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NUMERICAL RENORMALIZATION GROUP STUDYOF TWO-LEVEL KONDO EFFECT:DISCOVERY OF NEW FIXED POINT�M. Kojima, S. Yotsuhashi, K. MiyakeDepartment of Physial Siene, Graduate Shool of Engineering SieneOsaka University, Toyonaka, Osaka 560-8531, Japan(Reeived July 10, 2002)The model of two-level Kondo e�et is studied by the Wilson numerialrenormalization group method. It is shown that there exist a new type ofweak-oupling �xed point other than the strong-oupling �xed point foundby Vladar and Zawadowski two deades ago by means of the one-loop andtwo-loop renormalization group methods.PACS numbers: 72.10.Fk, 72.15.Qm, 73.40.Gk1. IntrodutionThe two-level Kondo (TLK) e�et was �rst studied by Kondo more thantwo deades ago by means of a perturbation alulation [1℄. In early 80's,Vladar�Zawadowski (VZ) showed on the basis of the poorman's saling [2℄and two-loop renormalization group [3℄ methods that the �xed point of theTLK model is given by that of the pseudo-spin-1/2 magneti Kondo model.This problem attrated renewed interests in mid 80's in relation to the two-hannel Kondo (TCK) e�et whih is haraterized by the non-Fermi liquid�xed point [4�6℄. It is beause the Hamiltonian at strong-oupling �xedpoint of TLK system is inevitably mapped to the TCK Hamiltonian if thespin-degrees of freedom are read as the hannel-degrees of freedom. Thepurpose of the present ontribution is to investigate the nature of the �xedpoint of TLK system itself on a more solid alualtion using the Wilsonnumerial renormalization group (NRG) method.� Presented at the International Conferene on Strongly Correlated Eletron Systems,(SCES02), Craow, Poland, July 10�13, 2002.(1331)



1332 M. Kojima, S. Yotsuhashi, K. Miyake2. ModelWe use the same model Hamitonian as that adopted by VZ [2℄:H =X~k "kay~ka~k + Xi=x;y;z�i� i + 2X~k1;~k2 Xi=x;y;z(ay~k2V îk2;k̂1a~k1)� i ; (1)where a~k denotes annhilation operator of the ondution eletron with thewavevetor ~k, � i the i-th omponent of the pseudo spin desribing the two-level (TL) degrees of freedom, and the oupling V 's are given as follows:V ẑk2;k̂1 = iVz4� (a0 + 3a1 os �k̂2k̂1)(k̂z1 � k̂z2) ; (2)V x̂k2;k̂1 = Vx4� (a0 + 3a1 os �k̂2k̂1)(k̂z1 � k̂z2)2 ; (3)and V ŷk2;k̂1 = 0, with Vz � kFd=2 and Vx = (kFd)2�0�=VB. Otherwise, thenotations used in (2) and (3) are the same in Ref. [2℄. We restrit the partialwave desribing the ondution eletrons within ` = 0; 1; 2; 3 and m = 0, mbeing the z-omponent of the angular momentum `, around the TL systemas in Ref. [2℄. 3. ResultsEnergy �ow diagrams are lassi�ed into two types as shown in Figs. 1and 2. Fig. 1 is for the parameter set, Vz = 1, Vx = 0:01, a0 = 0:6, anda1 = 1:2, and orresponds to the strong-oupling �xed point although itshows no even-odd alternation just as in the TCK e�et. This is beausethe ondution eletrons have 4-hannel orresponding to partial wave ` =0; 1; 2; 3, two of whih are trapped by the TL system. The exitation energiesand the degeneray of eah energy levels (shown in parentheses) an beexplained ompletely by this piture. Small splitting of the energy levels isaused by the growth of the potential sattering term. Suh a phenomenonours also in the sd-model if the potential sattering term is added to themodel. The saling unit � is set as � = 3 throughout this paper. Thenumber of retained states at eah step is 400. Fig. 2 is for the parameterset, Vz = 1, Vx = 0:01, a0 = 0:6, and a1 = 0:4, and represents the weak-oupling �xed point beause it exhibits the even-odd alternation and an beunderstood as the oupling between ondution eletrons and TL system isabsent. Indeed, the degeneray (shown in parentheses) an be ompletelyexplained by this weak-oupling assumption.We have searhed �xed points for a wide range of parameter sets, anddetermined the phase boundary between two regimes of weak- and strong-oupling �xed point as shown in Fig. 3. Although we have set �i = 0 here,



Numerial Renormalization Group Study of Two-Level . . . 1333

0 10 20 30 40 50

0.0

0.5

1.0

1.5

2.0

(24)

(8)

(8)

(4)

E
n
e
r
g
y
 
L
e
v
e
l
s


N (even)

0 10 20 30 40 50

0.0

0.5

1.0

1.5

2.0

(24)

E
n
e
r
g
y
 
L
e
v
e
l
s


(4)

(8)

(4)

(1)

(2)

(1)

N (odd)Fig. 1. Energy �ow diagram for the parameter set, Vz = 1, Vx = 0:01, a0 = 0:6,and a1 = 1:2. The number in parentheses is the degeneray.
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N (odd)Fig. 2. Energy �ow diagram for the parameter set, Vz = 1, Vx = 0:01, a0 = 0:6,and a1 = 0:4. The number in parentheses is the degeneray.



1334 M. Kojima, S. Yotsuhashi, K. Miyakethe e�et of �nite �eld �i does not hange the phase diagram qualitativelyunless j�xj > jVxj. The weak-oupling region is loated along the rossoverregime of the two types of strong-oupling �xed point of the poorman'ssaling equations given originally by VZ [2℄. One type of the strong-oupling�xed points has already been found by VZ on the basis of a physial intuition,while another type of strong oupling �xed point is found for the frst timein this study by solving numerially the oupled saling equations of 48omponents: �V s���x = �2iXi;j �ijsX V i�(x)V j�(x); (4)where V i�� 's are the matrix elements of V îk2k̂1 , (2) and (3), in the spae of` = 0; 1; 2; 3 and m = 0, and the saling variable x � ln(D0=D) [2℄. Bothof the strong-oupling �xed points are haraterized by the pseudo-spin-1/2Kondo e�et. It is noted that the region of weak-oupling �xed point isfound only through the NRG analysis. Impliation of new �xed point willbe disussed elsewhere.
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0Fig. 3. Distribution of strong-oupling (irle) and weak-oupling (ross) �xedpoint. The points presented by triangle annot be identi�ed learly with eah�xed point due to numerial unertainty.This work was supported by the Grant-in-Aid for COE Researh (10CE2004)from Monbukagaku-sho. REFERENCES[1℄ J. Kondo, Physia B 84, 40 (1976).[2℄ K. Vladar, A. Zawadowski, Phys. Rev. B28, 1564 (1983).[3℄ K. Vladar, A. Zawadowski, Phys. Rev. B28, 1582 (1983).[4℄ P. Nozières, Blandin, J. Phys. 41, 193 (1980).[5℄ D.L. Cox, Phys. Rev. Lett. 59, 1240 (1987).[6℄ D.L. Cox, A. Zawadowski, Exoti Kondo E�ets in Metals: Magneti Ions ina Crystalline Eletri Field and Tunnelling Centres, Taylor & Franis, London2002.


