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SPIN FLUCTUATIONS AND SUPERCONDUCTIVITYAROUND THE MAGNETIC INSTABILITY�T�ru MoriyaDepartment of Physi
s, Fa
ulty of S
ien
e and Te
hnologyTokyo University of S
ien
e, Noda 278-8510, Japan(Re
eived July 10, 2002)We summarize the present status of the theories of spin �u
tuationsin dealing with the anomalous or non-Fermi liquid behavior and un
on-ventional super
ondu
tivity in strongly 
orrelated ele
tron systems aroundtheir magneti
 instabilities or quantum 
riti
al points. Arguments are givento indi
ate that the spin �u
tuation me
hanisms is the 
ommon origin ofsuper
ondu
tivity in heavy ele
tron systems, 2-dimensional organi
 
on-du
tors and high T
 
uprates.PACS numbers: 74.20.Mn, 74.25.�q, 75.40.Gb1. Introdu
tionAnomalous physi
al properties and un
onventional super
ondu
tivityaround the magneti
 instability have been the subje
ts of intensive 
ur-rent interests. Let us �rst look at Fig. 1, showing a phase diagram aroundthe magneti
 instability or quantum 
riti
al (QC) point whi
h separates theparamagneti
 Fermi liquid (FL) phase and the magneti
 ordered phase withthe ordering ve
tor Q at T = 0. Substan
es belonging to this area have been
alled nearly and weakly ferro- and antiferromagneti
 metals. It seems thatthe magnetism in this area was 
alled �rst attention by the dis
overy of weakitinerant ferromagnets su
h as ZrZn2 and S
3In [1℄. The Curie�Weiss (CW)magneti
 sus
eptibility observed in these systems posed a serious 
hallengeto theorists, urging them to 
onsider a new me
hanism without lo
al mo-ments. For nearly ferromagneti
 metals, on the other hand, attention wasattra
ted by a predi
tion based on the paramagnon theory that the e�e
tivemass in the FL regime diverges logarithmi
ally as one approa
hes the QCpoint [2, 3℄.� Presented at the International Conferen
e on Strongly Correlated Ele
tron Systems,(SCES02), Cra
ow, Poland, July 10�13, 2002.(287)
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Fig. 1. A s
hemati
 phase diagram around the magneti
 quantum 
riti
al point.Sin
e then the theory of spin �u
tuations has been developed to dealwith the problems in the entire area of the phase diagram shown in Fig. 1.The self-
onsistent quantum me
hani
al theory of the 
oupled modes of spin�u
tuations or the self-
onsistent renormalization (SCR) theory not onlysu

eeded in explaining the Curie�Weiss sus
eptibility of �Q but also pre-di
ted various singular behaviors of the physi
al quantities in the QC regime,whi
h have been 
on�rmed by subsequent experimental investigations [4,5℄.The dis
overy of super
ondu
tivity of the materials in this area, heavyele
tron systems [6℄, organi
 
ondu
tors [7℄ and in parti
ular high T
 
upra-tes [8℄ has renewed and enormously enhan
ed the interests in this area.Upon dis
overy of the high temperature super
ondu
tivity of the 
upratesthe attention of investigators was �rst 
on
entrated on the anomalous nor-mal state properties or the so-
alled non-Fermi liquid properties of thesesubstan
es where strongly 
orrelated quasi 2-dimensional (2D) ele
trons inea
h CuO2 layer were 
onsidered to play a predominant role in 
ondu
-tion [9℄.The spin �u
tuation theory was extended to 
over 2D systems and it wasfound that the results in the QC and CW regimes were 
onsistent with theobserved non-FL behaviors of the 
uprates [10℄. The experimental resultswere su

essfully analyzed in terms of the parametrized SCR theory and theparameter values were estimated.In the next step the spin �u
tuation-indu
ed super
ondu
tivity was stud-ied by using the spin �u
tuations thus determined quantitatively. Using bothweak 
oupling [10, 11℄ and then strong 
oupling theories [12, 13℄ the super-
ondu
tivity of dx2�y2 symmetry was derived with the values of the transi-tion temperature T
 
onsistent with the experimental results. The d-wavesymmetry of the super
ondu
ting order parameter of the 
uprates was 
on-�rmed by experimental investigations in the following years [14℄.



Spin Flu
tuations and Super
ondu
tivity Around . . . 289Subsequent studies on the relation between T
 and the spin �u
tuationparameters showed that the value of T
 was roughly proportional to theparameter T0 indi
ating the energy spread of the spin �u
tuations [15, 16℄This relation may be extended to 
ertain 3D systems and it was shown thatthe plots of experimental values of T
 against T0 for 
uprates and heavyele
tron systems 
ame around a straight line [17℄. This result suggests the
ommon origin of super
ondu
tivity in these systems.Theoreti
al studies using the Hubbard and the d�p models have beenadvan
ed not only for the 
uprates [18�25℄ but also for the 2D organi
 su-per
ondu
tors [26�28℄ by using the �u
tuation ex
hange (FLEX) approxi-mation whi
h may be regarded as the simplest self-
onsistent theory for the
oupled modes of spin �u
tuations. The results turned out to be su

ess-ful indi
ating that the Hubbard model with proper transfer matri
es anda proper ele
tron o

upation is a good model for these systems.A phase diagram is then 
al
ulated within the same approximation ina parameter spa
e of the Hubbard model 
ontaining the parameter valuesfor both the 
uprates and the organi
 super
ondu
tors. It was found thatboth of them belong to a 
ontinuous region of a super
ondu
ting phase,indi
ating their 
ommon physi
al origin [29℄.The theoreti
al approa
hes dis
ussed so far are the one around the mag-neti
 instability or QC point, whi
h belongs to the intermediate 
ouplingregime. As will be dis
ussed later in this arti
le there have been growingpie
es of eviden
e to indi
ate that the high T
 
uprates are in the interme-diate 
oupling regime and the spin �u
tuation theory is reasonably appliedto the main part of the problem.At this point we would like to mention the pseudo-gap phenomena ob-served in the under-hole-doped 
uprates as a still remaining outstandingsubje
t in the high T
 problems. Although the physi
s of doped Mott insu-lators in the entire 
on
entration range, in
luding the pseudo-gap phenom-ena, seems still to be worked out theoreti
ally, it is fortunate that at leasta substantial part of the SC phase of the 
uprates is around the QC regimeand is des
ribed essentially in terms of the theories of spin �u
tuations.In the following se
tions we summarize very brie�y the developments inthe theory of spin �u
tuations as applied to magnetism and super
ondu
-tivity and dis
uss to what extent we now understand these problems.2. Development of the spin �u
tuation theoryQuantum 
riti
al and non-Fermi liquid behaviorsThe dynami
al sus
eptibility around the magneti
 instability for thestate with the ordering ve
tor Q may be expressed for small q and !=q�as follows:



290 T. Moriya1�(Q+ q; !) = 1�(Q) +Aq2 � iC !q� ; (1)where �=1 and 0 for Q=0 and Q 6=0, respe
tively. For non-intera
ting sys-temsA; C and 1=�0(Q) are 
al
ulated from the given band stru
ture [30℄ andRPA result is simply given by 1=�RPA(Q)=1=�0(Q)�2U , U being the on-siteintera
tion 
onstant and the sus
eptibility is de�ned without a fa
tor 4�2B.In the self-
onsistent renormalization theory the renormalized values ofA and C usually stay 
onstant around the magneti
 instability while thetemperature dependen
e of 1=�(Q) is strikingly renormalized by the mode-mode 
oupling e�e
ts, i.e., from the Sommerfeld expansion to the quantum
riti
al and Curie�Weiss behaviors.Leaving derivations of the theory for Ref. [4, 5℄ we show here only theequations for �(Q).1�(Q) = 1�0(Q) � 2U + 53FQ X�=x;y;zm2� ;m2� = 2� 1Z0 d!�12 + 1e!=T � 1�Xq 0Im��(Q+ q; !) ; (2)where FQ is themode-mode 
oupling 
onstant for those with thewave ve
torsaround Q. Eqs. (1) and (2) should be solved self-
onsistently for 1=�(Q).For 
onvenien
e we introdu
e here a redu
ed inverse sus
eptibility andthe following parameters:y = 12TA �(Q) ; (3)TA = Aq2B2 ; T0 = AC q2+�B2� ;y0 = 12TA �(Q;T = 0) ; for a paramagneti
 ground state= �FQp2Q8TA ; for a magneti
ally ordered ground statey1 = 5FQT0T 2A ; (4)where pQ is the ordered moment in �B per magneti
 atom, qB=�2D�D�1v0 � 1Dis the e�e
tive Brillouin zone boundary ve
tor, D dimensionality and v0 is thevolume per magneti
 atom. The dynami
al sus
eptibility is now written as:
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ondu
tivity Around . . . 29112TA �(Q+ q; !) = y + x2 � i �x� ;with � = !2� T0 ; x = qqB ; (5)and y = y0 + D2 y1 x
Z0 dxxD+��1 �lnu� 12u �  (u)� ;with u = x� �y + x2�t ; t = TT0 : (6)We summarize the results of this theory as follows [4, 5℄:(1) �(Q) obeys the Curie�Weiss law with the origin di�erent from thetraditional lo
al moment me
hanism.(2) The quantum 
riti
al behaviors are obtained as shown in Table I. The3D and 2D results were obtained in 1970's and 1990's, respe
tively.Many of the results were 
on�rmed by experimental investigationsfrom 1970's to 1990's. Re
ent renormalization group studies of thesame problem lead to the same QC indi
es as the above results [31,32℄.(3) The Curie and Néel temperatures of 3D magnets are given byTC = 0:1052 p3=2 T 3=4A T 1=40 ;TN = 0:1376 p4=3Q T 2=3A T 1=30 : (7)These results were 
on�rmed qualitatively(
hemi
al and physi
al pres-sure dependen
e) and quantitatively by experimental investigationssin
e 1970's.(4) Expressions for various physi
al quantities with the 4 SCR parametersare given and are appli
able to a wide range of temperature in
ludingboth QC and CW regimes.For early investigations on transition metals and their 
ompounds werefer to [4℄. Re
ently non-Fermi liquid properties of 
ertain heavy f -ele
tronsystems are investigated intensively and are analyzed in terms of the QCspin �u
tuation of 3D or 2D 
hara
ter depending on substan
es [33℄.



292 T. Moriya TABLE IQuantum 
riti
al behaviors of physi
al quantities.ferromagnet (Q = 0) antiferromagnet3D 2D 3D 2D��1Q T 4=3 ! CW �T lnT ! CW T 3=2 ! CW �TlnT ! CWCmT � lnT T�1=3 
onst:� T 1=2 � lnT1T1 T � T �3=2 T �1=2Q T �QR T 5=3 T 4=3 T 3=2 T3. Anomalous normal state properties of the high T
 
upratesFrom the beginning of investigations the anomalous or non-Fermi liq-uid properties in the normal state of the 
uprates were represented by theT -linear ele
tri
al resistivity in a wide temperature range, anomalous tem-perature dependen
es of the Hall 
oe�
ient RH and NMR T1, RH and 1=T1Tshowing the Curie�Weiss behaviors, and the !-linear relaxation rate of theopti
al 
ondu
tivity, et
. In an early stage of investigations all of theseproperties ex
ept for the Hall 
oe�
ient were su

essfully analyzed in a 
on-sistent manner in terms of the above dis
ussed spin �u
tuation theory. Thephenomenologi
al parameters of the theory were determined from analyzesof the resistivity and T1. By using thus determined dynami
al sus
eptibilitya parameter free 
omparison between theory and experiment were performedsu

essfully on the opti
al 
ondu
tivity of YBa2Cu3O7 [34℄.The Hall e�e
t was studied re
ently by using the Kubo�Eliashberg for-malism on the Hubbard model with appropriate transfer matri
es and ele
-tron o

upations [35℄. The RRPA (renormalized random phase approxima-tion) or FLEX approximation was used for the spin �u
tuations and theimportan
e of the vertex 
orre
tions in dealing with strongly anisotropi
s
atterings was emphasized. The results for RH were 
onsistent with ex-perimental results both for the hole- and ele
tron-doped 
uprates; RH inthe former is positive and shows a Curie�Weiss behavior while the latter de-
reases with lowering temperature from a positive value at high temperatureand 
hanges sign, the de
rement showing a Curie�Weiss behavior.In the se
ond stage of investigations the pseudo-gap phenomena observedin under-hole-doped 
uprates have 
alled attention of investigators. Thismay be regarded as low temperature 
orre
tions to the non-FL behaviors
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tuations and Super
ondu
tivity Around . . . 293as dis
ussed in the �rst stage. We will dis
uss this problem later in thisarti
le and now move to the problem of super
ondu
tivity indu
ed by thespin �u
tuations.4. Super
ondu
tivity indu
ed by antiferromagneti
spin �u
tuations4.1. Theories using the parametrized spin �u
tuationsSin
e the anomalous normal state properties were explained by the spin�u
tuation theory and the dynami
al sus
eptibilities were estimated quanti-tatively from analyzes of the experimental results, next problem is naturallyto see if the same spin �u
tuations 
an explain the high T
 super
ondu
tivityof the 
uprates.It was shown in earlier studies by using a weak 
oupling theory [36, 37℄and a strong 
oupling theory [18℄ that the antiferromagneti
 spin �u
tu-ations 
an give rise to a d-wave super
ondu
tivity. The spin �u
tuationindu
ed super
ondu
tivity of the 
uprates were studied �rst by using theweak 
oupling theory [10, 11℄ and then the strong 
oupling theory [12, 13℄whi
h is more appropriate. The results showed the dx2�y2 symmetry of theorder parameter and values of T
 
onsistent with the observed values.After the un
onventional d-wave symmetry of the order parameter was
on�rmed experimentally the relations between the spin �u
tuation param-eters and T
 were investigated. The most remarkable result is that T
 isroughly proportional to T0, the energy spread of the spin �u
tuations. De-penden
es of T
 on the other parameters, TA, y0, and doping 
on
entrationare relatively weak.The e�e
t of dimensionality was also studied. In favorable 
ases thevalues of T
 
an be 
omparable in 3D and 2D systems and are roughlyproportional to T0, although the dependen
es of T
 on the other parametersare mu
h more signi�
ant in 3D than in 2D systems and 2D seems to begenerally more favorable than 3D for super
ondu
tivity [17,38℄. In the same
ontext FLEX approximation was applied to a nearly half-�lled Hubbardmodel with a simple 
ubi
 latti
e and the 
al
ulated T
 was found to beextremely small [39℄. A more re
ent study of a spatially anisotropi
 Hubbardmodel with a transfer parameter interpolating between 2D and 3D systemsshow that T
 varies only slowly on the 2D side of the parameter values andthen de
reases rapidly as one approa
hes the 
ubi
 limit [40℄.We show in Fig. 2 the plots of experimental values of T
 against T0 for
uprates and heavy ele
tron super
ondu
tors [17℄. The plots 
ome arounda straight line, suggesting the 
ommon origin of super
ondu
tivity in thesegroups of systems.
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onventional super
ondu
tors plotted againstT0, the 
hara
teristi
 temperature indi
ating the energy spread of spin �u
tuation.4.2. Theories based on the mi
ros
opi
 modelsFully mi
ros
opi
 
al
ulations of spin �u
tuation-indu
ed super
ondu
-tivity were 
arried out on the Hubbard and the d�p models by using theFLEX approximation [18�22,24,25℄, the 3rd order perturbation theory [23℄,and variational Monte Carlo method [41℄. The results may be summarizedas follows [5℄:(1) Super
ondu
tivity of dx2�y2 symmetry is obtained in a fairly largerange of intermediate values for U=t . The 
al
ulated values of T
 areof reasonable magnitude 
ompared with experiment.(2) Similar results are obtained both for the Hubbard and d�p models.(3) For the super
ondu
ting state, the neutron resonan
e peak observedin YBCO is explained by the FLEX 
al
ulations and by RPA 
al
ula-tions assuming the BCS ground state. Also a peak-dip-hump stru
turein the one ele
tron spe
tral density as observed by angle-resolved pho-toemission experiment is explained.(4) Observed di�eren
es between the phase diagrams for the ele
tron-doped and hole-doped 
uprates are explained at least qualitatively;



Spin Flu
tuations and Super
ondu
tivity Around . . . 295a substantially larger 
on
entration range of AF phase and smallervalues of T
 in the former as 
ompared with the latter [42, 43℄. The
al
ulated ratio of the SC gap and kBT
 for the former is about halfof that in the latter in a

ord with measured results. This di�eren
emay be related with the van Hove singular points whi
h are 
lose tothe hot spots, where s
atterings due to AF spin �u
tuations is parti
-ularly strong, in the hole-doped systems but not in the ele
tron-dopedsystems.It may be worth while to remark that the FLEX approximation is thesimplest possible approa
h for self-
onsistently renormalized spin �u
tua-tions and the above su

ess strongly favors the spin �u
tuation me
hanismfor the super
ondu
tivity in the 
uprates. It is also remarkable that the Hub-bard model in the intermediate 
oupling regime seems to be a good modelfor the 
uprates if one 
hooses the transfer matri
es so as to reprodu
e theobserved Fermi surfa
e for ea
h substan
e.5. 2D-organi
 super
ondu
tors and the high T
 
upratesAn extended phase diagram for the Hubbard modelAn organi
 system �-(BEDT-TTF)2CuN(CN)2Cl is an antiferromagneti
insulator at ambient pressure. Under applied pressure it undergoes a weak�rst order transition, at p = 200bar, into a metalli
 state whi
h showssuper
ondu
tivity below T
 = 13K. To a good approximation this substan
eis 
onsidered to be des
ribed by a half-�lled Hubbard model 
onsisting ofanti-bonding dimer orbitals arranged in a square latti
e. As for the transferintegrals we may take �t between the nearest neighbors and t0 between these
ond neighbors in one of the diagonal dire
tions.This model was studied with the FLEX approximation and the resultsshowed the super
ondu
ting order parameter of dx2�y2 symmetry and rea-sonable values for T
 [26�28, 44℄. Sin
e the approa
h here is just the sameas the one dis
ussed in the pre
eding se
tion for the 
uprates, the 
ommonsu

ess naturally indi
ates the same origin of super
ondu
tivity in thesesystems.The above results are of parti
ular interest sin
e the organi
 
ompoundis found in the metalli
 side of the Mott transition while the high T
 
upratesare doped Mott insulators. The former is 
learly in the intermediate 
ouplingregime and existing approa
hes from the strong 
oupling limit does not seemto work.In order to see the situations more 
learly a phase diagram was 
al
ulatedin a parameter spa
e of the Hubbard model taking the following quantitiesfor the 3 axes of the parameter spa
e: U=t, t0=t and n � 1, n being thenumber of ele
trons per site [29℄. The FLEX approximation was employed



296 T. Moriyaand the results were extrapolated to T = 0 with the use of Padé approxi-mants. The 
al
ulated phase diagram is shown in Fig. 3. We see that thesuper
ondu
ting states of 
uprates and those of the organi
 
ompounds arefound in the same 
onne
ted region of a super
ondu
ting phase in this phasediagram.
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Fig. 3. The phase diagram of a nearly half-�lled Hubbard model in a three dimen-sional parameter spa
e: U=t-t0=t-n. Super
ondu
ting (SC) and antiferromagneti
(AFM) instability surfa
es are indi
ated. The boundary between antiferromagneti
metal(AFM) and insulator(AFI) should depend on the impurity potential and issket
hed here just to show general idea of its lo
ation.6. Magneti
 instability vs. Mott transitionWhi
h is more important for high T
?Among the me
hanisms of super
ondu
tivity in strongly 
orrelated ele
-tron systems the one for the heavy ele
tron systems is 
onsidered mainlydue to the spin �u
tuations, although additional 
ontributions of orbitaland 
harge �u
tuations are under investigation [45℄. For the 2D organi

ompounds the only me
hanism expli
itly worked out so far seems to be thespin �u
tuation me
hanism.For the high T
 
uprates, on the other hand, many di�erent me
hanismshave been proposed. In addition to the approa
hes as dis
ussed in the above,various approa
hes from the strong 
oupling limit based on the t�J model
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tuations and Super
ondu
tivity Around . . . 297have been pursued extensively [46, 47℄ Sin
e the t�J model is an approx-imation to the Hubbard model from the strong 
oupling limit it may bepertinent here to dis
uss on the phase diagrams of the Hubbard model andsee where in the parameter spa
e the high T
 
uprates are really lo
ated.Let us �rst look at a phase diagram of a half-�lled Hubbard model in-
luding the magneti
 QC point, an antiferromagneti
 phase and a metal toinsulator transition, Fig. 4. Appropriate ways of approa
hes for di�erentse
tions of the phase diagram are also indi
ated in the �gure.
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Fig. 4. A sket
h of the phase diagram for the half-�lled Hubbard model. Appropri-ate theoreti
al approa
hes are indi
ated in the 
orresponding se
tions of the phasediagram.We �rst emphasize that in the ground state the Hartree�Fo
k (HF)�RPAis 
orre
t in the strong 
oupling regime where the ordered moment is enoughpolarized so that the 
orrelation e�e
t is insigni�
ant; two ele
trons with op-posite spins seldom en
ounter with ea
h other. The spin wave dispersion 
al-
ulated by RPA in the antiferromagneti
 ground state agrees, in the limit ofsmall t=U , pre
isely with the one 
al
ulated from the Heisenberg model withthe Anderson kineti
 super-ex
hange intera
tions [4℄. Sin
e the HF�RPA isknown to be 
orre
t in the weak 
oupling limit it should make a fair interpo-lation between the strong and weak 
oupling limits in the ground state. Inthe intermediate 
oupling regime, where the ele
tron�ele
tron 
orrelationsare most signi�
ant, it is a reasonable approa
h to start from HF�RPA andto make many body 
orre
tions. The self-
onsistent theory of renormalizedspin �u
tuations may be an example of possible approa
hes.



298 T. MoriyaAt �nite temperatures, however, HF�RPA is not at all a good approxi-mation in any regimes of present interest. For the Mott insulator phase withlarge U=t the lo
al moment model with the Anderson kineti
 super-ex
hange(t=U expansion) is valid while for weak and intermediate U=t just 
overingthe antiferromagneti
 instability the SCR spin �u
tuation theory is 
onsid-ered to be an adequate approa
h. For the intermediate regime between thesetwo in
luding the Mott transition no really satisfa
tory approa
h at �nitetemperatures is known so far.We note that 2D organi
 super
ondu
tors are on the metalli
 side of the�rst order Mott transition and is 
onsidered to be lo
ated around the hiddenantiferromagneti
 instability and thus are expe
ted to be well treated by thespin �u
tuation theory.Next we dis
uss doped Mott insulators. If we negle
t the impurity po-tential the ground state of a doped Mott (antiferromagneti
) insulator is anantiferromagneti
 metal. On doping we �rst have small Fermi surfa
es whi
hexpand with in
reasing doping 
on
entration at the expense of redu
ed gaparea. Then we have a large Fermi surfa
e with small gap area and �nallyhave a paramagneti
 metal through the QC point where the AF gap justvanishes.As is seen in Fig. 5 the magneti
 instability or QC point should makea 
ontinuous line in a U=t against n plane extending from the half-�lled(n = 1) 
ase with relatively small U=t toward larger U=t and n 6= 1. Thespin �u
tuation theory is an approa
h along the QC line from the side ofweaker 
oupling and is expe
ted to 
over at least the intermediate 
ouplingregime. As a matter of fa
t the values for U=t used in the above 
al
ulationsare around 4 � 8 and thus U is about 0:5 � 1 times the band width. Thisis 
onsistent with the value estimated from photoemission experiments [48℄.A

ording to re
ent analyzes of the spin wave energy dispersion in antifer-romagneti
 La2CuO4, a parent of high T
 
uprates, as measured by neutrons
attering studies [49℄ the dispersion in the entire Brillouin zone is well re-produ
ed by an RPA 
al
ulation on the Hubbard model with U=t = 6 [50℄.In order to get a reasonable �t with the lo
al moment model one needs to
onsider the higher order terms in the t=U expansion in
luding the ring ex-
hange terms [49℄. This fa
t seems to eviden
e the intermediate 
ouplingnature of the 
uprates and supply another support for the appli
ability ofthe spin �u
tuation theory to the high T
 problems and explain the reasonfor its su

ess.On the other hand the approa
hes based on the t�J model with a fewterms of Anderson super-ex
hange intera
tions might not even 
over theparent insulator state. Appli
ability of this approa
h as an approximationto the Hubbard model may also be limited to a very low doping 
on
entrationrange. For larger doping 
on
entrations it may take us into a di�erent worldfrom the one des
ribed by the Hubbard model.
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Fig. 5. A sket
h of the phase diagram for the nearly half-�lled Hubbard model.Appropriate approa
hes are indi
ated in the 
orresponding se
tions.7. Pseudo-gap phenomenaPseudo-gap phenomena were �rst observed in NMR T1 measurements onunderdoped YBCO[51, 52℄ as a pseudo-gap in spin ex
itations. The mea-surements were then extended to transport properties, one ele
tron spe
traldensity as observed by ARPES and tunneling experiments and various the-oreti
al me
hanisms were proposed [53℄.A

ording to the FLEX 
al
ulations T
 generally tends to in
rease withlowering doping 
on
entration until it rea
hes the AF phase boundary 
al-
ulated introdu
ing weak 3-dimensionality. This behavior is 
onsistent withthe experimental results on the ele
tron-doped 
uprates. For the hole-under-doped 
uprates, however, experimental results seem to suggest that there issome additional me
hanism to suppress both the AF and SC orderings, giv-ing rise to the pseudo-gap at the same time.Among various possibilities proposed so far one natural dire
tion fromthe present point of view may be to 
onsider super
ondu
ting �u
tuations(p�p 
hannel) in addition to the AF spin �u
tuations (p�h 
hannel). The SC�u
tuation is expe
ted to be parti
ularly signi�
ant in 2D systems with short
oheren
e lengths. Here we refer to an investigation reported re
ently[54-56℄.The SC �u
tuations are taken into a

ount within the t-matrix approxima-tion together with the FLEX spin �u
tuations and the equations are solvedself-
onsistently with still further approximation of expanding the t-matrixin q2 and ! near the SC 
riti
al point. The results in
lude many attra
tivefeatures:



300 T. Moriya(1) In the under-hole-doped regime T
 de
reases from the FLEX value andthe value of T
 de
reases with lowering doping 
on
entration. The AFphase tends to be suppressed at the same time.(2) Pseudo-gap behaviors in the one ele
tron spe
tral density and redu
-tion of the NMR relaxation rate 1=T1T are obtained.(3) Observed pseudo-gap behaviors in the transport properties: ele
tri
alresistivity, Hall 
oe�
ient, magneto-resistan
e, thermo-ele
tri
 power,and the Nernst 
oe�
ient are all explained 
onsistently.(4) Cal
ulated e�e
ts are signi�
ant in the hole-underdoped 
uprates butnot in the ele
tron-doped 
uprates in a

ord with experiment.In order to make this s
enario 
onvin
ing it is desired to extend thetheory to still lower doping 
on
entrations and 
larify the phase diagramnear the AF insulator phase. 8. Con
lusionWe have summarized the present status of the theories of the spin �u
-tuation me
hanism in explaining anomalous or non-Fermi liquid behaviorsand un
onventional super
ondu
tivity in strongly 
orrelated ele
tron sys-tems around the magneti
 quantum 
riti
al point, referring to the high T

uprates, 2D organi
 
ompounds and heavy ele
tron systems. So far thespin �u
tuation theories seem to be su

essful in explaining at least essen-tial parts of the problems, indi
ating in parti
ular that the spin �u
tuationis the 
ommon origin of super
ondu
tivity in these systems.As for the high T
 
uprates at least the 
entral part of the SC phase seemsto be approa
hed by the spin �u
tuation theory. It was fortunate that thehigh T
 
uprates are in the intermediate 
oupling regime and are 
lose to themagneti
 instabilities. It still remains to des
ribe all the hole-underdopedregime lying between the AF insulator phase and the optimal 
on
entrationregime, where the pseudo-gap phenomena are still 
ontroversial indi
atingthe need for another me
hanism in addition to the antiferromagneti
 spin�u
tuations.The author wishes to thank K. Ueda for 
riti
al reading of the manus
riptand H. Kondo for dis
ussion and help in preparing the manus
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