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NON-FERMI LIQUID versusFERMI LIQUID BEHAVIOR OF THEGENERALIZED ANDERSON IMPURITY�A.A. ZvyaginMax-Plank Institut für Chemishe Physik fester Sto�e, Dresden, Germanyand B.I. Verkin Institute for Low Temperature Physis and Engineering of theNAS of Ukraine, Kharkov, Ukraine(Reeived July 10, 2002)We present the Bethe ansatz solution for the generalized Anderson im-purity model, in whih loalized eletrons arrying spin and orbital degreesof freedom, interat in a shell via the Hubbard-like repulsion and Hund'srule exhange interation. Depending on the relative position of the impu-rity's level with respet to the Fermi energy and strengths of Hubbard-likeand Hund's ouplings, a magneti impurity an reveal either the Fermi-liquid like behavior or the non-Fermi-liquid behavior.PACS numbers: 75.20.Hr, 71.10.Hf, 71.27.+aThe behavior of hybridization impurities has been theoretially stud-ied in the framework of the Anderson impurity model [1℄. Usually it per-tains to in-shell eletrons with only spin internal degrees of freedom andthe Hubbard-like repulsion produes the Kondo e�et. In the Kondo asethe magneti impurity hybridized with ondution eletrons manifests thelow energy Fermi liquid behavior, but with the large renormalized density ofstates, whih is determined by the Kondo temperature. However there existmany materials in whih the ground state of ions in the symmetri on�gu-ration has an orbital degeneray in addition to the Kramers (spin) degener-ay. A multi-hannel Kondo situation an appear, whih main feature is thenon-Fermi liquid behavior [2℄. Here we present the Bethe ansatz solution ofthe generalized Anderson model, in whih the Coulomb in-shell oupling re-veals itself in the Hubbard-like interation (U) and Hund's exhange (J) [3℄(our results an be applied to behaviors of two-impurity Kondo problem [4℄,� Presented at the International Conferene on Strongly Correlated Eletron Systems,(SCES02), Craow, Poland, July 10�13, 2002.(351)



352 A.A. Zvyaginsome rare-earth and atinide ompounds [5℄ and a split-gate quantum dotor double-dot on�gurations [6℄) with the Hamiltonian:H = �Z dxXm;�  ym;�(x)�i ��x + 1�� �2�x2 � Æ(x) xjxj [Æ0(x+ 0)+Æ0(x� 0)℄�� m;�(x) +�"Xm;� f ym;�fm;� + Xm0;�0 6=m;��U2 f ym;�f ym0;�0fm0;�0fm;��J2 f ym;�f ym0;�0fm0;�fm;�0��+ V Z dxÆ(x)Xm;�[ ym;�(x)fm;� +H:C:℄ ; (1)where  ym�(x) (f ym;�) reates a ondution eletron at site x (in-shell) withthe spin � and orbital index m = �l; : : : ; l, V are hybridization elements(supposed to be independent on positions, spins and orbital indies) and theFermi veloity of ondution eletrons is equated to 1. The ounterterm withthe parameter � (then � ! 1, see below), whih measures the urvatureof the spetrum, is neessary to preserve the integrability at the positionof the impurity. A rystalline eletri �eld D (magneti �eld H) an liftthe degeneray of orbitals, the latters beoming unequally populated (spindegeneray). Bethe equations (BE) are derived on a periodi interval of thelength L for quantum numbers (rapidities), whih parametrize the eigen-states of the Shrödinger equation: harge rapidities fkjgNj=1, spin f��gM�=1and orbital ones f�(r)q gMrq=1 (with N;M;Nr being the numbers of eletrons,down spins and eletrons with the r-th orbital index, Nr = Mr�1 �Mr,r = 1; : : : ; 2l)e�i(kjL+2�̂j) = MY=1 pj � � � i 2pj � � + i 2 M1Yq=1 pj � �(1)q � i 02pj � �(1)q + i 02 j = 1; : : : ; N ;Mr�1Yq=1 �(r)f � �(r�1)q � i 02�(r)f � �(r�1)q + i 02 Mr+1Yq=1 �(r)f � �(r+1)q � i 02�(r)f � �(r+1)q + i 02 = � MrYq=1 �(r)f � �(r)q � i0�(r)f � �(r)q + i0 ;NYj=1 �� � pj � i 2�� � pj + i 2 = � MYÆ=1 �� � �Æ � i�� � �Æ + i ; � = 1; : : : M ; (2)where f = 1; : : : ;Mr, �(0)j = pj = kj=�, M0 = N , M2l+1 = 0, �̂j =2 tan�1[V 2=4(kj � ")℄,  = V 2(U � J)=2(2" + U � J), and 0 = V 2(U +J)=2(2" + U + J). The energy is equal to E = �PNj=1 jkj j. It turns outthat di�erent behaviors of satterings in spin and orbital subspaes is notnovel in the theory of exatly solvable models and is similar to the situation



Non-Fermi Liquid versus Fermi Liquid Behavior . . . 353in the multi-hannel hannel-asymmetri Kondo problem [7℄. The solutionsto the BAE in the thermodynami limit (with L;N;M;Mr !1 and �niteratios N=L, M=L, Mr=L) are lassi�ed in the framework of the �string hy-pothesis� [1℄ in the following way: (a) real harge rapidities; (b) strings ofomplex spin rapidities (bound spin states); () strings of omplex orbitalrapidities (orbital bound states); (d) omplex spin and harge rapidities(bound states of eletrons with di�erent spin omponents); (e) omplex or-bital and harge rapidities (bound states of eletrons with di�erent orbitalomponents). Whih lasses are realized in the solution depends on signsand values of U , J and ". For ; 0 � 0 the repulsion exists in both spin andorbital subspaes. The solutions of the lasses (a), (b) and () are valid. For � 0, 0 � 0 one has an e�etive repulsion in the spin subspae and thee�etive attration in the orbital subspae, with the solutions from lasses(a), (b), () and (e). For  � 0, 0 � 0 the situation is opposite: there isan e�etive repulsion in the orbital subspae and an e�etive attration inthe spin subspae [lasses (a), (b), () and (d)℄. Finally, for ; 0 � 0 allof the lasses are present, beause of the e�etive attration in both spinand orbital subspaes. We derived integral equations for dressed energies,densities of exitations and their holes, whih desribe the thermodynamisof the model. The solution yields thermodynami properties of the modelas a funtion of U , J , ", temperature T , hemial potential �, H and D.It is not di�ult to show that the behavior of ondution eletrons of themodel is the same as of a free eletron gas, as it must be. For high energies(T � V ) the model also desribes the high-T behavior of a single nonin-terating impurity shell, whih properties are well-known [1, 3℄. The mostinteresting properties are revealed by the impurity in the ground state andat low temperatures.Consider, e.g., 0 � 0,  � 0 (for jj � j0j) for l = 12 . Here only solutionsof lasses (a), () and (d) � spin-singlet orbital-triplet Cooper-like pairsarrying harge �2e, spin zero and orbital moment 1, have Dira seas forany �, H and D. The way of solving the BE is, e.g., the fusion proedure [7℄,whih is the searh of a solution to BE for harge rapidities within the lassof orbital bound states. Those of them, whih have maximal spin, are onlyimportant for the low-energy physis. One ondution eletron, however, isbound at the impurity (i.e., its harge rapidity is real, kj = ", with the �xedratio "=�). In the limit of �!1 all real parts of those string solutions anbe negleted, exept of the rapidity of the ondution eletron bound at theimpurity. For the behavior of an impurity two low energy sales are impor-tant, one of whih, TK, is determined by , and the smaller one, Ta, is deter-mined by 0 and =0. The solution of BE reveals that in the ground state themixed valene of the impurity inreases with growth of the band �lling of on-dution eletrons (i.e., the valene of the impurity expliitly depends on the



354 A.A. Zvyagintotal number of eletrons in the system.) The ground state magnetizationof the impurity for H � Ta � TK is proportional to H=Ta with standardKondo logarithmi orretions, i.e., M z � H=Ta(1 + j lnH=aTaj�1 � : : :)(a is some non-universal onstant). It is usual for a single-hannel Kondoproblem [1℄. However for Ta � H � TK the magnetization of the impu-rity reveals the logarithmi behavior M z � (H=Ta) ln(aTK=H), typial forthe two-hannel Kondo problem. For low temperatures T � Ta � TKthe Sommerfeld oe�ient of the spei� heat for the impurity is  �T�1a [1 � (3Ta=�TK) ln(Ta=TK)℄(1 + j lnT=Taj�1 � : : :) and the �nite groundstate suseptibility � � T�1K ln(Ta=TK)(1+j lnT=TKj�1�: : :). This ase per-tains to the single-hannel Kondo physis, though two di�erent energy salesfor � and  mean that the Wilson ratio di�ers from the Fermi liquid one. ForTa � T � TK we have  / � � (TK)�1 ln(TK=T ) and the remnant entropyof the impurity S = lnp2. For higher temperatures T � TK the magnetisuseptibility of the impurity manifests the Curie-like behavior. The tem-perature dependene of the resistivity is determined by the sattering ofondution eletrons o� the spin of loalized eletron at low temperaturesby ��(T ) � A(T=Ta)2 for T � Ta � TK and ��(T ) � B(T=TK)1=2 forTa � T � TK. For 0 � 0,  � 0 the situation is opposite to the above. Onehas the formal similarity to the previous ase with the interhange  $ 0,H=2 $ D and Lz $ 2Sz. The ase ; 0 � 0 pertains to all possible boundstates being the solutions of the BE. This ase is similar to the ase of thedegenerate Anderson model [1℄, but with di�erent values of e�etive inter-ations for orbital and spin degrees of freedom. For ; 0 � 0 only unboundeletron exitations, spinons and orbitons an have their Dira seas. In thisase the situation is reminisent of the Anderson impurity model with thein-shell attration of eletrons [1℄.REFERENCES[1℄ A.M. Tsvelik, P.B. Wiegmann, Adv. Phys. 32, 453 (1983); P. Shlottmann,Phys. Rep. 181, 1 (1989).[2℄ P. Nozières, A. Blandin, J. Phys. 41, 193 (1980); A.M. Tsvelik, P.B. Wieg-mann, Z. Phys. B54, 201 (1984); N. Andrei, C. Destri, Phys. Rev. Lett. 52 364(1984).[3℄ P.W. Anderson, in: Solid State Physis, Eds. F. Seitz and D. Turnbull, V. 14,Aademi Press, New York 1963, p. 99.[4℄ K.J.B. Lee, J.W. Rasul, P. Shlottmann, J. Magn. Magn. Mater. 76 & 77, 80(1988).[5℄ F. Steglih, J. Magn. Magn. Mater. 226, 1 (2001); G.R. Stewart, Rev. Mod.Phys. 73, 797 (2001).[6℄ J. Shmid, J. Weis, K. Eberl, K. von Klitzing, Phys. Rev. Lett. 84, 5824 (2000);U. Wilhelm, J. Weis, Physia E 6, 668 (2000).[7℄ N. Andrei, A. Jerez, Phys. Rev. Lett. 74, 4507 (1995), N. Andrei, A. Jerez,G. Zaránd, Phys. Rev. B58, 3814 (1998); A.A. Zvyagin, B63, 014503 (2001).


