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QUANTUM PHASE TRANSITION IN A TRANSVERSEISING CHAIN WITH REGULARLYVARYING PARAMETERS�O. Derzhkoa, J. Rihterb, T. Krokhmalskiiaand O. Zaburannyiaa Institute for Condensed Matter Physis1 Svientsitskii Street, L'viv-11, 79011, Ukraineb Institut für Theoretishe Physik, Universität MagdeburgP.O. Box 4120, D-39016 Magdeburg, Germany(Reeived July 10, 2002)Using rigorous analytial analysis and exat numerial data for the spin-1=2 transverse Ising hain we disuss the e�ets of regular alternation ofthe Hamiltonian parameters on the quantum phase transition inherent inthe model.PACS numbers: 75.10.�b, 75.30.KzThe one-dimensional spin-12 Ising model in a transverse �eld (the trans-verse Ising hain), de�ned by the HamiltonianH =Xn 2Isxnsxn +Xn 
szn ; (1)is known to be the simplest system exhibiting a quantum (zero-temperature)phase transition driven by the transverse �eld [1℄. Most of the performedstudies for this model use the exat eigenvalues and eigenfuntions of itsHamiltonian (1) that makes the problem amenable for rigorous analysis[1, 2℄. It is generally known that the ritial value of the transverse �eldis 
 = jIj (and 
 = �jIj). The longitudinal (Ising) magnetization per sitemx = 1N Pnhsxni is the order parameter of the system. jmxj varies from 1=2� Presented at the International Conferene on Strongly Correlated Eletron Systems,(SCES02), Craow, Poland, July 10�13, 2002.(1387)



1388 O. Derzhko et al.(for 
 = 0) to 0 (for 
 � 
) aording to jmxj = 12 �1� � 

�2�1=8. Thequantum phase transition at 
 is equivalent to the thermal phase transitionof the square-lattie Ising model. After the understanding of the propertiesof the basi model was ahieved the models with various modi�ations wereintrodued and the e�ets of introdued hanges on the quantum phase tran-sition were disussed. Among numerous works in this �eld one may men-tion an analysis of the ritial behaviour of the aperiodi transverse Isinghain by Luk [3℄, an extensive real-spae renormalization-group treatmentof the random transverse Ising hain by Fisher [4℄ or renormalization-groupstudy of the aperiodi transverse Ising hain by Iglói et al. [5℄. It should beremarked, however, that the study of a simpler ase of the regularly inho-mogeneous transverse Ising hain is still laking although many propertiesof suh a system an be examined exploiting fermioni representation eitherrigorously analytially (using ontinued frations) or on a very preise andwell-ontrolled level of approximation numerially (studying long hains).In this brief report (for the extended version see [6℄) we highlight howdeviations from the pure uniform rystalline system in kind of regularly al-ternating exhange interations and transverse �elds in�uene the quantumphase transition inherent in the spin-1=2 transverse Ising hain. The regularalternation is obtained by substituting in (1) In and 
n instead of I and 
assuming a periodi sequeneI1
1 : : : Ip
pI1
1 : : : Ip
p : : : :In partiular, we present the results of rigorous analytial study based on [7℄for thermodynami quantities and of exat numerial study using the methodillustrated in [8℄ for spin orrelations. Our main onlusions are that thenumber of seond-order quantum phase transitions for a given period ofalternation p strongly depends on the onrete values of the Hamiltonianparameters whereas the ritial behaviour remains as for the uniform hain.Moreover, for a ertain values of the Hamiltonian parameters weaker singu-larities of the ground-state quantities may appear.We start from realling an old result of Pfeuty [9℄ in the present ontext.P. Pfeuty showed that for the spin-1=2 transverse Ising hain Hamiltonianthe gap in the exitation spetrum (in the thermodynami limit) is zero atthe �ritial point� Yn In =Yn 
n : (2)A result similar to (2) an be also derived by the ontinued fration approahdeveloped in Ref. [7℄. In partiular, for a hain of period 2 (period 3) Eq. (2)
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1
2 (I1I2I3 = �
1
2
3). Consider further hains with reg-ularly alternating transverse �eld 
n = 
 + �
n, �
1 + : : : + �
p = 0,jInj = jIj (= 1). For a hain of period 2 (�
1 = ��
2 = �
 > 0)the equation 
2 � �
2 = �I2 yields either two ritial transverse �elds,�p�
2 + I2 (if �
 < jIj), or three ritial transverse �elds, �p2�
 ,0, p2�
 (if �
 = jIj), or four ritial transverse �elds, �p�
2 + I2and �p�
2 � I2 (if �
 > jIj). Thus, the number of ritial transverse�elds yielding gapless energy spetrum of the Ising hain in a modulatedtransverse �eld of period 2 depends on a strength of inhomogeneity. Forsmall �
 only quantitative hanges with respet to the homogeneous asemay be expeted, whereas for large �
 some qualitative hanges shouldour. In Fig. 1 we report a behaviour of the ground-state longitudinal
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ΩFig. 1. The ground-state longitudinal sublattie magnetization of the spin-1=2transverse Ising hain with jI1j = jI2j = 1, 
1;2 = 
 � �
 in dependene onthe transverse �eld 
 ; �
 = 0 (thin dashed urve), �
 = 0:5 (dot-dashed urve),�
 = 0:9 (dotted urve), �
 = 1:1 (dashed urve), �
 = 2 (solid urve). Theon-site magnetizations were obtained from the orrelation funtions hsx100sx600i andhsx100sx601i omputed for hains whih onsist of N = 700 sites.magnetization at sites at whih the transverse �eld equals to 
 + �
 asa funtion of 
 for di�erent values of �
 = 0; 0:5; 0:9 (�
 < jIj) and�
 = 1:1; 2 (�
 > jIj) (for details of numerial alulation see [8℄). Thedata show that for �
 < jIj two phases appear as 
 varies: the quantumIsing phase for j
 j < p�
2 + I2 and the quantum paramagneti phaseotherwise (thin dashed, dot-dashed and dotted urves in Fig. 1). Con-trary, for �
 > jIj three phases appear as 
 varies: the low-�eld quantumparamagneti phase for j
 j < p�
2 � I2, the quantum Ising phase forp�
2 � I2 < j
 j < p�
2 + I2 and the strong-�eld quantum paramag-



1390 O. Derzhko et al.neti phase otherwise (dashed and solid urves in Fig. 1). The quantumphase transitions between di�erent phases are aompanied by divergeneof the orrelation length �x and logarithmi singularity of the stati trans-verse suseptibility �z (these results follow from the numerial data and theanalytial formula for the ground-state energy obtained with the help ofontinued frations, respetively [6℄). Thus, the ritial behaviour remainsas for the uniform hain. Next we turn to the low-temperature behaviourof the spei� heat . The existene of zero-energy exitations produes thelinear dependene  versus T as T ! 0 whih may serve as an indiationof the quantum ritial point. The exat analytial results for the temper-ature dependene  versus T obtained with the help of ontinued frationson�rm that there are either two (if �
 < jIj) or four (if �
 > jIj) valuesof transverse �eld at whih  deays linearly as T ! 0 [6℄. If �
 = jIjbesides the ritial �elds �p2�
 one more ritial �eld, 
 = 0, appears.While 
 approahes 
 = 0 the energy gap vanishes � j
 � 
j2 (but not� j
 � 
j as for the disussed before ritial points 
) that results in a�nite value of �z � j
 �
j2 ln j
 �
j and a logarithmi singularity of itsseond derivative at 
 = 
 = 0.Extending the reported analysis for hains of period 3 we �nd that eithertwo, or four, or six seond-order quantum phase transition points may our.Again the number of the quantum phase transitions is ontrolled by thestrength of nonuniformity and the ritial behaviour remains the same asfor the uniform ase. Moreover, weaker singularities may appear. It isworth to note that the ondition (2) may be tuned by arbitrary parameter(s)in�uening on-site transverse �elds and intersite exhange interations. Forexample, for a hain with I1;2 = I ��I, �I � 0, 
n = 
 the hange of Imay yield a di�erent number of quantum phase transition points dependingon a relation between �I and 
 . Finally, let us mention reent papers[10, 11℄ where similar questions have been addressed for spin-12 anisotropiXY hains.The present study was partly supported by the DFG (projet 436 UKR17/1/02). O.D. aknowledges the kind hospitality of the Magdeburg Uni-versity in the autumn of 2002. O.D. and T.K. were supported by the STCUunder the projet no. 1673.
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