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HEAVY ELECTRON QUANTUM CRITICALITY�P. ColemanCenter for Materials Theory, Dept. of Physis and Astronomy, Rutgers University136 Frelinghausen Road, Pisataway, NJ 08854-8019, USAand C. PépinSPhT, CEA-Salay, l'Orme des Merisiers, 91191 Gif-sur-Yvette, Frane(Reeived July 10, 2002)Although the onept of a quantum phase transition has been knownsine the nineteen seventies, their importane as a soure of radial transfor-mation in metalli properties has only reently been appreiated. A quan-tum ritial point forms an essential singularity in the phase diagram oforrelated matter. We disus new insights into the nature of this phe-nomenon reently gained from experiments in heavy eletron materials.PACS numbers: 71.10.Hf, 71.27.+a, 75.20.Hr, 75.30.Mb1. The hallenge of quantum ritialityOver the past few years, ondensed matter physiists have beome fas-inated by the phenomenon of quantum ritiality. Classial phase transi-tions at �nite temperature involve the development of an order parameter  .A material that is tuned lose to a lassial phase transition senses the im-minent hange of state as the order parameter develops thermal �utuationsover larger and larger regions of the sample, ultimately forming a sale-invariant state of �utuating order alled a �ritial state�. The understand-ing of the universal nature of the orrelations that develop at a lassialritial point is a triumph of twentieth entury physis [1℄.The analogous idea of quantum ritiality was introdued by John Hertzduring the hey-days of interest in ritial phenomena, but was regarded asan intelletual uriosity [2℄. Disoveries over the past deade and a halfhave radially hanged this perspetive, revealing the ability of quantum� Presented at the International Conferene on Strongly Correlated Eletron Systems,(SCES02), Craow, Poland, July 10�13, 2002.(691)



692 P. Coleman, C. Pépinphase transitions to qualitatively transform the properties of a material at�nite temperatures. For example, high temperature superondutivity isthought to be born from a new metalli state that develops at a ertainritial doping in opper�perovskite materials [3℄. Near a quantum phasetransition, a material enters a weird state of �quantum ritiality�: a newstate of matter where the wavefuntion beomes a �utuating entangledmixture of the ordered, and disordered state. The physis that governs thisnew quantum state of matter represents a major unsolved hallenge to ourunderstanding of orrelated matter.A quantum ritial point (QCP) is a singularity in the phase diagram:a point x = x at zero-temperature where the harateristi energy salekBT0(x) of exitations above the ground-state goes to zero (Fig. 1.) [4�6,8,9℄.
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QCPFig. 1. Quantum ritiality in heavy eletron systems. High temperature: loalmoments. For x < x spins beome ordered for T < T0(x) forming an antifer-romagneti Fermi liquid; for x > x, omposite bound-states form between spinsand eletrons at T < T0(x) produing a heavy Fermi liquid. �Non-Fermi liquidbehavior�, in whih the harateristi energy sale is temperature itself, developsin the wedge shaped region between these two phases.The QCP a�ets the broad wedge of phase diagram where T > T0(x). Inthis region of the material phase diagram, the ritial quantum �utuationsare ut-o� by thermal �utuations after a orrelation time given by theHeisenberg unertainly priniple1� � ~kBT :1 Saling of � � ~=kBT is an example of �naïve� saling and is only expeted to ourin quantum ritial systems that lie below their upper ritial dimension.



Heavy Eletron Quantum Critiality 693As a material is ooled towards a quantum ritial point, the physis probesthe ritial quantum �utuations on longer and longer timesales. Althoughthe �quantum ritial� region of the phase diagram where T > T0(x) isnot a strit phase, the absene of any sale to the exitations other thantemperature itself qualitatively transforms the properties of the material ina fashion that we would normally assoiate with a new phase of matter.Heavy eletron materials, o�er a unique opportunity to study quantumritiality in a metal where the symmetry and harater of the ground-stateon either side of the QCP is unambiguous. These materials ontain a densearray of loal moments derived from rare earth or atinide atoms, embeddedin a onduting host. At high temperature they display a Curie�Weiss tem-perature dependene of the magneti suseptibility �(T ) � 1=T that is thehallmark of loal moment metals. Depending on the exat onditions of thematerial, these loal moments an order, forming an antiferromagnetiallyordered metal, or they form omposite bound-states with the surroundingeletrons, giving rise to a highly renormalized Landau�Fermi liquid [10℄.There is a growing list of heavy eletron materials that an be tuned intothe quantum ritial point, by alloying, suh as CeCu6�xAux [11℄, throughthe diret appliation of pressure, as in the ase of CeIn3 [12℄ and CePd2Si2[13℄ or via the appliation of a magneti �eld, as in the ase of YbRh2Si2[14,15℄. The reently disovered �1�1�5� materials [16�18℄ also appear to lieremarkably lose to quantum ritiality, with examples of hemially, pres-sure (CeRhIn5 [16℄) and �eld-tuned quantumritiality (CeCoIn5 [17, 18℄).2. Key propertiesIn the ground-state near a quantum ritial point, heavy eletron ma-terials display a linear spei� heat CV =T , and a quadrati temperaturedependene of the resistivity � = �0+AT 2. Both of these properties areharateristi of Landau�Fermi liquid. As the QCP is approahed, both and A appear to diverge, indiating a divergene in the e�etive mass attheQCP.Some of the key properties at the QCP are:� A divergent spei� heat oe�ient (T ) = CV =T [19�21℄, whih oftendisplays a logarithmi temperature dependene [22℄(T ) = 0 log �T0T � : (1)� A quasi-linear temperature dependene of the resistivity [13, 14, 23℄� / T 1+" ; (2)



694 P. Coleman, C. Pépinwith " in the range of 0�0.6. Many ompounds, suh as YbRh2Si2 [24℄and CeCu6�xAux [21℄ and CeCoIn5 [16, 17℄ exhibit a perfetly linearresistivity, reminisent of the uprate perovskites.� Anomalous exponents in the spin suseptibility, ��1(T ) � ��10 � T a,with a < 1 for CeCu5:9Au0:1, YbRh2(Si1�xGex)2 (x = 0:05) andCeNi2Ge2 [13℄. In CeCu6�xAux, [21℄ neutron sattering measure-ments [21℄ reveal !=T [25℄ saling in the dynami spin suseptibility��1(q; !) = f(q) + (i! + T )a ; (3)where f(q) ! 0 at the ordering wave vetor(s).The appearane of temperature as the only energy sale in the ritialspin �utuations with a non-trivial exponent a < 1, is an example of �naïvesaling�, where the boundary ondition (in this ase, the periodiity of the�elds over the imaginary time � 2 (0; ~=kBT )) determines the orrelationtime. This is a hallmark of a system where the ritial modes lie beneaththeir upper ritial dimension [26℄. The q-independene of damping in theritial spin �utuations suggests a loal element to the underlying physis,and has stimulated e�orts to develop a �loally quantum-ritial� theory ofthe heavy eletron QCP [27℄.Reently, it has beome possible to examine the evolution of the Fermiliquid properties at asymptotially low temperatures in the approah toa quantum ritial point. Partiularly interesting insights have been ob-tained from the material YbRh2Si2. This material has a 70mK Neel temper-ature. By doping thismaterial with Germanium, to form YbRh2 (Si1�xGex)2,(x � 0:05), the Néel temperature is driven to zero. In this quantum ritialstate, a tiny magneti �eld is su�ient to drive the material into a Fermiliquid state. These studies indiate the presene of a single �eld-tuneableenergy sale in both the spei� heat CV =T and the resistivity �(T ). Theresistivity shows a �eld dependent ross-over between quadrati and lineartemperature dependene, whilst the spei� heat shows a �eld-dependentross-over between a low-temperature upturn of the form CV =T � 1=T 1=3at T >> b and CV =T � 1=b1=3, where b = B �B, in the �eld-tuned Fermiliquid. These results an be parameterized in the following formd�dT � f � TT0(b)� ;CVT � 1T 1=3 �� TT0(b)� ; (4)where T0(b) / b, and f(x) � min(x; 1), �(x) � (min(x; 1))1=3 (see Fig. 2).The existene of a single sale both the thermodynamis and the transport



Heavy Eletron Quantum Critiality 695
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Fig. 2. Cartoon illustrating how the evolution of the resistivity and spei� heat inYbRh2(Si1�xGex)2 (x � 0:01) is determined by a single sale T0(B) � (B � B),after [28℄. (a) Linear resistane at ritiality develops into quadrati dependeneaway from the QCP, (b) saling of d�=dT (error bars indiate spread of data),() �eld dependene of spei� heat oe�ient and (d) saling of the spei� heatoe�ient CV =T .properties is striking evidene for the idea that the Fermi temperature goesto zero at a heavy fermion QCP. These results plae very severe onstraintson our understanding of the physis, as we now disuss.3. Di�ulties with the standard modelThe standard model of heavy fermion quantum ritiality, is provided bythe Moriya�Hertz�Millis quantum spin density wave (QSDW) theory [2,6�8℄.In this approah, ritial behavior results from Bragg di�ration of eletronso� quantum �utuations in the spin density, desribed by an interation ofthe form HI = gP~q ~M~q �  y~k�~q~� ~k. When the fermions are integrated outof the physis, the e�etive ation for the slow quantum spin density modesis assumed to be loal, and given byFkBT = XQ�(~q;i�n) jM(Q)j2��1(Q) + U4 ~kBTZ0 d� Z ddxM(x; �)4 : (5)The inverse suseptibility��1(Q) = ��~q � ~Q0�2 + ��2 + j�nj�Q ���10 (6)



696 P. Coleman, C. Pépinhas an Orenstein�Zernike form, where � is the orrelation length, ~Q0 is theordering wave-vetor and the damping term, linear in frequeny �n derivesfrom oupling to the partile-hole exitations of the Fermi sea.Critial �utuations in this model strongly satter eletrons on �hot lines�around the Fermi surfae whih are separated by momentum ~Q0 � seeFig. 3(a) (ii). On the hot lines, the eletron sattering rate �s / max(!; T )is linear in energy and temperature, and the quasipartiles masses are drivento in�nity. This �marginal� Fermi liquid behavior [29℄ is on�ned to a narrowregion of width Æk � pT around the hot lines, and even at ritiality, theremainder of the Fermi surfae would form a tranquil Landau�Fermi liquid.
(A)

(B)

q x

q y

zq
T

T

zq
q y

q x

Q

Q

Q

’J

JDECOUPLED BY

FRUSTRATION

2D SPIN FLUID

"HOT LINE"

(i)

(i) (ii)

(ii) (iii)

"HOT SURFACE"

0

0

a

b

Fig. 3. (a) 3D QSDW senario in whih (i) the ritial �utuations fous arounda point in momentum spae giving rise to (ii) hot lines around the Fermi surfae.(b) 2D QSDW senario, in whih (i) frustration leads to layers of deoupled spin�uid, (ii) rods of ritial sattering in momentum spae and (iii) non Fermi liquidbehavior aross the entire Fermi surfae.In the 3D QSDW senario, the spin orrelation time � = �Q0�2 so timesales as z = 2 spatial dimensions. The e�etive spatial dimensionality of thephase spae is D = d+ z, and sine Du = 4 is the upper-ritial dimensionof this kind of ��4� �eld theory, naïve saling behavior is only expeted ford � du = 4� z = 2. The 3D QSDW model is thus inonsistent with� E=T saling in the spin orrelations with a non-trivial exponent.� A divergene in the spei� heat.� The ross-over to a linear resistivity at T > T0(x).



Heavy Eletron Quantum Critiality 697It is worth noting that the resistivity of CeIn3 follows a T 1:6 variation thatis said to be onsistent with the 3D senario [30℄. However, reent NMRmeasurements suggest that this material has a �rst order transition, so thateletrons never feel the full fore of quantum ritiality [31℄.4. Is the spin �uid two-dimensional?The failure of the 3D QSDW senario has stimulated the proposal thatmagneti frustration auses the spins to deouple into layers of independenttwo dimensional spin �uids [12, 32℄ (Fig. 3(b)). This senario does predita logarithmi divergene in the spei� heat of the formCvT � ln� Tsfmax(T3D; T )� ; (7)where Tsf is the harateristi sale of spin �utuations and T3D is the sale atwhih the planes beome oupled. Furthermore, the ritial spin �utuationsare then ritial along �rods� in momentum spae2, and in this situation largeregions of the Fermi surfae beome �hot�.Part of the problem with the 2D QSDW, is that we know of no mehanismto produe suh perfetly deoupled 2D spin �uids within three dimensionalmetals. Even in latties where frustration deouples spin layers to �rstorder in the interlayer oupling J 0, zero point spin �utuations ouple thespin layers to seond order in the oupling via the mehanism alled �order-from-disorder� [34�36℄, T3D � (J 0)2=J and for this reason, it is di�ultto suppress T3D more than an order of magnitude smaller than Tsf usingfrustration. Yet no suh rossover has been observed, indeed, YbRh2Si2, thespei� heat diverges faster than logarithmially at low temperatures.Conventional heavy eletron materials form Landau�Fermi liquids whihare haraterized by loal sattering amplitudes. One of the onsequenes ofthis loal sattering, is the onstany of the alled Kadowaki�Woods ratioK = A=2 between the quadrati temperature oe�ient of the resistivityand the square of the spei� heat oe�ient [37℄. This is not expeted inthe 2D QSDW piture, whih will produe strongly momentum dependentsattering. Experimentally, the quadrati A oe�ient of the resistivity di-verges in the approah to quantum ritiality. From the saling results on�eld-tuned ritiality in YbRh2Si2 mentioned above, A � 1=(T0(b)) � 1=b(B = B�B). Suh behavior an be obtained in a two dimensional spin �uidmodel in whih the inverse squared orrelation length is assumed to be pro-portional to b, ��2/ b [7, 38℄. The same model predits a weak dependeneof the linear spei� heat on magneti �eld th/ log(1=b), so that2 In quantum ritial CeCu6�xAux (x = 0:1) there is evidene for rod-like regions ofritial �utuations [32, 33℄.



698 P. Coleman, C. PépinKth = A2 ����th � 1b log2(b) :Early experiments by Gegenwart et al., [15℄ suggested that the Kadawaki�Woods ratio is independent of �eld. More extensive saling results at lower�elds and temperatures [28℄ indiate that  � 1=b1=3 so thatKexp = A2 ����exp � 1b1=3 :This weak �eld dependene of the Kadowaki�Woods ratio indiates that thesattering amplitudes in the Fermi liquid do not develop a strong momentumdependene in the approah to the QCP, arguing against the exhange softmagneti �utuations in a 2D spin �uid as the predominant origin of thesattering. 5. The searh for new mean �eld theoriesTraditionally, theories of ritial �utuations are built upon an under-lying mean-�eld theory, whih beomes exat above the upper ritial di-mension. The spin density wave senario is a onsequene of examining�utuations about the Stoner and Slater mean-�eld theory for itinerant mag-netism. The failure of this starting point may indiate that we should searhfor a new kind of mean-�eld theory. Two ideas have been reently explored:� Loal spin ritiality. The momentum independene of the spindamping at the QCP point [21℄ has led to the suggestion that thespin orrelations are ritial in time, yet spatially loal [39�41℄ permit-ting their treatment via the �extended dynamial mean �eld theory�(EDMFT). This is a bold departure from the Wilson�Kadano� ap-proah to ritiality, for ultimately only one dimension time is ativein the ritial �utuations.� Traditional RG approah on a new Lagrangian. If we em-brae a Wilson�Kadano� approah to quantum ritiality, then wemust seek a new Lagrangian desription to of magnetism, and the wayit ouples to the Fermi liquid. One idea here, is that at the quantumritial point, the heavy eletron breaks-up into its spin and hargeomponents [42℄.The momentum-independent saling term in the inverse dynami susep-tibility (6) ertainly does suggests that the ritial behavior assoiated withthe heavy fermion QCP ontains some kind of loal ritial exitation [21℄.



Heavy Eletron Quantum Critiality 699Si, Rabello, Ingersent and Smith [27℄ et al. have pursued the idea that the lo-ally ritial degree of freedom is spin itself. In their piture, in order that theharateristi energy sale of loal spin �utuations goes to zero at the QCP,there must be a divergent loal spin suseptibility �lo = P~q �(~q; !)j!=0 :The phenomenologial form (3) appears naturally as part of the EDMFTsheme adopted by Si et al., and by using this form to ompute the loalspin suseptibility,�lo(T ) � Z ddq 1(q �Q)2 + T� � T (d�2)�=2 : (8)Si et al., onlude that if a divergene of the loal spin response requiresa two dimension spin �uid. They �nd, based on this assumption, that it ispossible to reprodue the anomalous frequeny dependene seen in neutronsattering [27, 43℄.This intriguing proposal for heavy eletron quantum ritiality still hassome important tehnial hurdles to lear. In one interesting development,Pankov, Kotliar and Motome reently reported that the �nite temperaturesolutions to the EDMFT give rise to a �rst order phase transition betweenthe antiferromagneti and paramagneti phases [44℄. The transition mightbeome seond order at zero temperature, but it is not lear how any senariowith a �rst order line an be simply reoniled with the �nite temperaturesaling behavior and the �fan� of quantum ritiality observed in the viinityof a heavy fermion QCP (Fig. 4.)
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Fig. 4. In the extended dynamial mean-�eld theory desription of loal quantumritial theory, eah spin behaves as a loal moment in a �utuating Weiss �eld.Reent work [44℄ indiates that the phase transition predited by this approahmay be �rst order at �nite temperature, with a possible QCP at zero temperatureas shown in (b).



700 P. Coleman, C. Pépin6. A new Lagrangian for the emergene of magnetism?Another alternative, is that the heavy fermion quantum ritiality isa simply three-dimensional phenomenon. In this ase we need to begina searh for a new lass of ritial Lagrangian with an upper ritial spatialdimension du > 3 [45℄. There are a number of elements that might beexpeted in suh a theory:� First, to produe a qualitative departure from onventional spin �u-tuation theory, we should in all probability seek a new desription ofthe oupling between the magneti modes and the heavy eletrons.� Seond, there is a suspiion that in order to obtain a break-down ofthe quasipartiles over the whole Fermi surfae, some aspet of thequantum ritiality should be loal.One idea that the urrent authors have explored, is the notion that theritial magneti modes in a heavy fermion system and their oupling to theFermi �uid may be spinorial in harater. We know, from various lines ofreasoning that in a Kondo lattie the Luttinger sum rule [46�48℄ governingthe Fermi surfae volume VFS �ounts� both the eletron density ne and thenumber of the number of loal moments per unit ell ns:2 VFS(2�)3 = ne + ns : (9)The appearane of the spin density in the Luttinger sum rule re�ets theomposite nature of the heavy quasipartiles, formed from bound-states be-tween loal moments and high energy eletron states. Suppose the spinorialharater of the magneti degrees of freedom seen in the paramagnet alsomanifests itself in the deay modes of the heavy quasipartiles. This wouldimply that at the QCP, the staggered magnetization fatorizes into a spino-rial degree of freedom ~M(x) = by(x)~�b(x), where b is a two-omponentbosoni spinor. �Spinorial magnetism� a�ords a diret oupling between themagneti spinor b� and the heavy eletron quasi-partile �elds  ~k� via aninner produt, over the spin indiesL(2)F�M = gXk;q h�yq byk�q� k� + h..i ; (10)where onservation of exhange statistis obliges us to introdue of a spinlessharge e fermion �. This would imply that the omposite heavy eletrondeays into a neutral �spinon� and a spinless harge e fermion e�� 
 s�+��.This line of reasoning leads suggests that the break-up of the heavyfermion QCP may involve spin�harge separation. In the antiferromagnet, themagneti spinorswill ondense, and the � fermionwill propagate oherently.



Heavy Eletron Quantum Critiality 701At the QCP, the vanishing of the ordered magneti moment will mean thatall oherent motion of this objet will ease. In suh a senario, it is thena �loally ritial� fermion rather than spin that drives the non-Fermi liquidbehavior.Additional support for this line of reasoning omes from a quite unex-peted diretion: from the re-examination of a venerable model of mag-netism, the undersreened Kondo model (UKM). The undersreened Kondoe�et, whereby a spin is partially quenhed from spin S to S� = S � 1=2.ours in an impurity model when the number of sreening hannels is in-su�ient to quenh the loal moment. In impurity models, this only ariseswhen S > 1=2. In the Kondo lattie, undersreening may be an intrinsifeature of the quantum ritial point for S = 1=2. The Curie-like power-law dependene ��1(T ) � ��10 � T a, of the spin suseptibility [15, 21℄ seenat ritiality might indeed be interpreted as irumstantial evidene for theexistene of partially quenhed moments at ritiality.The UKM model is written H = H0 + HI , where H0 desribes theondution sea and HI = J ~S �  y�~��� � ; (11)where S denotes a spin S > 1=2 and  y� = Pk yk� reates a ondutioneletron at the impurity site.In reent work, we have found that the essential physis of the UKM isaptured by a Shwinger boson representation of the loal moments [49℄. Inan unexpeted surprise, we have also found that the model exhibits a uniquekind of �eld-tuned ritiality, forming a tunable Fermi liquid in a magneti�eld, but a non-Fermi liquid at B = 0. In this approah, the interationbetween magnetism and the Fermi �uid in the UKM takes the formHI = JX�;�  y�b�by� � ! h�� by� � +  y�b��i� 1J ��� ; (12)where � is a Grassman �eld. The Gaussian �utuations of this �eld desribea fermioni resonane whih ouples to the ondution sea. The form of thisoupling is suggestively lose to the phenomenologial form (10) disussedabove.In a magneti �eld B, the Shwinger boson ondenses, hb�i = p2MÆ�",where M is the magnetization, so thatHI !p2M ���  " + h::�+ �utuations (13)giving rise to a resonane in the Fermi sea. What is unexpeted about thisresonane, is that its harateristi weight Z or wave-funtion renormaliza-
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Fig. 5. Shemati phase diagram of the undersreened Kondo model. In a �nite�eld, the ground-state is a Fermi liquid with a �eld-tuned Fermi energy. In zero�eld, a residual ferromagneti oupling between the eletron sea and the untetheredmoment leads to a break-down of Fermi liquid behavior and a divergene of  =CV =T with temperature.tion sales with the magneti �eld B, Z / B, giving rise to a resonane witha harateristi energy sale T0(B) / B. As the �eld is redued to zero, sothe width of the resonane narrows and the linear spei� heat an be shownto diverge as  � 1B ln2 � BTK� :At zero �eld the spei� heat atually develops a divergene � 1T ln4 �TKT � ;whih is reminisent of the low-temperature upturn in the spei� heat seenin YbRh2 Si2. This �eld-tunability of the Fermi temperature uriously wentunnotied in the Bethe Ansatz solutions of this model for two deades [50℄.In the new ontext it is fasinating beause it provides a onrete exampleof a system of �eld-tuned ritiality in a model where the oupling betweenthe magnetism and the Fermi sea exhibits an expliit spinorial harater.One of the open questions about this model, is whether the temperaturedependent inelasti sattering it gives rise to will mimi the a ross-overbetween quadrati and T -linear sattering behavior around T � B seen inreal heavy eletron systems.



Heavy Eletron Quantum Critiality 703Finally, we should note that if the transition between the antiferromagnetand the paramagnet involves the formation (or destrution) of new kinds offermioni resonane at the Fermi surfae, then the geometry of the Fermisurfae will hange far radially at the heavy eletron QCP. This kind ofbehavior is expeted to give rise to disontinuities in the Hall ondutivityand the extrapolated de Haas�van Alphen frequenies at the QCP. This islearly an area where we ould bene�t immensely from further experimentalstudy. 7. SummaryWe have reviewed the basi physis of heavy eletron quantum ritial-ity. The various properties of the antiferromagneti heavy eletron quantumritial point, most notably the observation of E=T saling and the appear-ane of a single sale T0(x)governing the ross-over from Fermi liquid, tonon-Fermi liquid behavior in both the resistivity and the thermodynamis,suggest the existene of a new universality lass of ritial eletroni behaviorthat lies beyond the reah of quantum spin density wave theories of quantumritiality. This motivates a searh for a new lass of theory for the emer-gene of magnetism in heavy eletron systems. One idea, is that the heavyeletron quantum ritial point involves spin orrelations that are singularand ritial in time, but only weakly orrelated in spae, but this leads tothe onlusion that non-trivial behavior requires a frustrated, quasi-two di-mensional spin �uid. Alternatively, heavy eletron quantum ritiality maybe intrinsially three dimensional in harater, but involve a kind of spin�harge deoupling that develops as the spins bound within omposite heavyeletrons emerge into ordered magnetism. Our theoretial and experimentalexplorations of this phenomenon are still very muh in their infany, and itis lear that muh work remains to be done.The work desribed in this projet was supported under grant NSF�DMR9983156 (Coleman). The authors gratefully aknowledge their disussionswith N. Andrei, J. Custers, P. Gegenwart, I. Paul, F. Steglih and J. Rehfor disussions related to this work.REFERENCES[1℄ K.G. Wilson, Rev. Mod. Phys. 55, 583 (1983).[2℄ J. Hertz, Phys. Rev. B14, 1165 (1976).[3℄ D. Obertelli, J.R. Cooper, J.L. Tallon, Phys. Rev. B46, 14928 (1992).[4℄ S. Sahdev, Quantum Phase Transitions, Cambridge University Press, 1999.
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