the matrix elements:

〈p, s|Θ{σµ1...µn}|p, s〉 = {sσpµ1 . . . pµn + sµ1pσpµ2 . . . pµn + . . .}
an

n+ 1
,

〈p, s|Θ[{σµ1 ]...µn}|p, s〉 = {(sσpµ1 − sµ1pσ)pµ2 . . . pµn

+(sσpµ2 − sµ2pσ)pµ1 . . . pµn + . . .}
dn

n+ 1
. (28)

Now define ãn = a
(q)
n Eq

1n + a
(g)
n Eg

1n and d̃n = d
(q)
n Eq

2n + d
(g)
n Eg

2n where Ei
1n

and Ei
2n are the Wilson coefficients for ai

n and di
n, respectively. Combining

equations (24) and (28) one obtains equations for α1 and α2:

α1(x,Q
2) + α2(x,Q

2) =
∑

n=0,2,4,...

ãn + nd̃n

n+ 1

1

xn+1
,

α2(x,Q
2) =

∑

n=2,4,...

n(d̃n − ãn)

n+ 1

1

xn+1
. (29)

These equations are compared with the Taylor series expansions (23), whence
we obtain the moment sum rules for g1 and g2:

1∫

0

dxxng1 =
1

2
ãn (30)

1 Note that, for simplicity, in this discussion we consider the case of a single quark
flavour with unit charge. The results quoted in Section 3.2 below include the extra
steps of using the full electromagnetic current of QCD.
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for = 0, 2, 4, . . . and

1∫

0

dxxng2 =
1

2

n

n+ 1
(d̃n − ãn) (31)

for n = 2, 4, 6, . . .
Note:

1. The first moment of g1 is given by the nucleon matrix element of the
axial vector current ψ̄γσγ5ψ. There is no twist-two, spin-one, gauge-
invariant, local gluon operator to contribute to the first moment of
g1 [29].

2. The potential subtraction term Q2

2M β1(Q
2) in the dispersion relation

(22) multiplies a 1
x term in the series expansion on the left-hand side,

and thus provides a potential correction factor to sum rules for the
first moment of g1. It follows that the first moment of g1 measured
in polarized deep inelastic scattering measures the nucleon matrix el-
ement of the axial vector current up to this potential “subtraction at
infinity” term, which corresponds to the residue of any J = 1 fixed
pole with nonpolynomial residue contribution to the real part of A1.

3. There is no 1
x term in the operator product expansion formula (29) for

α2(x,Q
2). This is matched by the lack of any 1

x term in the unsub-
tracted version of the dispersion relation (23). The operator product
expansion provides no information about the first moment of g2 with-
out additional assumptions concerning analytic continuation and the
x ∼ 0 behaviour of g2 [30] — see the discussion about the Burkhardt–
Cottingham sum rule in Section 3.3.

If there are finite subtraction constant corrections to one (or more) spin
sum rules, one can include the correction by re-interpreting the relevant
structure function as a distribution with the subtraction constant included
as the coefficient of a δ(x) term [10].

3.2. g1 spin sum rules in polarized deep inelastic scattering

The value of g
(0)
A extracted from polarized deep inelastic scattering is

obtained as follows. One includes the sum over quark charges squared in
Wµν and assumes no twist-two subtraction constant (β1(Q

2) = O(1/Q4)).
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The first moment of the structure function g1 is then related to the scale-
invariant axial charges of the target nucleon by

1∫

0

dx gp
1(x,Q

2) =

(
1

12
g
(3)
A +

1

36
g
(8)
A

){
1 +

∑

ℓ≥1

cNSℓα
ℓ
s(Q)

}

+
1

9
g
(0)
A |inv

{
1 +

∑

ℓ≥1

cSℓα
ℓ
s(Q)

}
+ O

(
1

Q2

)
. (32)

Here g
(3)
A , g

(8)
A and g

(0)
A |inv are the isovector, SU(3) octet and scale-invariant

flavour-singlet axial charges, respectively. The flavour non-singlet cNSℓ and
singlet cSℓ Wilson coefficients are calculable in ℓ-loop perturbative QCD [31].

Note that the first moment of g1 is constrained by low energy weak
interactions. For proton states |p, s〉 with momentum pµ and spin sµ

2msµ g
(3)
A = 〈p, s|

(
ūγµγ5u− d̄γµγ5d

)
|p, s〉 ,

2msµ g
(8)
A = 〈p, s|

(
ūγµγ5u+ d̄γµγ5d− 2s̄γµγ5s

)
|p, s〉 . (33)

Here g(3)

A = 1.267 ± 0.004 is the isovector axial charge measured in neutron

beta-decay; g(8)

A = 0.58 ± 0.03 is the octet charge measured independently
in hyperon beta decays (using SU(3)) [32]. (The assumption of good SU(3)
here is supported by the recent KTeV measurement [33] of the Ξ0 beta decay
Ξ0 → Σ+eν̄.)

The scale-invariant flavour-singlet axial charge g
(0)
A |inv is defined by

2msµg
(0)
A |inv = 〈p, s| E(αs)J

GI
µ5 |p, s〉 , (34)

where
JGI

µ5 =
(
ūγµγ5u+ d̄γµγ5d+ s̄γµγ5s

)
GI

(35)

is the gauge-invariantly renormalized singlet axial-vector operator and

E(αs) = exp

αs∫

0

dα̃s γ(α̃s)/β(α̃s) (36)

is a renormalization group factor which corrects for the (two loop) non-zero

anomalous dimension γ(αs) (= f α2
s

π2 + O(α3
s )) of JGI

µ5 [34]. Here β(αs) is the
QCD beta function. We are free to choose the QCD coupling αs(µ) at either

hard or soft scale µ. The singlet axial charge g
(0)
A |inv is independent of the

renormalization scale µ and corresponds to g
(0)
A (Q2) evaluated in the limit
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Q2 → ∞. If we take αs(µ
2
0) ∼ 0.6 as typical of the infrared region of QCD,

then the renormalization group factor E(αs) ≃ 1− 0.13− 0.03 = 0.84 where
−0.13 and −0.03 are the O(αs) and O(α2

s ) corrections, respectively.
In the isovector channel the Bjorken sum rule [25, 31]

IBj =

1∫

0

dx

(
gp
1 − gn

1

)
=
g
(3)
A

6

[
1 −

αs

π
− 3.58

(αs

π

)2
− 20.21

(αs

π

)3
]

(37)

has been confirmed at the level of 10%. Using the value g
(8)
A = 0.58 ± 0.03

from hyperon beta-decays (and assuming no subtraction constant correction)
the polarized deep inelastic data implies

g
(0)
A

∣∣∣
pDIS

= 0.2 − 0.35 (38)

for the flavour singlet (Ellis–Jaffe) moment corresponding to the polarized
strangeness ∆s = −0.10 ± 0.04 quoted in Section 1.

The small x extrapolation of g1 data is presently the largest source of ex-
perimental error on measurements of the nucleon’s axial charges from deep
inelastic scattering. We refer to Ziaja [35] for a recent discussion of per-
turbative QCD predictions for the small x behaviour of g1 in deep inelastic
scattering.

Note that polarized deep inelastic scattering experiments measure g1
between some small but finite value xmin and an upper value xmax which is

close to one. Deep inelastic measurements of g
(3)
A and g

(0)
A involve a smooth

extrapolation of the g1 data to x = 0 which is motivated either by Regge
theory or by perturbative QCD. As we decrease xmin → 0 we measure the
first moment

Γ ≡ lim
xmin→0

1∫

xmin

dx g1(x,Q
2) . (39)

Polarized deep inelastic experiments cannot, even in principle, measure at
x = 0 with finite Q2. They miss any possible δ(x) terms which might exist
in g1 at large Q2. That is, they miss any potential (leading twist) fixed pole

corrections and/or zero mode (topological) contributions to g
(0)
A |inv.

3.3. The Burkhardt–Cottingham sum rule

The Burkhardt–Cottingham sum rule [27] reads:

∞∫

Q2/2M

dνG2(Q
2, ν) =

2M3

Q2

1∫

0

dxg2 = 0 . (40)
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For deep inelastic scattering, this sum rule is derived by assuming that the
moment formula (31) can be analytically continued to n = 0. In general,
the Burkhardt–Cottingham sum rule is derived by assuming no α ≥ 0 sin-
gularity in G2 (or, equivalently, no 1

x or more singular small behaviour in
g2) and no “subtraction at infinity” (from an α = J = 0 fixed pole in
the real part of G2) [30]. The most precise measurements of g2 to date in
polarized deep inelastic scattering come from the SLAC E-155 and E-143

experiments, which report
∫ 0.8
0.02 dx g

p
2 = −0.042 ± 0.008 for the proton and∫ 0.8

0.02 dx g
d
2 = −0.006±0.011 for the deuteron at Q2 = 5GeV2 [36]. New, even

more accurate, measurements of g2 (for the neutron using a 3He target) are
becoming available at Jefferson Laboratory [37] for Q2 between 0.1 and 0.9
GeV2. Further measurements to test the Burkhardt–Cottingham sum rule
would be most valuable, particularly given the SLAC proton result quoted
above.

3.4. The Drell–Hearn–Gerasimov sum rule

The Drell–Hearn–Gerasimov sum-rule [28] for spin dependent photopro-
duction relates the difference of the two cross-sections for the absorption of
a real photon with spin anti-parallel σA and parallel σP to the target spin to
the square of the anomalous magnetic moment of the target. It is derived by
setting ν = 0 in the dispersion relation for A1, Eq. (17). For small photon
energy ν → 0

A1(0, ν) = −
1

4
κ2 +O(ν2) , (41)

where κ is the anomalous magnetic moment of the target. This low-energy
theorem follows from Lorentz invariance and electromagnetic gauge invari-
ance (plus the existence of a finite mass gap between the ground state and
continuum contributions to forward Compton scattering) [38,39]. The Drell–
Hearn–Gerasimov sum rule reads:

∞∫

threshold

dν

ν
(σ 1

2
− σ 3

2
) =

8π2α

M2

∞∫

threshold

dν

ν
G1 = −

2π2α

M2
κ2 . (42)

The sum rule follows from the very general principles of causality, unitarity,
Lorentz and electromagnetic gauge invariance and one assumption: that
the g1 spin structure function satisfies an unsubtracted dispersion relation.
Modulo the no-subtraction hypothesis, the Drell–Hearn–Gerasimov sum-rule
is valid for a target of arbitrary spin S, whether elementary or composite [38]
— for a review see [40].

The integral in Eq. (42) converges for each of the leading Regge contri-
butions (discussed below Eq. (13)). If the sum rule were observed to fail
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(with finite integral) the interpretation would be a “subtraction at infinity”
induced by a J = 1 fixed pole in the real part of the spin amplitude A1 [41].

Experimental investigations of the Drell–Hearn–Gerasimov sum rule are
being carried out at several laboratories: ELSA and MAMI, JLab, GRAAL,
LEGS@BNL, and SPRING. Preliminary results [42] from the ELSA-MAMI
experiments suggest that the contribution to the DHG integral for a pro-
ton target from energies ν < 3GeV exceeds the total sum rule prediction
(−204.5µb) by about 5–10%. Phenomenological estimates suggest that
about +25±10µb of the sum rule may reside at higher energies [43]. However
it should be noted that any 10% fixed pole correction would be competitive
with this high energy contribution within the errors. Further measurements,
including at higher energy, would be valuable. These measurements could
be carried out at SLAC or using a future polarized ep collider [44]. In ad-
dition to mapping out spin dependent Regge theory and placing an upper
bound on the high energy contribution to the Drell–Hearn–Gerasimov sum
rule high energy measurements of G1 in polarized photoproduction would
provide a baseline for investigations of perturbative QCD motivated small x
behaviour in g1. The transition region between polarized photoproduction
and deep inelastic Q2 is expected to reveal much larger changes in the ef-
fective intercept for small x physics than those observed in the unpolarized
structure function F2 [44].

4. Fixed poles

Fixed poles are exchanges in Regge phenomenology with no t depen-
dence: the trajectories are described by J = α(t) = 0 or 1 for all t [45].
For example, for fixed Q2 a t-independent real constant term in the spin
amplitude A1 would correspond to a J = 1 fixed pole. Fixed poles are
excluded in hadron–hadron scattering by unitarity but are not excluded
from Compton amplitudes (or parton distribution functions) because these
are calculated only to lowest order in the current-hadron coupling. Indeed,
there are two famous examples where fixed poles are required: (by current
algebra) in the Adler sum rule for W -boson nucleon scattering, and to re-
produce the Schwinger term sum rule for the longitudinal structure function
measured in unpolarized deep inelastic ep scattering. We review the deriva-
tion of these fixed pole contributions, and then discuss potential fixed pole
corrections to the Burkhardt–Cottingham, g1 and Drell–Hearn–Gerasimov
sum-rules2. Fixed poles in the real part of the forward Compton amplitude
have the potential to induce “subtraction at infinity” corrections to sum rules
for photon–nucleon (or lepton nucleon) scattering. For example, a ν inde-

2 We refer to [46] for a recent discussion of an “x = 0” fixed pole contribution to the
twist 3, chiral-odd structure function e(x).
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pendent term in the real part of A1 would induce a subtraction constant
correction to the spin sum rule for the first moment of g1. Bjorken scaling
at large Q2 constrains the Q2 dependence of the residue of any fixed pole
in the real of the forward Compton amplitude (e.g. β1(Q

2) and β2(Q
2) in

the dispersion relations (22)). To be consistent with scaling these residues
must decay as or faster than 1/Q2 as Q2 → ∞. That is, they must be
nonpolynomial in Q2.

4.1. Adler sum rule

The first example we consider is the Adler sum rule for W -boson nucleon
scattering [9]:

+∞∫

Q2/2M

dν

[
W ν̄p

2 (ν,Q2) −W νp
2 (ν,Q2)

]
=

1∫

0

dx

x

[
F ν̄p

2 (x,Q2) − F νp
2 (x,Q2)

]

=
4 − 2 cos2 θc (BCT)
2 (ACT) .

(43)

Here θc is the Cabibbo angle, and BCT and ACT refer to below and above
the charm production threshold.

The Adler sum rule is derived from current algebra. The right hand side
of the sum rule is the coefficient of a J = 1 fixed pole term

i

π
fabc Fc

[
(pµqν + qµpν) −Mνgµν

]
/Q2 (44)

in the imaginary part of the forward Compton amplitude for W -boson nu-
cleon scattering [47]. This fixed pole term is required by the commutation
relations between the charge raising and lowering weak currents

qµT
µν
ab = −

1

π

∫
d4x eiq·x 〈p, s|

[
J0

a(x), Jν
b (0)

]
|p, s〉δ(x0)

= −
i

π
fabc〈ps|J

ν
c (0)|ps〉 . (45)

Here Fc is a generalized form factor at zero momentum transfer:

〈p, s|Jν
c (0)|p, s〉 ≡ pνFc . (46)

The fixed pole term appears in lowest order perturbation theory, and is not
renormalized because it is a consequence of the current algebra. The Adler
sum rule is protected against radiative QCD corrections.
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4.2. Schwinger term sum rule

Our second example is the Schwinger term sum rule [10] which relates
to the logarithmic integral in ω (or Bjorken x) of the longitudinal structure
function FL(ω,Q2) (FL = 1

2ωF2−F1) measured in unpolarized deep inelastic
scattering to the target matrix element of the operator Schwinger term S
defined through the equal-time commutator of the electromagnetic charge
and current densities

〈p, s|

[
J0(~y, 0), Ji(0)

]
|p, s〉 = i ∂i δ

3(~y) S . (47)

The Schwinger term sum rule reads

S = lim
Q2→∞

[
4

∞∫

1

dω

ω
F̃L(ω,Q2) − 4

∑

α>0

γ(α,Q2)/α− C(q2)

]
. (48)

Here C(Q2) is the nonpolynomial residue of any J = 0 fixed pole contribu-
tion in the real part of T2 and

F̃L(ω,Q2) = FL(ω,Q2) −
∑

α≥0

γ(α,Q2)ωα . (49)

The integral in Eq. (48) is convergent because F̃L(ω,Q2) is defined with all
Regge contributions with effective intercept greater than or equal to zero
removed from FL(Q2, ω). The Schwinger term S vanishes in vector gauge
theories like QCD. Since FL(ω,Q2) is positive definite, it follows that QCD
possesses the required non-vanishing J = 0 fixed pole in the real part of T2.

4.3. Burkhardt–Cottingham sum rule

The third example, and the first in connection with spin, is the Burkhardt–
Cottingham sum rule for the first moment of g2 [27]:

∞∫

Q2/2M

dν G2(Q
2, ν) =

2M3

Q2

1∫

0

dxg2 = 0 .

Suppose that future experiments find that the sum rule is violated and that
the integral is finite. The conclusion [30] would be a J = 0 fixed pole with
nonpolynomial residue in the real part of A2. To see this work at fixed Q2

and assume that all Regge-like singularities contributing to A2(ν,Q
2) have

intercept less than zero so that

A2(ν,Q
2) ∼ ν−1−ε (50)
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as ν → ∞ for some ε < 0. Then the large ν behaviour of A2 is obtained by
taking ν → ∞ under the ν ′ integral giving

A2(Q
2, ν) ∼ −

2

πν

∞∫

Q2/2M

dν ′ ImA2(Q
2, ν ′) (51)

which contradicts the assumed behaviour unless the integral vanishes; hence
the sum rule. If there is an α(0) = 0 fixed pole in the real part of A2 the fixed
pole will not contribute to ImA2 and therefore not spoil the convergence of
the integral. One finds

β2(Q
2) ∼ −

2

πM

∞∫

Q2/2M

dν ′ ImA2(Q
2, ν ′) (52)

for the residue of any J = 0 fixed pole coupling to A2(Q
2, ν).

4.4. g1 spin sum rules

Scaling requires that any fixed pole correction to the Ellis Jaffe g1 sum
rule must have nonpolynomial residue. Through Eq. (23), the fixed pole
coefficient β1(Q

2) must decay as or faster than O(1/Q2) as Q2 → ∞. The
coefficient is further constrained by the requirement that G1 contains no
kinematic singularities (for example at Q2 = 0). In Section 5 we will identify
a potential leading-twist topological x = 0 contribution to the first moment

of g1 through analysis of the axial anomaly contribution to g
(0)
A . This zero-

mode topological contribution (if finite) generates a leading twist fixed pole

correction to the flavour-singlet part of
∫ 1
0 dxg1. If present, this fixed pole

will also violate the Drell–Hearn–Gerasimov sum rule (since the two sum
rules are derived from A1) unless the underlying dynamics suppress the
fixed pole’s residue at Q2 = 0.

At this point it is interesting to consider the g1 spin structure function
of a polarized real photon. (Assuming no fixed pole correction) the first
moment of gγ

1 of a real photon vanishes

1∫

0

dx gγ
1 (x,Q2) = 0 (53)

independent of the virtuality Q2 of the photon that it is probed with [48,49].
This result is non-perturbative. There are two derivations. In the first we
treat the real photon as the beam and the virtual photon, and apply the



5912 S.D. Bass

Drell–Hearn–Gerasimov sum rule. The anomalous magnetic moment of a
photon vanishes to all orders because of Furry’s theorem. Alternatively (for
large Q2), we can treat the deeply virtual photon as the beam and apply
the operator product expansion. The sum rule (53) holds to all orders in
perturbation theory and at every twist. If there is a fixed pole correction to
the polarized real photon spin sum rule (53) then the correction will affect
both the deep inelastic first moment (applied to the deeply virtual photon)
and Drell–Hearn–Gerasimov (applied to the real photon) sum rules for the
polarized photon system. Measurements of gγ

1 might be possible with a
polarized eγ collider [50].

Note that any fixed pole correction to the Drell–Hearn–Gerasimov sum
rule is most probably a non-perturbative effect. The sum rule (42) has been
verified to O(α2) for all 2 → 2 processes γa → bc where a is either a real
lepton, quark, gluon or elementary Higgs target [51], and for electrons in
QED to O(α3) [52].

One could test for a fixed pole correction to the Ellis–Jaffe moment
through a precision measurement of the flavour singlet axial charge from an
independent process where one is not sensitive to theoretical assumptions
about the presence or absence of a J = 1 fixed pole in A1. Here the natural
choice is elastic neutrino proton scattering [8,53] where the parity violating
part of the cross-section includes a direct weak interaction measurement

of the scale invariant flavour-singlet axial charge g
(0)
A |inv, or through parity

violation in light atoms [54,55].
The subtraction constant fixed pole correction hypothesis could also,

in principle, be tested through measurement of the real part of the spin
dependent part of the forward deeply virtual Compton amplitude. While this
measurement may seem extremely difficult at the present time one should
not forget that Bjorken believed when writing his original Bjorken sum rule
paper that the sum rule would never be tested [25]!

4.5. νp elastic scattering

Neutrino proton elastic scattering measures the proton’s weak axial
charge g(Z)

A through elastic Z0 exchange. Because of anomaly cancellation
in the Standard Model the weak neutral current couples to the combination
u− d+ c− s+ t− b, viz.

JZ
µ5 =

1

2

{ ∑

q=u,c,t

−
∑

q=d,s,b

}
q̄γµγ5q . (54)

It measures the combination

2g(Z)

A = (∆u− ∆d− ∆s) + (∆c− ∆b+ ∆t) , (55)
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where ∆q refers to the expectation value

〈p, s| q̄γµγ5q |p, s〉 = 2Msµ∆q

for a proton of spin sµ and mass M . Heavy quark renormalization group
arguments can be used to calculate the heavy t, b and c quark contributions
to g(Z)

A . The full NLO result is [56]

2g(Z)

A = (∆u− ∆d− ∆s)inv + H(∆u+ ∆d+ ∆s)inv + O(m−1
t,b,c) , (56)

where H is a polynomial in the running couplings α̃h,

H =
6

23π
(α̃b − α̃t)

{
1 +

125663

82800π
α̃b +

6167

3312π
α̃t −

22

75π
α̃c

}

−
6

27π
α̃c −

181

648π2
α̃2

c +O(α̃3
t,b,c) . (57)

Here (∆q)inv denotes the scale-invariant version of ∆q and α̃h denotes
Witten’s renormalization-group-invariant running couplings for heavy quark
physics [57, 58]. Taking α̃t = 0.1, α̃b = 0.2 and α̃c = 0.35 in (57), one finds
a small heavy-quark correction factor H = −0.02, with LO terms dominant.

Modulo the small heavy-quark corrections quoted above, a precision mea-

surement of g
(Z)
A , together with g

(3)
A and g

(8)
A , would provide a weak interac-

tion determination of (∆s)inv, complementary to the deep inelastic measure-
ment (2). The νp elastic measurement may be possible [8] at FNAL using
the mini-BooNE set-up with small duty factor (∼ 10−5) neutrino beam to
control backgrounds. The estimated error on the strange quark polarization
one could extract from this experiment is ∼ 0.03, competitive with the error
from present polarized deep inelastic measurements.

5. The axial anomaly, gluon topology and g
(0)
A

We next discuss the role of the axial anomaly in the interpretation of g
(0)
A .

5.1. The axial anomaly

In QCD one has to consider the effects of renormalization. The flavour
singlet axial vector current JGI

µ5 in Eq. (35) satisfies the anomalous divergence
equation [11, 59]

∂µJGI
µ5 = 2f∂µKµ +

f∑

i=1

2imiq̄iγ5qi , (58)
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where

Kµ =
g2

32π2
εµνρσ

[
Aν

a

(
∂ρAσ

a −
1

3
gfabcA

ρ
bA

σ
c

)]
(59)

is a renormalized version of the gluonic Chern–Simons current and the num-
ber of light flavours f is 3. Eq. (58) allows us to write

JGI
µ5 = Jcon

µ5 + 2fKµ , (60)

where Jcon
µ5 and Kµ satisfy the divergence equations

∂µJcon
µ5 =

f∑

i=1

2imiq̄iγ5qi (61)

and

∂µKµ =
g2

32π2
GµνG̃

µν . (62)

Here g2

32π2GµνG̃
µν is the topological charge density. The partially conserved

current is scale invariant and the scale dependence of JGI
µ5 is carried entirely

by Kµ. When we make a gauge transformation U the gluon field transforms
as

Aµ → UAµU
−1 +

i

g
(∂µU)U−1 (63)

and the operator Kµ transforms as

Kµ → Kµ + i
g

8π2
εµναβ∂

ν

(
U †∂αUAβ

)

+
1

24π2
εµναβ

[
(U †∂νU)(U †∂αU)(U †∂βU)

]
. (64)

Gauge transformations shuffle a scale invariant operator quantity between
the two operators Jcon

µ5 and Kµ whilst keeping JGI
µ5 invariant.

The nucleon matrix element of JGI
µ5 is

〈p, s|JGI
5µ |p

′, s′〉 = 2M

[
s̃µGA(l2) + lµl · s̃GP (l2)

]
, (65)

where lµ = (p′ − p)µ and s̃µ = u(p,s)γµγ5u(p′,s′)/2M . Since JGI
5µ does not

couple to a massless Goldstone boson it follows that GA(l2) and GP (l2)
contain no massless pole terms. The forward matrix element of JGI

5µ is well
defined and

g
(0)
A |inv = E(αs)GA(0) . (66)
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We would like to isolate the gluonic contribution to GA(0) associated

withKµ and thus write g
(0)
A as the sum of (measurable) “quark” and “gluonic”

contributions. Here one has to be careful because of the gauge dependence

of the operator Kµ. To understand the gluonic contributions to g
(0)
A it is

helpful to go back to the deep inelastic cross-section in Section 2.

5.2. The anomaly and the first moment of g1

We specialise to the target rest frame and let E denote the energy of the
incident charged lepton which is scattered through an angle θ to emerge in
the final state with energy E′. Let ↑↓ denote the longitudinal polarization
of the beam and ⇑⇓ denote a longitudinally polarized proton target. The
spin dependent part of the differential cross-sections is:
(
d2σ ↑⇑

dΩdE′
−
d2σ ↑⇓

dΩdE′

)
=

4α2E
′

Q2Eν

[
(E + E

′

cos θ) g1(x,Q
2) − 2xM g2(x,Q

2)

]

(67)
which is obtained from the product of the lepton and hadron tensors:

d2σ

dΩdE′
=
α2

Q4

E′

E
LA

µν W
µν
A . (68)

Here the lepton tensor
LA

µν = 2iεµναβk
αqβ (69)

describes the lepton-photon vertex and the hadronic tensor

1

M
W µν

A = iεµνρσqρ

(
sσ

1

p · q
g1(x,Q

2) + [p · qsσ − s · qpσ]
1

M2p · q
g2(x,Q

2)

)

(70)
describes the photon–nucleon interaction.

Deep inelastic scattering involves the Bjorken limit: Q2 = −q2 and p·q =

Mν both → ∞ with x = Q2

2Mν held fixed. In terms of light-cone coordinates
this corresponds to taking q− → ∞ with q+ = −xp+ held finite. The leading
term in W µν

A is obtained by taking the Lorentz index of sσ as σ = +. (Other

terms are suppressed by powers of 1
q−

.)

The flavour-singlet axial charge which is measured in the first moment
of g1 is given by the matrix element

2Msµg
(0)
A = 〈p, s|JGI

µ5 |p, s〉 .

If we wish to understand the first moment of g1 in terms of the matrix
elements of anomalous currents (Jcon

µ5 and Kµ), then we have to understand
the forward matrix element of K+.
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Here we are fortunate in that the parton model is formulated in the
light-cone gauge (A+ = 0) where the forward matrix elements of K+ are
invariant. In the light-cone gauge the non-Abelian three-gluon part of K+

vanishes. The forward matrix elements of K+ are then invariant under all
residual gauge degrees of freedom. Furthermore, in this gauge, K+ measures
the gluonic “spin” content of the polarized target [61]3. We find [12,15]

G
(A+=0)
A (0) =

∑

q

∆qcon − f
αs

2π
∆g , (71)

where ∆qcon is measured by the partially conserved current Jcon
+5 and −αs

2π∆g
is measured by K+. The gluonic term in Eq. (71) offers a possible source

for any OZI violation in g
(0)
A |inv.

4

What is the relation between the formal decomposition in Eq. (71) and
our previous (more physical) expression (3)?

5.3. Questions of gauge invariance

In perturbative QCD ∆qcon is identified with ∆qpartons and ∆g is iden-
tified with ∆gpartons — see Section 6 and [12, 13, 15]. If we were to work
only in the light-cone gauge we might think that we have a complete par-
ton model description of the first moment of g1. However, one is free to
work in any gauge including a covariant gauge where the forward matrix el-
ements of K+ are not necessarily invariant under the residual gauge degrees
of freedom [29]. We illustrate this by an example in covariant gauge.

The matrix elements of Kµ need to be specified with respect to a specific
gauge. In a covariant gauge we can write

〈p, s|Kµ|p
′, s′〉 = 2M

[
s̃µKA(l2) + lµl · s̃KP (l2)

]
, (72)

where KP contains a massless Kogut–Susskind pole [63]. This massless pole
cancels with a corresponding massless pole term in (GP −KP ). In an axial
gauge n · A = 0 the matrix elements of the gauge dependent operator Kµ

will also contain terms proportional to the gauge fixing vector nµ.
We may define a gauge-invariant form-factor χg(l2) for the topological

charge density (62) in the divergence of Kµ:

2M l · s̃ χg(l2) = 〈p, s|
g2

8π2
GµνG̃

µν |p′, s′〉 . (73)

3 Strictly speaking, up to a non-perturbative surface term in the light-cone correlation
function.

4 Note that non-forward matrix elements of K+ are not invariant under residual gauge
degrees of freedom even in perturbation theory. It follows that any extension of this
formalism to non-forward parton distributions is non-trivial [62].
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Working in a covariant gauge, we find

χg(l2) = KA(l2) + l2KP (l2) (74)

by contracting Eq. (72) with lµ.
When we make a gauge transformation any change δgt in KA(0) is com-

pensated by a corresponding change in the residue of the Kogut–Susskind
pole in KP , viz.

δgt[KA(0)] + lim
l2→0

δgt[l
2KP (l2)] = 0 . (75)

The Kogut–Susskind pole corresponds to the Goldstone boson associated
with spontaneously broken UA(1) symmetry [59]. There is no Kogut–
Susskind pole in perturbative QCD. It follows that the quantity which is

shuffled between the Jcon
+5 and K+ contributions to g

(0)
A is strictly non-

perturbative; it vanishes in perturbative QCD and is not present in the
QCD parton model.

One can show [29,60] that the forward matrix elements of Kµ are invari-
ant under “small” gauge transformations (which are topologically deformable
to the identity) but not invariant under “large” gauge transformations which
change the topological winding number. Perturbative QCD involves only
“small” gauge transformations; “large” gauge transformations involve strictly
non-perturbative physics. The second term on the right hand side of Eq. (64)
is a total derivative; its matrix elements vanish in the forward direction. The
third term on the right hand side of Eq. (64) is associated with the gluon
topology [60].

The topological winding number is determined by the gluonic boundary
conditions at “infinity” 5 [59]. It is insensitive to local deformations of the
gluon field Aµ(z) or of the gauge transformation U(z). When we take the
Fourier transform to momentum space the topological structure induces a
light-cone zero-mode which can contribute to g1 only at x = 0. Hence, we
are led to consider the possibility that there may be a term in g1 which is
proportional to δ(x) [14].

It remains an open question whether the net non-perturbative quantity
which is shuffled between KA(0) and (GA − KA)(0) under “large” gauge
transformations is finite or not. If it is finite and, therefore, physical, then,
when we choose A+ = 0, this non-perturbative quantity must be contained
in some combination of the ∆qcon and ∆g in Eq. (71).

Previously, in Sections 3–4, we found that a J = 1 fixed pole in the
real part of A1 in the forward Compton amplitude could also induce a “δ(x)

5 A large surface with boundary which is spacelike with respect to the positions zk of
any operators or fields in the physical problem.
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correction” to the sum rule for the first moment of g1 through a subtraction
at infinity in the dispersion relation (22). Both the topological x = 0 term

and the subtraction constant Q2

2M2β1(Q
2) (if finite) give real coefficients of

1
x terms in Eq. (23). It seems reasonable therefore to conjecture that the
physics of gluon topology may induce a J = 1 fixed pole correction to the
Ellis–Jaffe sum rule.

Instantons provide an example how to generate topological x = 0 polar-
ization [14]. Quarks instanton interactions flip chirality, thus connecting left
and right handed quarks. Whether instantons spontaneously or explicitly
break axial U(1) symmetry depends on the role of zero modes in the quark
instanton interaction and how one should include non local structure in the
local anomalous Ward identity. Topological x = 0 polarization is natural
in theories of spontaneous axial U(1) symmetry breaking by instantons [59]

where any instanton induced suppression of g
(0)
A |pDIS is compensated by a

shift of flavour-singlet axial charge from quarks carrying finite momentum
to a zero mode (x = 0). It is not generated by mechanisms [64] of explicit
U(1) symmetry breaking by instantons.

The relationship between the spin structure of the proton and dynamical
axial U(1) symmetry breaking is further highlighted through the flavour-

singlet Goldberger–Treiman relation [65] which relates g
(0)
A to the product

of the nucleon coupling of the flavour-singlet Goldstone boson that would
exist in a gedanken world where OZI is exact and the first derivative of the
QCD topological susceptibility. The role of the topological charge density
in low-energy hadron interactions is reviewed in [66]. Anomalous glue may
play a key role in the structure of the light mass (about 1400–1600 MeV)
exotic mesons with quantum numbers JPC = 1−+ that have been observed
in experiments at BNL and CERN. These states might be dynamically gen-
erated resonances in η′π rescattering [67] (mediated by the OZI violating
coupling of the η′).

6. Partons and g1

We now discuss polarized photon gluon fusion, its relation to the axial
anomaly, and importance to semi-inclusive measurements of polarized deep
inelastic scattering which aim to disentangle the spin-flavour structure of
the nucleon’s sea.

6.1. Photon gluon fusion

Consider the polarized photon–gluon fusion process γ∗g → qq̄. We eval-
uate the g1 spin structure function for this process as a function of the
transverse momentum squared of the struck quark, k2

t , with respect to the
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photon–gluon direction. We use q and p to denote the photon and gluon
momenta and use the cut-off k2

t ≥ λ2 to separate the total phase space into
“hard” (k2

t ≥ λ2) and “soft” (k2
t < λ2) contributions. One finds [48]:

g
(γ∗g)
1 |hard = −

αs

2π

√
1 − 4(m2+λ2)

s

1 − 4x2P 2

Q2

[
(2x− 1)

(
1 −

2xP 2

Q2

)

×





1−
1√

1 − 4(m2+λ2)
s

√
1 − 4x2P 2

Q2

ln




1+
√

1 − 4x2P 2

Q2

√
1 − 4(m2+λ2)

s

1−
√

1 − 4x2P 2

Q2

√
1 − 4(m2+λ2)

s








+

(
x− 1 +

xP 2

Q2

)
(
2m2

(
1 − 4x2P 2

Q2

)
− P 2x(2x− 1)

(
1 − 2xP 2

Q2

))

(m2 + λ2)
(
1 − 4x2P 2

Q2

)
− P 2x

(
x− 1 + xP 2

Q2

)




(76)

for each flavour of quark liberated into the final state. Here m is the quark
mass, Q2 = −q2 is the virtuality of the hard photon, P 2 = −p2 is the

virtuality of the gluon target, x is the Bjorken variable (x = Q2

2p·q ) and s is

the centre of mass energy squared, s = (p + q)2 = Q2( 1−x
x ) − P 2, for the

photon–gluon collision.

When Q2 → ∞ the expression for g
(γ∗g)
1 |hard simplifies to the leading

twist (= 2) contribution:

g
(γ∗g)
1 |hard =

αs

2π

[
(2x− 1)

{
ln

1 − x

x
− 1 + ln

Q2

x(1 − x)P 2 + (m2 + λ2)

}

×(1 − x)
2m2 − P 2x(2x− 1)

m2 + λ2 − P 2x(x− 1)

]
. (77)

Here we take λ to be independent of x6. Note that for finite quark masses,
phase space limits Bjorken x to xmax = Q2/(Q2 + P 2 + 4(m2 + λ2)) and

protects g
(γ∗g)
1 |hard from reaching the ln(1 − x) singularity in Eq. (77). For

this photon–gluon fusion process, the first moment of the “hard” contribution

6 We refer to [13, 48] for a discussion of x dependent cut-offs on the virtuality of the
struck quark or the invariant mass squared of the quark-antiquark pair produced in
the photon–gluon collision. These x dependent cut-offs correspond to different jet
definitions and different factorization schemes.
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is:

1∫

0

dxg
(γ∗g)
1 |hard = −

αs

2π


1 +

2m2

P 2

1√
1 + 4(m2+λ2)

P 2

ln




√
1 + 4(m2+λ2)

P 2 − 1
√

1 + 4(m2+λ2)
P 2 + 1




 .

(78)
The “soft” contribution to the first moment of g1 is then obtained by sub-
tracting Eq. (78) from the inclusive first moment (obtained by setting
λ = 0).

For fixed gluon virtuality P 2 the photon–gluon fusion process induces two
distinct contributions to the first moment of g1. Consider the leading twist
contribution, Eq. (78). The first term, −αs

2π , in Eq. (78) is mass-independent
and comes from the region of phase space where the struck quark carries large
transverse momentum squared k2

t ∼ Q2. It measures a contact photon–gluon
interaction and is associated [12,13] with the axial anomaly [9]7. The second
mass-dependent term comes from the region of phase-space where the struck
quark carries transverse momentum k2

t ∼ m2, P 2. This positive mass depen-
dent term is proportional to the mass squared of the struck quark. The mass-
dependent in Eq. (78) can safely be neglected for light-quark flavour (up and
down) production. It is very important for strangeness (and charm [68,69])
production. For vanishing cut-off (λ2 = 0) this term vanishes in the limit
m2 ≪ P 2 and tends to +αs

2π when m2 ≫ P 2 (so that the first moment

of g
(γ∗g)
1 vanishes in this limit). The vanishing of

∫ 1
0 dxg

(γ∗g)
1 in the limit

m2 ≪ P 2 to leading order in αs(Q
2) follows from an application [48] of the

fundamental Drell–Hearn–Gerasimov sum-rule.
Eq. (78) leads to the well known formula quoted in Section 1 [12,13,15]

g
(0)
A |pDIS =

(
∑

q

∆q − 3
αs

2π
∆g

)

partons

(79)

(for the non-zero mode contribution to g
(0)
A ) where ∆g is the amount of spin

carried by polarized gluon partons in the polarized proton and ∆qpartons

measures the spin carried by quarks and antiquarks carrying “soft” trans-
verse momentum k2

t ∼ m2, P 2. Note that the mass independent contact
interaction in Eq. (78) is flavour independent. The mass dependent term
associated with low kt breaks flavour SU(3) in the perturbative sea.

7 When we apply the operator product expansion to g
(γ∗g)
1 the first term in Eq. (78)

corresponds to the gluon matrix element of the anomaly current K+ (evaluated in
A+ = 0 gauge). If we remove the cut-off by setting λ2 equal to zero, then the second
term in Eq. (78) is the gluon matrix element of Jcon

µ5 [13].
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We next discuss the practical consequence [16] of the strange quark mass
in polarized photon–gluon fusion and the transverse momentum dependence
of the perturbative sea generated by photon gluon fusion in semi-inclusive
measurements of g1.

6.2. Sea polarization and semi-inclusive polarized deep inelastic scattering

Semi-inclusive measurements of fast pions and kaons in the current frag-
mentation region with final state particle identification can be used to re-
construct the individual up, down and strange quark contributions to the
proton’s spin [70, 71]. In contrast to inclusive polarized deep inelastic scat-
tering where the g1 structure function is deduced by detecting only the
scattered lepton, the detected particles in the semi-inclusive experiments
are high-energy (greater than 20% of the energy of the incident photon)
charged pions and kaons in coincidence with the scattered lepton. For large
energy fraction z = Eh/Eγ → 1 the most probable occurrence is that the
detected π± and K± contain the struck quark or antiquark in their valence
Fock state. They therefore act as a tag of the flavour of the struck quark.

New semi-inclusive data reported by the HERMES experiment [72] (fol-
lowing earlier work by SMC [73]) suggest that the light-flavoured (up and
down) sea measured in these semi-inclusive experiments contributes close to
zero to the proton’s spin. For the region 0.023 < x < 0.3 the extracted ∆s
integrates to the value +0.03±0.03±0.01 which contrasts with the negative
value for the polarized strangeness (2) extracted from inclusive measure-
ments of g1.

An important issue for semi-inclusive measurements is the angular cov-
erage of the detector [16]. The non-valence spin-flavour structure of the pro-
ton extracted from semi-inclusive measurements of polarized deep inelastic
scattering may depend strongly on the transverse momentum (and angular)
acceptance of the detected final-state hadrons which are used to determine
the individual polarized sea distributions. The present semi-inclusive ex-
periments detect final-state hadrons produced only at small angles from
the incident lepton beam (about 150 mrad angular coverage) whereas the
perturbative QCD “polarized gluon interpretation” [15] of the inclusive mea-
surement (2) involves physics at the maximum transverse momentum [12,16]
and large angles.

Let g
(γ∗g)
1 |soft(λ) denote the contribution to g

(γ∗g)
1 for photon–gluon fu-

sion where the hard photon scatters on the struck quark or antiquark car-
rying transverse momentum k2

t < λ2. Figs. 3 and 4 show the first moment

of g
(γ∗g)
1 |soft for the strange and light (up and down) flavour production re-

spectively as a function of the transverse momentum cut-off λ2. Here we
set Q2 = 2.5GeV2 (corresponding to the HERMES experiment) and 10GeV2
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Fig. 3.
∫ 1

0 dx g
(γ∗g)
1 |soft for polarized strangeness production with k2

t < λ2 in units

of αs

2π
. Here Q2 = 2.5GeV2 (dotted line) and 10GeV2 (solid line).
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Fig. 4.
∫ 1

0
dx g

(γ∗g)
1 |soft for light-flavour (u or d) production with k2

t < λ2 in units

of αs

2π
. Here Q2 = 2.5GeV2 (dotted line) and 10GeV2 (solid line).
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(SMC). Following [12], we take P 2 ∼ Λ2
qcd and set P 2 = 0.1GeV2. Observe

the small value for the light-quark sea polarization at low transverse mo-
mentum and the positive value for the integrated strange sea polarization
at low k2

t : kt < 1.5GeV at the HERMES Q2 = 2.5GeV2. When we re-
lax the cut-off, increasing the acceptance of the experiment, the measured
strange sea polarization changes sign and becomes negative (the result im-
plied by fully inclusive deep inelastic measurements). Note that for γ∗g
fusion the cut-off k2

t < λ2 is equivalent to a cut-off on the angular accep-
tance sin2 θ < 4λ2/{s−4m2} where θ is defined relative to the photon–gluon
direction and s is the centre of mass energy for the photon–gluon collision.
Leading-twist negative sea polarization at k2

t ∼ Q2 corresponds, in part,
to final state hadrons produced at large angles. For HERMES the average
transverse momentum of the detected final-state fast hadrons is less than
about 0.5 GeV whereas for SMC the kt of the detected fast pions was less
than about 1 GeV. New semi-inclusive measurements with increased lumi-
nosity and a 4π detector, as proposed for the next generation Electron Ion
Collider facility in the United States, would be extremely useful to map out
the transverse momentum distribution of the total polarized strangeness (2)
measured in inclusive deep inelastic scattering.

7. The main issues

• Are there fixed pole corrections to spin sum rules for polarized photon–
nucleon scattering? If yes, which ones?

• How large is the gluon polarization in the proton?

• Is gluon topology important in the spin structure of the proton?

• What happens to “spin” in the transition from current to constituent
quarks through dynamical axial U(1) symmetry breaking?

• What is the x and kt dependence of the (negative) polarized strangeness
extracted from inclusive polarized deep inelastic scattering?

• How do the effective intercepts for small x physics change in the tran-
sition region between polarized photoproduction and polarized deep
inelastic scattering?

I thank R.L. Jaffe, Z.-E. Meziani and A. W. Thomas for helpful discus-
sions, and A. Bialas and M. Praszalowicz for creating a most stimulating
scientific meeting and for excellent hospitality. SDB is supported by a Lise
Meitner Fellowship (M683 and M770) of the Austrian Science Fund (FWF).
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