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LIMITS OF NUCLEAR STABILITYBo»ena Nerlo-Pomorska, Katarzyna Mazurekand Maªgorzata KlebanInstitute of Physis, Maria Curie-Skªodowska UniversityPl. M. Curie-Skªodowskiej 1, 20-031 Lublin, Poland(Reeived September 30, 2002)Dediated to Adam Sobizewski in honour of his 70th birthdayThe modern version of the liquid-drop model (LSD) is ompared withthe marosopi part of the binding energy evaluated within the Hartree�Fok�Bogoliubov proedure with the Gogny fore and the relativisti mean�eld theory. The parameters of a liquid-drop like mass formula whih ap-proximate on the average the self-onsistent results are ompared with othermodels. The limits of nulear stability predited by these models are dis-ussed.PACS numbers: 24.75.+i, 25.85.�w, 25.60.Pj, 25.70�z1. IntrodutionThe self-onsistent alulations with e�etive nuleon-nuleon fores ofthe Gogny [1℄ or Skyrme [2℄ types as well as the relativisti mean �eld the-ory (RMFT) [3℄ are very suessful in desribing many features of nulei.The theoretial estimates of the binding energy of nulei whih are not farfrom stability agree well with the measured data. Nevertheless, the progressmade in experimental nulear physis over the last years, like disovery ofsuperheavy nulei or isotopes lose to the proton or neutron drip lines, de-mand for a more areful heking of the theoretial model preditions andprobably some revision of their parameters.It is also interesting to see how well other theories work that are sim-pler than the self-onsistent ones in partiular the Strutinsky's marosopi�mirosopi method [4℄ and if it is still possible to apply them in order toalulate suessfully properties of nulei lose to the proton or neutrondrip lines. The liquid-drop model, whih was reently developed in theLublin�Strasbourg ollaboration ((LSD) Lublin�Strasbourg Drop) [5℄, de-sribes very aurately the binding energies of presently known isotopes [6℄(1777)



1778 B. Nerlo-Pomorska, K. Mazurek, M. Klebanwhen the shell, pairing and ongruene orretions estimated in Refs [7, 8℄are added to the marosopi energy. The root-mean-square deviation ofthe experimental binding energies versus those predited by the LSD modelis even smaller than the ones given by other more elaborated theories likethe �nite-range droplet [8℄, the Thomas�Fermi model of Ref. [7℄ or the self-onsistent Hartree�Fok alulation with the Skyrme fores [2℄.Is it possible to extrat the shell e�ets from the self-onsistent energyand obtain an estimate of the marosopi energy hidden in these models?This is done suessfully, we belive in the present work, for the Skyrme andGogny fores and for the relativisti mean �eld theory (RMFT).The aim of the present paper is to ompare the parameters of the liquid-drop models like the historial one of Myers and �wi�ateki [9℄ or the ofthe LSD [5℄ parametrization either with the liquid-drop parameters whihapproximate on the average the binding energies evaluated in the Hartree�Fok (HF) self-onsistent alulations with the Gogny fore [10℄ or within theRMFT [11℄. We are also going to �nd the average (marosopi) positionsof the proton and neutron drip lines as well as the �ssion limit (vanishingmarosopi �ssion barrier) predited by these marosopi models.In Se. 2 an overview of the Gogny�HFB model and the RMFT is givenand the way in whih we remove the shell e�ets from the self-onsistentenergies is desribed. The liquid-drop formulae for the marosopi part ofthe binding energy are realled. In Se. 3 the Gogny and RMFT liquid-dropparameters are ompared with those of other phenomenologial models. Theaverage positions of the �-stability valley and the proton and neutron driplines predited by these models are evaluated. The zero-hight limit of theLD �ssion barrier is determined. At the end of the paper onlusions aregathered and perspetives for further investigation proposed.2. Theory2.1. Gogny foreThe Gogny density-dependent e�etive nuleon�nuleon fore is of thefollowing form [1℄V12 = 2Xi=1 (Wi +BiP̂� �HiP̂� �MiP̂�P̂� ) e�(~r1 � ~r2)2�2i+ i WLS ( �����r1 �r2)� Æ(~r1 � ~r2)(�����!r1 �r2) � (~�1 + ~�2) (1)+ t0 (1 + x0P̂�) Æ(~r1 � ~r2) ��(~r1 + ~r22 )� + VCoul ;



Limits of Nulear Stability 1779whih ontains a entral �nite-range interation, a zero-range spin-orbit termand a zero-range density dependent interation, to whih one has to add theCoulomb interation in the ase of protons. The entral interation is madeup of two Gaussians one attrative, one repulsive with ranges �1 and �2whose values are given below. P̂ � and P̂ � denote the spin and isospinexhange operators respetively, and � represents the total density. We usethe Gogny D1S [1℄ interation, the parameters of whih are given belowW1 = �1720:30MeV; W2 = 103:639MeV;B1 = 1300:00MeV; B2 = �163:483MeV;H1 = �1813:53MeV; H2 = 162:812MeV;M1 = 1397:60MeV; M2 = �223:934MeV;�1 = 0:7 fm; �2 = 1:2 fm;t0 = 1390:6MeV fm3(1+); x0 = 1; = 1=3; WLS = 130MeV fm5: (2)
When pairing orrelations are negleted, the HFB approah redues to theHartree�Fok (HF) method whih determines a self-onsistent approxima-tion of the nulear mean-�eld. The orresponding ground state energy EHFinludes a ontribution Eshell from shell e�ets whih an be evaluated byapplying the Strutinsky smearing proedure [4℄ to the HF single-partilelevel distribution. Subtrating Eshell from the self-onsistent HF energy oneobtains an energy whih an be onsidered as a marosopi, liquid-drop likeontribution Emar. 2.2. Relativisti mean �eld theoryThe RMFT is based on the Lagrangian densityL = � i ���i�� � g!!� � g�~�� � ~� � e1 + �32 A���M � g��� i+ 12(� �)2 ��12m2��2 + 13g2�3 + 14g3�4�� 14
��
�� + 12m2!!2 � 14 ~R�� ~R��+ 12m2�~� 2 � 14F��F �� : (3)It onsists of nuleon (barion) �elds  and eletromagneti �elds ~A , the!, ~� mesons �elds with salar (entral), vetor, and tensor term and thenonlinear � meson potential, where
�� = ��!� � ��!� ;



1780 B. Nerlo-Pomorska, K. Mazurek, M. Kleban~R�� = ��~� � � ��~� � � g�(~� � � ~� �) ;F �� = ��A� � ��A� : (4)The masses of nuleons M and mesons m!, m�, m� and the ouplingonstants g!, g�, g�, g2, g3 are the free parameters of the RMFT. The NL3 [3℄set of parameters is hosen in our alulationsM = 939 MeV; g� = 10:217;m� = 508:194 MeV; g! = 12:868;m! = 782:501 MeV; g� = 4:474;m� = 763:000 MeV; g2 = �10:431=fm;g3 = �28:885: (5)2.3. Strutinsky renormalizationThe single-partile level sheme obtained within the self-onsistent al-ulation (SCC) is used together with the Strutinsky shell-orretion methodto evaluate the shell orretion Eshell to the binding energy.Eshell =Xo 2e� � ~E ; (6)where the sum runs over all oupied levels. The single partile levels upto a ut-o� energy of �+ 15 MeV, are used to obtain the smoothed energyfrom the Strutinsky integral ~E = 2 �Z�1 e��(e) de : (7)The average level density ��(e) was obtained by smoothing of the single-partile level density �(e) =P� Æ(e�e�) with the Gauss funtion multipliedby the 6th order orretion polynomial f��(e) = 1p� +1Z�1 �(e0) e�� e�e0 �2 f �e� e0 � de0 : (8)The width parameter of the Gauss funtion  = 1:2 ~! with ~! = 40A�1=3MeV orresponds to the average position of the Strutinsky plateauondition of shell orretions for the hosen 150 spherial even�even nulei.



Limits of Nulear Stability 1781The marosopi part of the binding energy is equal to the di�erenebetween the self-onsistently alulated energy without pairing interationand the total (neutron plus proton) shell orretionEmar = EHF �Enshell �Epshell : (9)These values evaluated for several mass numbers A and isospins I =(N � Z)=A are approximated by the Myers��wi�ateki type formula [9℄Emar = Evol +Esurf +Eur +ECoul ; (10)Emar(Z;A) = �bvol �1� �vol I2�A+ bsurf �1� �surf I2�A2=3+ bur �1� �ur I2�A1=3 + bCoul Z2A1=3 � C4Z2A ; (11)where bCoul is onneted with the harge-radius parameter rh0 bybCoul = 35 e2rh0 : (12)3. ResultsThe Gogny�HFB with the D1S fore and the RMFT alulations withthe NL3 set of parameters were performed in Refs [10,11℄ for those 150 even�even nulei between the proton and neutron drip lines whih have aordingto Ref. [8℄ a quadrupole moment almost equal to zero. These are: 38�50Ca,82�90Sr, 96�140Sn, 80�84Sm, 162�220Pb isotopes, N = 50 with A = 86�92,N = 82 with A = 122�164, and N = 126 with A = 174�224 isotones and 30other spherial nulei along the � stability line.3.1. Liquid-drop parametersIn Fig. 1 we an see the RMFT (solid lines) shell orretions evaluatedin Ref. [11℄ in omparison with the results of Ref. [10℄ (dashed lines) ob-tained for the Gogny fore. In the �rst panel of the multi-plot one ansee the dependene on A of the neutron shell orretion for six groups ofCa�Th isotopes, in the middle the proton shell orretions for three groups ofN = 50; 82; 126 isotones and on the r.h.s. the neutron shell orretions for �stable isotopes. The proton shell orretions for the isotopes (left and rightpanel) and the neutron shell orretions for the isotones (middle panel) arepratially onstant as funtions of A.One noties that the shell orretions obtained in both theoretial modelsare, indeed, very similar. They show minima for the same magi numbersof one kind nulei and di�er from eah other by not more than a few MeV.
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Fig. 1. Shell orretions obtained within the RMFT (solid lines) and with the Gognyfore (dashed lines) as funtion of the mass number A. Neutron shell orretions(left) of Ca�Th isotopes, proton shell orretions for the N = 50; 82; 126 isotones(middle) and neutron shell orretions for the � stable nulei (right).The estimates of the marosopi part of the HF�Gogny and RMFTbinding energies obtained by subtrating the total shell orretion from theself-onsistent energy were used to �nd the parameters of the orrespondingliquid-drop formula (11) by the least-square �t proedure. The resultingvalues of the parameters are ompared in Table I with the traditional (MS-1966) Myers��wi�ateki liquid-drop formula [9℄ and the modern phenomeno-logial approah without (MS-2002) and with the urvature term (LSD) [5℄�tted to presently available experimental masses [6℄ (using the mirosopi(shell+pairing+deformation) energy orretions from Ref. [8℄). During thelast 35 years, as one an see in Table I, the liquid-drop parameters reprodu-ing the experimental data did not hange very muh. The marosopi partTABLE IThe marosopi energy parameters [11℄.parameter unit MS-1966 MS-2002 LSD RMFT Gognybvol MeV 15.667 15.848 15.492 15.185 15.649�vol 1.790 1.848 1.860 1.657 1.916bsurf MeV 18.560 19.386 16.971 16.811 18.928�surf 1.790 1.983 2.294 1.209 2.108bur MeV � � 3.860 � ��ur � � �2:376 � �rh0 fm 1.205 1.190 1.217 1.264 1.188C4 MeV 1.211 1.200 0.918 1.299 2.015



Limits of Nulear Stability 1783of the binding energies obtained with the Gogny fore [10℄ is desribed bythe set of LD parameters whih is lose to the newest �t (MS-2002) of theLD parameters to the experimental masses. The results obtained within theRMFT orrespond to smaller values of the volume and the surfae energies,while the Coulomb energy radius onstant equal to 1.264 fm is substantiallylarger than its present phenomenologial value (1.191 fm). On the on-trary, the RMFT estimate of the Coulomb harge di�useness parameter C4is muh loser to its `experimental' value as ompared to the Gogny's value.The isospin dependene of the volume and the surfae energies is weaker inthe RMFT than the experimental one, while the Gogny fore gives a slightlystronger dependene of both energies than the phenomenologial (MS-2002)one.It is rather di�ult to disuss diretly the parameters of the LSD ap-proah beause ontrary to the other models it ontains a urvature term,whih slightly modi�es volume and surfae energy. Some features of theLSD model ould be onsidered only after performing alulations for someseries of isotopes, isotones as well as along the �-stability line. We areomparing the onsidered models in Fig. 2, where the di�erenes of theLSD binding energy [5℄ and the orresponding energies evaluated using theThomas�Fermi approximation [7℄ (solid lines), the old liquid-drop model ofMyers and �wi�ateki [9℄ (dashed lines), the marosopi approximations ofthe RMFT [11℄ (long dashed lines), and the Gogny�HFB results [10℄ (dottedlines) are given. The Thomas�Fermi binding energy is almost (exept forvery neutron de�ient isotones) equal to the LSD estimates. The RMFTgives on average the largest absolute value of binding energy and its di�er-ene with respet the LSD predition reahes up to 40MeV for the heaviestnulei. The Gogny results are lose to the ones obtained with the LSD whenthe light �-stable nulei are onsidered but for nulei far from stability theGogny energy is as a rule larger than the LSD one. The old liquid-dropmodel slightly overestimates the binding energies of nulei.All onsidered liquid-drop models give almost the same position of the�-stability line. In Fig. 3 a few ross-setions of the binding energy surfaeorresponding to A = onst are plotted as funtions of the number of neu-trons (N). The urves orresponding to di�erent A are shifted in suh a waythat the minimum of the LSD energy orresponds to zero. The sti�ness ofthe parabola orresponding to the di�erent models listed in Table I dimin-ishes with growing mass number A. The sti�ness evaluated with the Gognymodel is the smallest.It is very interesting how the limits of stability are predited by the liquid-drop models disussed in this paper. The proton drip line orresponds tothe zero separation energy of two protons, i.e.S2p(Z;A) = Emar(Z + 1; A+ 1)�Emar(Z � 1; A � 1) = 0 ; (13)
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Fig. 2. Comparison of the marosopi binding energies evaluated in the Thomas�Fermi model [7℄, extrated from the Gogny�HFB [10℄ and RMFT [11℄ self-onsistentalulation and the traditional Myers��wi�ateki [9℄ liquid-drop with the resultsobtained with the LSD [5℄.while the neutron drip-line is onneted with the zero separation energy oftwo neutrons, i.e.S2n(Z;A) = Emar(Z;A+ 1)�Emar(Z;A � 1) = 0 : (14)The �-stability line orresponds to the minimum of the nulear energy whenthe mass number is kept onstant��Emar(Z;A)�N �A=onst = 0 ; (15)
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Fig. 4. �-stability line and the proton (S2p = 0) and neutron (S2n = 0) drip-linesas well as the LD �ssion limit (x = 1) estimated using the LSD, Gogny and RMFmodels (see Table I).All above analysis is made within the marosopi models and the truelimits of stability an of ourse be di�erent due to the importane of shelle�ets. 4. ConlusionsThe following onlusions an be drawn from our investigation:1. The shell orretions obtained in the RMFT with the NL3 set of pa-rameters and within the Hartree�Fok mean-�eld alulation with theGogny D1S fore are similar.2. The volume and surfae part of the binding energy in the RMFTare smaller than the orresponding energies obtained with the Gognymodel [10℄ as well as those �tted to the experimental masses [5, 7℄.3. The isospin dependene of the volume and surfae term obtained withinthe RMFT is too small in omparison with the experimental data.4. The position of the �-stability and proton drip-lines are almost thesame in all onsidered marosopi models while the neutron drip-linepredited within the RMFT is shifted towards larger N as omparedto the Gogny or LSD estimates.Similar e�ets for deformed nulei with the Gogny fores and varioussets of RMFT parameters are under investigation.The work is partly supported by the Polish State Committee for Sienti�Researh (KBN) under ontrat No. 2P03B 11519. We would like to thankthe IN2P3 � Polish Laboratories onvention for the �nanial support of ourstays at the IReS in Strasbourg. The help in formulating the manusript ofJohann Bartel and Krzysztof Pomorski is also appreiated.
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