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COLLECTIVE QUADRUPOLE EXCITATIONS OFTRANSACTINIDE NUCLEIK. Zaj¡
, L. Pró
hniak, K. PomorskiInstitute of Physi
s, Maria Curie-Skªodowska UniversityPl. M. Curie-Skªodowskiej 1, 20-031 Lublin, PolandS.G. Rohozi«ski and J. SrebrnyFa
ulty of Physi
s, Warsaw University, Ho»a 69, 00-681 Warsaw, Poland(Re
eived September 30, 2002)Dedi
ated to Adam Sobi
zewski in honour of his 70th birthdayThe quadrupole ex
itations of transurani
 nu
lei are des
ribed in theframe of the mi
ros
opi
 Bohr Hamiltonian modi�ed by adding the 
ou-pling with the 
olle
tive pairing vibrations. The energies of the states fromthe ground-state bands in U to No even�even isotopes as well as the B(E2)transition probabilities are reprodu
ed within the model 
ontaining no ad-justable parameters.PACS numbers: 21.60.Ev, 23.20.�g, 27.60.+j1. Introdu
tionThe eviden
e of ex
ited states of transurani
, or even transfermiumZ > 100 nu
lei has signi�
antly enri
hed in last years due to the enor-mous progress in the experimental te
hniques. These nu
lei are espe
iallyinteresting with regard to their nearness to the super-heavy mass region,for instan
e the spe
tros
opi
 measurements performed for 252No and 254NoRef. [1�4℄ gave us an insight into the stru
ture of Z = 102 isotopes.The nu
lei from this region are axially deformed and their ground statebands are well des
ribed by the rotational model as was already shown e.g. inRef. [5℄ on basis of the HFB 
al
ulations. However, the proper des
riptionof higher states from the ground state band as well as of other ex
ited
olle
tive states 
an be only a
hieved when one adds at least the 
ouplingof the rotational motion with the quadrupole shape vibrations. Also, thein�uen
e of the pairing 
orrelations is not negligible and the 
orresponding
olle
tive modes [6℄ should be taken into a

ount.(1789)
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 et al.Re
ently we have developed [7℄ a mi
ros
opi
 quadrupole plus pairing
olle
tive Hamiltonian whi
h des
ribes well the low-lying nu
lear ex
ita-tions. Our model, whi
h is essentially a generalization of the 
olle
tive BohrHamiltonian [8�10℄, was su

essfully applied in the wide range of transitionalnu
lei from neutron-ri
h Ru isotopes up to rare earth nu
lei [11�13℄. Theaim of the present study is to 
he
k how our model works in the region ofthe heaviest nu
lei. 2. Des
ription of the modelFollowing the idea of the generalized Bohr Hamiltonian we 
onstru
ta similar 
olle
tive Hamiltonian but in a more extensive spa
e of 
olle
tivevariables. To the �ve usual quadrupole degrees of freedom, namely the twoBohr deformation parameters, � and 
, des
ribing the nu
lear shape in theintrinsi
 frame of referen
e and the three Euler angles denoted as 
, whi
hdetermine the orientation of the prin
ipal axes of nu
leus with respe
t tothe laboratory axes, we add the next four variables des
ribing the pairing
orrelations of protons and neutrons in the nu
leus. These are: the protonand neutron pairing gap parameters, �p and �n, whi
h des
ribe the pairingvibrations, and the proton and neutron gauge angles, �p and �n parame-terizing rotations in the gauge spa
e i.e. 
hanges in numbers of protons andneutrons in the system.The full Bohr Hamiltonian in the �quadrupole plus pairing� 
olle
tivespa
e is the sum of kineti
 and potential 
olle
tive energies. The formeris the se
ond order di�erential operator in all the nine 
olle
tive variablesand 
ontains various se
ond order mixed derivatives. The latter 
onsistsof the deformation and pairing potentials. It is rather di�
ult to solvethe nine-dimensional eigenvalue problem for su
h a Hamiltonian in its mostgeneral form. We have not solved this 
ompli
ated problem as yet. Upto now we usually assume that a 
oupling between the quadrupole and thepairing degrees of freedom in the kineti
 energy is weak and negle
t all mixedderivatives over a quadrupole and a pairing variable. Then, the 
olle
tiveHamiltonian is separated into the quadrupole and the pairing parts, namelyĤCQP = ĤCQ(�; 
;
;�p;�n) + ĤCP(�p; �p;�n; �n;�; 
) : (1)However, this does not mean at all that the quadrupole and pairing degreesof freedom are de
oupled 
ompletely from ea
h other. We are going to takeapproximately the quadrupole-pairing 
oupling into a

ount in the following.The operator ĤCQ des
ribes the quadrupole ex
itations (vibrations androtations) of nu
leus and takes the form of the usual generalized Bohr Hamil-tonian [8, 9℄ĤCQ = T̂vib(�; 
;�p;�n) + T̂rot(�; 
;
;�p;�n) + V
oll(�; 
;�p;�n) : (2)
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tive Quadrupole Ex
itations of Transa
tinide Nu
lei 1791Here V
oll is the 
olle
tive potential, the kineti
 vibrational energy readsT̂vib = � ~22pwr� 1�4 �����4r rwB

��������3r rwB�
�
��+ 1� sin 3
� ���
�r rw sin 3
B�
���+ 1� �
�r rw sin 3
B����
�� ; (3)and the rotational energy is T̂rot = 12 3Xk=1 Î2kJk : (4)The intrinsi
 
omponents of the total angular momentum are denoted asÎk; (k = 1; 2; 3), while w and r are the determinants of the vibrational androtational mass tensors. The mass parameters B��, B�
 and B

 and threeprin
ipal moments of inertia Jk; (k = 1; 2; 3) depend on intrinsi
 variables�; 
 and pairing gap values �p;�n. All inertial fun
tions are determinedfrom a mi
ros
opi
 theory. We apply the standard 
ranking method toevaluate the inertial fun
tions assuming that the nu
leus is a system of nu-
leons moving in the deformed mean �eld (Nilsson potential) and intera
tingthrough monopole pairing for
es. One has to stress that for � 
orrespondingto the minimum of the BCS energy the operator ĤCQ is exa
tly the sameas the Bohr Hamiltonian used in Ref. [9℄.For a given nu
leus (no pairing rotation) the se
ond term in Eq. (1)des
ribes 
olle
tive pairing vibrations of systems of Z protons and A � Zneutrons ĤCP = ĤZCP + ĤA�ZCP ; (5)and it 
an be expressed in the following form [6, 18℄:ĤNCP = � ~22pg(�) ��� pg(�)B��(�) ��� + Vpair(�) ; (6)where N = Z, � = �p for protons and, respe
tively, N = A� Z, � = �nfor neutrons. The fun
tions appearing in the Hamiltonian (6), namely thepairing mass parameter B��(�), the determinant of the metri
 tensor g(�)and the 
olle
tive pairing potential Vpair(�) are obtained mi
ros
opi
ally.We are interested in taking approximately an e�e
t of the pairing vi-brations on the quadrupole ex
itations into a

ount. Therefore, we solvethe eigenvalue problem for the Hamiltonian of Eq. (1) in two steps. First,we �nd the pairing 
olle
tive ex
itations at given deformations and next,we modify the S
hrödinger equation for the quadrupole motion allowing



1792 K. Zaj¡
 et al.for the zero-point pairing vibrations. This is an approa
h similar to theBorn�Oppenheimer approximation for mole
ules where one �rst �nds theele
troni
 motion at given positions of nu
lei and next takes an e�e
t of theele
troni
 binding on the mole
ular vibrational and rotational ex
itationsinto a

ount.Solving the eigenproblem of the 
olle
tive pairing Hamiltonian (6) one
an �nd the pairing vibrational ground-state wave fun
tion 	0 and theground-energy E0 at ea
h (�; 
) deformation point. The most probablevalue of the energy gap �max 
orresponds to the maximum of the prob-ability of �nding a given gap value in the 
olle
tive pairing ground-state(namely the maximum of the fun
tion g(�)j	0(�)j2). The value of �max isshifted towards smaller gaps from the equilibrium point �eq determined bythe minimum of Vpair or simply by the BCS formalism. Su
h a behavior ofthe pairing ground state fun
tion 	0 is due to the rapid in
rease of pairingmass parameter B��. In general the ratio of �max to �eq is of about 0:7.All 
olle
tive fun
tions appearing in Eqs. (3), (4) are 
al
ulated using themost probable pairing gap values for protons and for neutrons instead theequilibrium ones. The 
olle
tive potential 
orresponds to the ground state ofthe ĤCP Hamiltonian (5) and it is very 
lose to the BCS energy in ea
h �; 
point. The approximation des
ribed above is rather 
rude but it in
ludesthe main e�e
t of the 
oupling with the pairing vibrational mode. This pro-
edure improves signi�
antly the a

ura
y in reprodu
ing the experimentaldata and it introdu
es no additional parameters into the model.The nu
leon single parti
le motion is des
ribed by the Nilsson (modi�edharmoni
 os
illator) potential with the 
orre
tion termsV
orr = �~!0 � �2 ls� �(l2 � hl2iN )� : (7)Parameters �; � are equal �n=0:0635; �p=0:0570; �n = 0:32 and �p = 0:66are taken from [14℄ for the mass A = 250.The dependen
e of the strengths of the pairing for
es on the nu
leon num-ber is assumed as G� = g0;�=N2=3� , where � denotes protons or neutrons. Theparameters g0;� are taken from [15℄, where they have been estimated frommass di�eren
es and they are equal g0;n = 0:267 ~!0 and g0;p = 0:284 ~!0 forthe pairing window (i.e. levels taken into a

ount) in
ludes the same numberof levels equal to p15N� below and above the Fermi level. Moreover, weuse an approximate proje
tion of the BCS wave fun
tion on a good parti
lenumber, whi
h modi�es formula for the BCS energy [16℄.The 
olle
tive energy is 
al
ulated by Strutinsky mi
ros
opi
�ma
ro-s
opi
 method. The moments of inertia and mass parameters are deter-mined within the 
ranking model. We have used a new parameterization ofthe ma
ros
opi
 (liquid drop) energy whi
h 
ontains the dependen
e on the
urvature of a surfa
e of a nu
leus (LSD) from [17℄.



Colle
tive Quadrupole Ex
itations of Transa
tinide Nu
lei 1793The potential energy, mass parameters and ele
tri
 moments have been
omputed in 188 points in the (�; 
) sextant (0; 0:75) � (0Æ; 60Æ).The 
olle
tive quadrupole motion is des
ribed by the generalized BohrHamiltonian, the method of solving its eigenproblem is the same as in [7℄.There are two parameters that determine the basis we use in the 
olle
-tive spa
e: �2 and n. The former enters in the 
ommon exponential fa
tore�(�2�)2=2 of the basis fun
tions while the latter (n) determines the trun
a-tion of the basis and is equal to the highest order of the polynomial in �.All 
al
ulations have been made with the 
hoi
e �2 = 12 and n = 36. The
onsequen
e of su
h rather large value of n is that the results are insensitiveagainst the 
hanges of �2 in a quite big range 10 < �2 < 15.3. ResultsThe results presented here are rather preliminary be
ause our model doesnot 
ontain the deformations of multi-polarities higher than 2. Nevertheless,the theoreti
al energies of the ground-state bands for U, Pu, Cm, Cf, Fm,and No isotopes are 
lose to the experimental data as it 
an be seen in Fig. 1.The 
al
ulated values for 2+ states are 
onne
ted in Fig. 1 by full lineswhile 
orresponding experimental points taken from Refs. [1,2,4℄ are markedwith diamonds. For 4+ states we have used the dashed lines and triangles, for6+ states � the dotted lines and 
ir
les and for 8+ states � the dot-dashedlines and 
rosses. The agreement of the theoreti
al estimates of the energies

146 150 154 158
N

0
0.2
0.4
0.6E

N
E

R
G

Y
 [
M

e
V

]

146 150 154 158

0
0.2
0.4
0.6

0
0.2
0.4
0.6

Z=94 Z=92

Z=98 Z=96

Z=102 Z=100

2+
4+
6+
8+

Fig. 1. The ground state band energies of in even�even transurani
 isotopes.



1794 K. Zaj¡
 et al.of the 2+ and 4+ states is good. The energies of the 6+ and 8+ states areoverestimated for the isotopes with Z < 100 while for Fm and No isotopesthe 
al
ulated energies of these states are very 
lose to the experimentaldata.The redu
ed B(E2) transition probabilities within the members of theground-state band are shown in Fig. 2 for the 
onsidered transa
tinide nu
lei.The theoreti
al values of the 2+ ! 0+ transitions are 
onne
ted by thefull lines while 
orresponding experimental [4℄ points are marked with thediamonds. For 4+ ! 2+ transitions we have used the dashed lines andtriangles, for 6+ ! 4+ transitions the dotted lines and 
ir
les and for 8+ !6+ transitions the dot-dashed lines (no experimental eviden
e). The emptypoints for No isotopes represent some estimations found in Ref. [3℄ for the2+ ! 0+ transitions. It is seen in Fig. 2 that the theoreti
al values of B(E2)are too small by approximately 20% with respe
t to the measured data.
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Fig. 2. The redu
ed E2 transition probabilities in the ground-state bands oftransurani
 nu
lei.The 
al
ulated redu
ed matrix elements of the ele
tri
 quadrupole op-erator in the states from the ground-state band are presented in Fig. 3 fornu
lei from the same region. As previously the full, dashed, dotted anddot-dashed lines 
orrespond to the 2+, 4+, 6+ and 8+ states, respe
tively.All values remain nearly 
onstant when the number of neutron grows.
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Fig. 3. The redu
ed matrix elements of the ele
tri
 quadrupole operator in theground-state band.In Fig. 4 the dependen
es of the theoreti
al energies of the �rst 2+1 (l.h.s.map) and of the se
ond 2+2 (r.h.s. map) ex
ited states are plotted as a fun
-tion of N and Z. The smallest energy of the 2+ state is predi
ted for 248Fmisotope whi
h has the largest quadrupole deformation as it will be seen later.The energy of the 2+2 state in 252Fm is the largest one and it is twi
e as largeas the 
orresponding energy in the 238U isotope.
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Fig. 4. The 
ontour plot of the energy of the �rst 2+1 (the left map) and of these
ond 2+2 ex
ited state (the right map) on (Z;N) plane.



1796 K. Zaj¡
 et al.A similar dependen
e of the energy of the se
ond 0+ state on the number ofprotons and neutrons is shown in Fig. 5. For all nu
lei from the 
onsideredmass region the energy of the 0+ state is approximately 30% larger than theenergy of the 2+ state and it shows similar shell stru
ture, maximum for 252Fm.
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Fig. 5. The same as Fig. 4 but for the 0+2 state.The expe
tation values of the quadrupole axial � (the left map) and non-axial 
 (the right map) deformation in the ground-state wave fun
tion is plot-ted in Fig. 6 on the (Z;N) plane. The 
orresponding average deformationsin the ground state bands are growing very slowly with angular momentum,for example for 2+ state the average � appears of at most 0.001 and theaverage 
 of at most 0:05Æ greater than the expe
tation ground-state value.The average value of � is the largest one in 246Cm isotope while the nu
leus248Fm has the smallest mean value of the nonaxial deformation (
 � 10Æ).
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 (the right map) deformationin the ground-state wave fun
tion as a fun
tion of the number of protons Z andneutrons N .



Colle
tive Quadrupole Ex
itations of Transa
tinide Nu
lei 1797Similar data as in Fig. 6 but for the se
ond 2+ and 0+ ex
ited states areshown in Fig. 7 and in Fig. 8, respe
tively. It is seen that the 
hange of theaverage deformation of the system is stri
tly 
orrelated with the varian
e ofthe energy of the 2+2 and 0+2 states as it was seen in Figs. 4 and 5.
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Fig. 7. The same as in Fig. 6 but for the 2+2 state.The relative di�eren
es between the �rst 2+ state energy obtained withthe generalized Bohr Hamiltonian Eth and similar energy evaluated in theminimum of the 
olle
tive nu
lear potential within the pure rotational modelwith the 
ranking moment of inertia Erot are plotted in Fig. 9 as fun
tionof proton and neutron number. The l.h.s. plot 
orresponds to the 
rankingmoment of inertia evaluated in the BCS minimum of the total energy whilethe r.h.s. one to the rotational energy obtained with the moment of inertia
al
ulated with the most probable pairing gaps (E�rot). The 2+ state energiesobtained with the standard pairing strength in the pure rotational model areon average by 20% larger than those evaluated in our model and around 15%
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Fig. 9. The relative di�eren
es between the energies of the �rst 2+ state obtainedin our theory (Eth) and in the pure rotational model (Erot).smaller when one uses the most probable � in the mi
ros
opi
 
al
ulations ofthe 
ranking moments of inertia. This result shows that the rotational model
an not des
ribe propely the energies of the ground state band memberswhen the standard pairing 
orrelations are used.4. Con
lusionsCon
luding, we may say that adding of the 
oupling with the pairingvibrations to the generalized Bohr Hamiltonian improves signi�
antly thequality of theoreti
al estimates for the even�even heaviest nu
lei. We haveshown that the 
oupling between quadrupole and pairing 
olle
tive degreesof freedom brings the energy levels down to the s
ale 
omparable with that
hara
teristi
 for the experimental levels.In spite of some simpli
ity of the Nilsson single-parti
le potential our ap-proximation works good in this rather extreme mass region and a reasonableagreement with the experimental data is obtained without any adjustmentof the parameters. It 
on�rms that our model takes into a

ount the mainfeatures of the 
olle
tive nu
lear ex
itations of the transa
tinide nu
lei. Alsowe would like to point out that the rotational 
hara
ter of the ground-statebands in Pu and No isotopes was manifested in our model.The work is partly supported by the Polish State Committee for S
ienti�
Resear
h under Contra
t No. 2P03B 04119 and 5PO3B 01421.
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