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GAP FORMATION IN THE HOLSTEIN MODEL�D. Meyer and A.C. HewsonDepartment of Mathematis, Imperial College, London SW7 2BZ, UK(Reeived July 10, 2002)We investigate the Holstein model, whih desribes the oupling of a lo-al phonon mode to a band of ondution eletrons, in d =1. In the limitof large phonon frequeny !0, this model an be mapped onto a Hubbardmodel with e�etive attrative eletron�eletron interation. The lattermodel is known to exhibit a metal�insulator transition at half �lling forlarge enough oupling strengths. We show that the system with smallphonon frequenies also develops a gap as funtion of the eletron�phononoupling. The physis of the gap formation di�ers for small and largephonon frequenies, e.g. the �hysteresis� seen for large !0 disappears forsmaller values.PACS numbers: 71.10.Fd, 71.30.+h, 71.38.�kThe simplest model to desribe the oupling between eletroni and lat-tie degrees of freedom is the Holstein model [1℄. Here a loal non-degeneratephonon mode is oupled to the eletron density of a single ondution band,H =X~k� "(~k)y~k�~k� +Xi !0byi bi +Xi g(byi + bi)X� (ni� � 12 ) : (1)The phonon frequeny is given by!0 , the eletron�phonon oupling strength g.We are interested in the partile-hole symmetri situation and onsider themodel in the limit of in�nite dimensions. Despite its simpliity this modelis not exatly solvable for �nite eletron density.Contrary to previous alulations whih take the stati limit [2℄, we treatthe phonons quantum mehanially. Also sine perturbative approahes(e.g. Migdal�Eliashberg) are known to break down at strong oupling [3,4℄,we apply a ombination of the dynamial mean-�eld theory (DMFT) [5℄� Presented at the International Conferene on Strongly Correlated Eletron Systems,(SCES02), Craow, Poland, July 10�13, 2002.(769)



770 D. Meyer, A.C. Hewsonand the numerial renormalization group (NRG) [6℄. The DMFT maps theHolstein model onto the Anderson�Holstein impurity model [7℄. This map-ping beomes exat in the limit of in�nite spatial dimensions (d = 1) [8℄.The appliation of the NRG to the Anderson�Holstein model is presentedin Ref. [7℄.In the limit of !0 !1 one an map the Holstein model onto the attra-tive Hubbard model with an e�etive interation strength jU j = 2g2=!0 [9℄.This model an subsequently be mapped onto the repulsive Hubbard modelwith the harge and spin hannels exhanged. When anti-ferromagnetismis suppressed in that model, it is known to show a Mott�Hubbard metal�insulator transition in d = 1. The properties of this transition are wellunderstood [5, 10℄. Therefore, at least in this limit suh a metal�insulatortransition is also to be expeted in the Holstein model if harge order issuppressed.One of the aims of this paper will be to larify the range of validityof the mapping of the Holstein to the Hubbard model and investigate howthe physial properties evolve from those of the Hubbard model as !0 isdereased. Here we want fous on the gap formation in the eletroni spetraldensity as funtion of oupling strength g.In our numerial evaluations, we take the non-interating ondutionband to be semielliptial with the bandwidth W = 1 de�ning the energyunit. Typial phonon frequenies are muh smaller than W , though in someases (Fullerides) [11℄ the phonon frequenies an be as large as 0:2W . Tolarify the relation to the Hubbard model, we have extended the alulationsto inlude the regime !0 > W .In Fig. 1, we have plotted the eletroni spetral density for the Holsteinmodel for various phonon frequenies !0 and oupling strengths g. For allphonon frequenies the low-energy properties show a number of ommonfeatures: For weak eletron�phonon oupling g, the system is a Fermi liquidwith the spetral funtion pinned at the Fermi energy EF = 0. The spetrafor all !0 develop a narrow low-energy resonane when most of the spetralweight shifts to higher energies. Above a ritial oupling g, a gap opensat the Fermi energy. The quasipartile weight vanishes ontinuously for allvalues of !0. The energy sale of the gap formation depends strongly on !0.The struture of the high-energy sub-bands di�ers for the various val-ues of !0. For small !0, only two sub-bands emerge, for larger !0 four. Thelower-energy ones an be termed �bipolaron bands� and are positioned at thebipolaron binding energy � = 2g2=!0. The higher-energy features positionedroughly at �!0 are �multi-phonon peaks� known from the atomi limit [7℄.Only for !0 = 3 these are totally split o� from the other sub-bands and notvisible on the plotted sale. Also their weight vanishes with inreasing !0(see Ref. [7℄). For very large !0 � 3, they an be negleted, and the system
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Fig. 1. Eletron spetral funtions for di�erent !0 and g as indiated. The hosenvalues of g orrespond to 0:7 g, 0:99 g and 1:01 g, respetively, with g denotingthe ritial value where the quasipartile weight vanishes and the gap in the spetralfuntion opens for eah value of !0.an be desribed by two sub-bands separated by the bipolaron binding en-ergy � whih beomes the e�etive attrative Hubbard interation. Only inthis limit is the mapping onto a Hubbard model preise.The Mott metal�insulator transition in the Hubbard model shows ao-existene regime, where both the metalli and insulating solutions ex-ist (�hysteresis�). For large !0, the gap formation in the Holstein modelshould orrespond to this, and also show this hysteresis. This an be seen inFig. 2, where the upper and lower values for the ritial oupling strengthare plotted. On reduing !0, the ritial oupling strength rapidly moves to
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Fig. 2. Critial values of the oupling strength g and jU j = 2g2=!0 for the metal�insulator transition in the Holstein model. The two lines show the upper andlower boundary of the o-existene region of metalli and insulating solution. Theinrease in slope around !0 � 2 oinides with the separation of bipolaron- andmultiphonon subbands. For !0 > 3 both the lower and the upper ritial value ofU are onstant.lower values and simultaneously the size of the o-existene regime shrinks.Finally, for the (physially most relevant) ase of !0 = 0:05, we do not seeany hysteresis at all. Due to the numerial nature of our investigation, weannot stritly rule out the existene of an extremely narrow oexisteneregion for these small values of !0, but, if existing, it would need to be verysmall.Using the NRG tehnique in onjuntion with the DMFT we have ex-amined the Holstein model for all oupling strengths and ranges of phononfrequeny. A more extensive presentation of the eletroni and phonon re-sponse funtions and a more detailed disussion of the physis involved willbe published elsewhere.We thank R. Bulla for fruitful ollaboration, and the EPSRC for �nanialsupport (grant GR/J85349). REFERENCES[1℄ T. Holstein, Ann. Phys. 8, 325 (1959).[2℄ A.J. Millis, R. Mueller, B.I. Shraiman, Phys. Rev. B54, 5389 (1996).[3℄ J.P. Hague, N. d'Ambrumenil, ond-mat/0106355.[4℄ A. Deppeler, A.J. Millis, Phys. Rev. B65, 224301 (2002).[5℄ A. Georges, G. Kotliar, W. Krauth, M.J. Rozenberg, Rev. Mod. Phys. 68, 13(1996).
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