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SPONTANEOUS FISSION AND �-DECAY HALF-LIVESOF SUPERHEAVY NUCLEI IN DIFFERENTMACROSCOPIC ENERGY MODELSZ. �ojewski, A. Baran and K. PomorskiInstitute of Physi
s, M. Curie-Skªodowska Universitypl. M. Curie-Skªodowskiej 1, 20-031 Lublin, Poland(Re
eived O
tober 30, 2002)Dedi
ated to Adam Sobi
zewski in honour of his 70th birthdaySpontaneous �ssion half-lives (Tsf) of the heaviest nu
lei are 
al
ulatedin the ma
ros
opi
-mi
ros
opi
 approa
h based on the deformed Woods-Saxon potential. Four di�erent models of the ma
ros
opi
 energy are exam-ined and their in�uen
e on the results is dis
ussed. The 
al
ulations of (Tsf)are performed within WKB approximation. Multi-dimensional dynami
al-programming method (MDP) is applied to minimize the a
tion integralin a 3-dimensional spa
e of deformation parameters des
ribing the nu
learshape f�2; �4; �6g.PACS numbers: 25.85.Ca, 21.60.Ev, 21.10.Tg1. Introdu
tionThe region of superheavy nu
lei is one of the most intensively studiedin the last years (see for example [1, 2℄ and 
itations there). Neverthelessthe experimental eviden
e is still far from being 
omplete. The history oftheoreti
al studies of spontaneous �ssion half-lives of the superheavy nu
leibegun almost forty years ago. One of the �rst publi
ations on this subje
twas related to Professor Adam Sobi
zewski's name and it has been publishedin the early 60-th. Sobi
zewski together with Gareev and Kalinnik [3℄ haveforeseen the existen
e of the double-magi
 spheri
al superheavy nu
leus with114 protons and 184 neutrons.In 1970�1982 a series of papers of Sobi
zewski appeared in whi
h he andhis 
o-workers have introdu
ed the so 
alled �dynami
al method� of 
al
u-lation of the spontaneous �ssion half-lives. In this method the traje
tory to�ssion was determined by minimization of the a
tion integral in the multidi-mensional 
olle
tive spa
e of the deformation parameters [4�6℄. The 
al
u-lations were based on the single-parti
le potential of the Nilsson type [7�9℄(1801)
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lear liquid drop [10℄ or droplet model [11℄ has been used to eval-uate the ma
ros
opi
 part of the nu
lear energy. The spontaneous �ssionhalf-lives of nu
lei in the region of 96 � Z � 104 were reasonably repro-du
ed when the liquid drop energy was used. The 
hara
teristi
 �paraboli
�systemati
s of the log(Tsf) for investigated isotopes has been re
onstru
tedpretty well.The end of the eighties and the beginning of the nineties gave the 
y
leof relatively important papers [12�16℄, based on more realisti
 potential ofthe Woods�Saxon type [17℄ and a new form of the smooth part of nu
learenergy, the so 
alled folded-Yukawa plus exponential model [18℄. In the midstof other things it was possible to predi
t the existen
e of �the deformed islandof stability� in the neighborhood of the nu
leus with Z = 108 and N = 162.The 
on
ept of �the double magi
 deformed nu
leus� was introdu
ed for the�rst time by Prof. Sobi
zewski and is generally a

epted in the literature.All the 
al
ulations presented in the above mentioned papers have been
arried out using the ma
ros
opi
-mi
ros
opi
 method in whi
h the energyof �ssioning nu
leus was split into the smooth Esmooth (ma
ros
opi
) partand the shell ÆEshell and pairing ÆEpair energy 
orre
tions. The shell andpairing energy 
orre
tions depend on the form of the single-parti
le potential.There is a general believe that the deformed Woods�Saxon potential withthe universal set of parameters gives the proper behavior of the �ssion barrieras a fun
tion of the deformation.The expressions 
ommonly used for the smooth part of nu
lear energyare given by the liquid drop model [10℄, the droplet expansion [11℄, folded-Yukawa plus exponential approximation [18℄ and a very re
ently developedLublin�Strasbourg drop (LSD) [19℄. The LSD model represents the revisedand improved version of the liquid drop formula, in whi
h the parametersof the extended 
lassi
al energy formula were adjusted to the known massesof isotopes. Due to the presen
e of the 
urvature term the LSD formulagives also the right �ssion barrier heights without any readjustment of theparameters.It is well known that the smooth part of the energy 
onsiderably in-�uen
es estimates of the spontaneous �ssion half-lives (Tsf). Therefore, wewould like to 
ompare the �ssion probability given by the above models ofthe ma
ros
opi
 energy. In parti
ular, we would like to obtain the estimatesof spontaneous �ssion (Tsf) as well as the �-de
ay half-life times for theheavy and superheavy nu
lei within the new LSD model.In our analysis we have taken into a

ount three deformation degrees offreedom (�2; �4; �6), des
ribing well the shape of the heaviest nu
lei duringthe penetration of the barrier. To minimize the a
tion integrals relatedto the spontaneous �ssion probability we have used the multidimensionaldynami
 programming method (MDP) [20℄ and the WKB approximation.



Spontaneous Fission and �-De
ay Half-Lives : : : 1803The theoreti
al ba
kground of our model is shortly des
ribed in Se
tion 2.The results are presented in Se
tion 3. Con
lusions and dis
ussion are pla
edin Se
tion 4. 2. Theoreti
al modelThe potential energy surfa
e of �ssioning nu
lei was obtained using thema
ros
opi
�mi
ros
opi
 method and the single parti
le Woods�Saxon po-tential with the universal set of parameters [17℄. A

ording to the Strutinskyshell 
orre
tion model, the 
olle
tive potential energy V is split into a shellÆEshell and a pairing 
orre
tion ÆEpair parts as well as the smooth aver-age ba
kground energy of the liquid drop [10℄, droplet [11℄, folded-Yukawaplus exponential approximation [18℄ and/or the LSD model [19℄ with thestandard values of parameters. The residual pairing intera
tion is treatedin the BCS approximation where the pairing strength 
onstants are as inreferen
e [24℄.The 
olle
tive mass parameters Bkl, des
ribing the inertia of the �ssion-ing nu
leus are 
al
ulated in the adiabati
 
ranking model. The 
olle
tivemass plays the role of a metri
 tensor in the multi-dimensional 
olle
tivespa
e.The �ssion is treated as a tunneling through the 
olle
tive potentialenergy barrier in the multidimensional deformation parameter spa
e. Thespontaneous-�ssion half-life is inversely proportional to the probability ofthe penetration of the barrier: Tsf = ln2n 1P : (1)Here, n is the number of assaults of the nu
leus on the �ssion barrier perunit of time: n � 1020:38s�1. The penetration probability P in the one-dimensional WKB semi-
lassi
al approximation is given by the followingformula: P = (1 + e2S)�1 ; (2)where S(L) is the a
tion integral evaluated along the �ssion path L(s) whi
hminimizes the redu
ed a
tion in the multidimensional 
olle
tive spa
e:S(L) = s2Zs1 � 2~2 Be�(s)[V (s)�E℄�1=2 ds : (3)An e�e
tive inertia asso
iated with the �ssion motion along the path L(s)is Be�(s) =Xk;l Bkl dqkds dqlds ; (4)



1804 Z. �ojewski, A. Baran, K. Pomorskiwhere ds denotes the path-length element in the 
olle
tive spa
e. The in-tegration limits s1 and s2 
orrespond to the 
lassi
al turning points, deter-mined by the equation V (s) = E, and E is the total energy of the nu
leus.The dynami
 
al
ulation of the Tsf means a quest for the traje
tory Lminwhi
h ful�lls a prin
iple of stationary a
tion:ÆS(L) = 0 : (5)To minimize the a
tion integral we have used the multi-dimensional dynami
-programming method (MDP) [6, 20℄.Sin
e the ma
ros
opi
�mi
ros
opi
 method is not analyti
al, it is ne
es-sary to evaluate the potential energy and all 
omponents of the inertia tensoron a grid in the multi-dimensional spa
e of deformation parameters. Thismulti-dimensional 
olle
tive spa
e 
onsists of three deformation parametersdes
ribing well the shape of �ssioning heavy nu
lei (�2, �4, �6). We haveused the following steps in the �� parameter grid: ��2 = 0:05, ��4 = 0:04and ��6 = 0:04.The spontaneous �ssion of the heaviest nu
lei is a

ompanied by the �-de
ay. We have made the estimates of the energies of emitted �-parti
les(Q�) and half-lives of the �-de
ay (T�) using the Viola�Seaborg formulae [22℄with the parameter set adjusted by Sobi
zewski et al. [23℄.3. Results3.1. Spontaneous �ssionThe �ssion barrier of the Fermium isotopes with N 2 (142; 172) evalu-ated within all four dis
ussed in the paper models are plotted in Fig. 1. The
lassi
 liquid drop �ssion barriers [10℄ are denoted by the dotted lines andthe droplet ones [18℄ by dotted-dashed 
urves. The barriers obtained withthe Yukawa plus exponential model [18℄ are marked by dashed lines whilethose of the LSD [19℄ by the solid ones.One 
an see in Fig. 1 that for all the isotopes, the �ssion barriers in theliquid drop model are relatively high and wide. It is espe
ially visible in theheavier isotopes with N � 156. This e�e
t leads to the 
onsiderably longerspontaneous �ssion half-lives for heavier isotopes (see for example [4℄).One observes an interesting behavior of the �ssion barriers obtained withthe droplet model. For lighter isotopes the barriers are in good agreementwith the liquid drop ones while for heavier Fm nu
lei the tenden
y to alarge redu
tion of the height and thi
kness of the barrier 
an be noti
ed. Inearlier papers dealing with the spontaneous �ssion half-lives this tenden
ywas 
onne
ted with an abrupt redu
tion of Tsf of heavier Fm isotopes [5℄.The folded-Yukawa plus exponential model gives the ma
ros
opi
 �ssionbarriers similar to that of the drop model however the barrier heights are
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Fig. 1. The �ssion barriers for Fm isotopes with N 2 (142; 174) evaluated usingfour di�erent expression for the ma
ros
opi
.a little bit lower in 
ase of the heavy isotopes. This de
rease of the bar-rier heights in�uen
es the spontaneous �ssion half-lives Tsf : for the heavierisotopes the Tsf be
ome 
onsiderably longer. Similar e�e
t was already ob-served in the papers [20, 21℄.The lowest barriers are observed for the new LSD model. The barriers
hange very weakly with in
reasing neutron number N and be
ome only alittle higher and wider. It is seen in Fig. 1 that the use of di�erent formulaefor the ma
ros
opi
 energy 
an 
hange the barrier heights by even 2�5 MeV.This e�e
t should in�uen
e signi�
antly the estimates of the spontaneous�ssion half-lives in di�erent models.



1806 Z. �ojewski, A. Baran, K. PomorskiSimilar results but for the element Z = 110 are plotted in Fig. 2. Thevarian
e with growing neutron number of the �ssion-barrier heights andwidths is 
lose to those observed for the Fm isotopes in Fig. 1. In Fig. 3the estimates of the spontaneous �ssion half-lives Tsf for the isotopes withatomi
 numbers 100 � Z � 110 are 
ompared with the experimental data(full diamonds). The theoreti
al results are obtained using the four dis
ussedabove models for the ma
ros
opi
 energy. The data obtained in the liquiddrop model are represented by full triangles and the results obtained with thedroplet model by squares. The estimates made with the LSD are marked

Fig. 2. The same as in Fig. 1 but for Z = 110 element.
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ay Half-Lives : : : 1807by open triangles. It is seen that the spontaneous �ssion half-lives di�er
onsiderably depending on the model used. For the liquid drop and folded-Yukawa model the results are too large as 
ompared to experiment, whilethese for droplet and LSD models are 
loser to the measured Tsf .

Fig. 3. Spontaneous �ssion half-lives (Tsf) (in years) for the even�even isotopeswith atomi
 with Z 2 (100; 110) plotted as a fun
tion of the neutron number N .Traditionally, the estimations of the Tsf are made adding a zero-pointenergy (e.g., E0=0.5 MeV) to the Strutinsky ground-state energy of the nu-
leus. Some authors argue that su
h a pro
edure is in
onsistent [25, 26℄. Itis easy to foresee the e�e
t of dis
arding this zero-point energy. In Fig. 4 the



1808 Z. �ojewski, A. Baran, K. PomorskiLSD estimates of Tsf of Fermium, Nobelium, Rutherdforium and Seaborgiumisotopes are plotted with E0 = 0:5 MeV and without the zero-point energy.One 
an see the in
rease of the �ssion life-times by about 3 orders of magni-tude on the average. A rather good agreement of the theoreti
al estimatesobtained with E0=0 is observed for the Fermium and Nobelium isotopesonly.

Fig. 4. Spontaneous �ssion half-lives (Tsf) of the isotopes with atomi
 numberZ 2 (100; 106) obtained with the LSD model and di�erent zero-point energies(E0).For the Rutherfordium isotopes the agreement be
omes rather poor.This is 
onne
ted to the double �ssion barrier problem. For the Fermium andNobelium isotopes the �ssion barriers are doubly humped and this has animpa
t on the behaviour of the spontaneous �ssion half-lives whi
h in
reasevery rapidly for the isotopes beyond N = 152 region and known �paraboli
�systemati
s.The situation fundamentally 
hanges for the elements with Z � 104. Thedisappearan
e of the se
ond barrier leads to pra
ti
ally linear systemati
s of
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ay Half-Lives : : : 1809Tsf and the e�e
t is very well visible in 
ase of the experimental Tsf of theRutherfordium isotopes. Unfortunately in our theoreti
al 
al
ulations these
ond barriers persistently exist for several isotopes and leads to unwantedin
rease of the �ssion lifetimes what is in disagreement with experimentaldata. The systemati
s of the �ssion life times astonishingly agrees withthe experiment when one arti�
ially negle
ts the penetration of the se
ondbarrier. This e�e
t is seen in Fig. 5.

Fig. 5. Spontaneous �ssion half-lives (Tsf) of the Rutherfordium isotopes 
al
ulatedwith the �rst barrier only (see text).The 
al
ulations show that the theoreti
al estimations of the Tsf are thebest if we adapt the ma
ros
opi
 LSD model without zero-point energy.3.2. �-de
ayIn addition to the 
al
ulations of the spontaneous �ssion half-lives it isuseful to make the estimates of the Q� values and the �-de
ay half-lives (T�)for 
onsidered nu
lei. In the heavy and superheavy region of nu
lei both thede
ay modes 
ompete.The estimates of Q� done for four dis
ussed ma
ros
opi
 models on thebasis of Viola�Seaborg formulae [22℄ with parameters adjusted in Ref. [23℄are presented in Fig. 6. The results obtained in all models are 
omparable.Similar results were reported for self
onsistent Hartree�Fo
k�Bogoliubov�Skyrme model with SLy4 for
e parameters by �wiok et al. in [27℄. In Fig. 6we show the Q� values (in MeV) as a fun
tion of mass number A for di�erentma
ros
opi
 models. Part (a) 
orresponds to the liquid drop of Myers and



1810 Z. �ojewski, A. Baran, K. Pomorski�wi¡te
ki [10℄, part (b) to droplet model [11℄, part (
) to Yukawa plus expo-nential [18℄ and (d) to the LSD model [19℄. The 
orresponding experimentalvalues were retrieved from BNL nu
lear data base [28℄. In all 
ases shown inthe �gure one sees a good agreement between theoreti
ally estimated valuesand the experimental ones.
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Fig. 6. Q� values (in MeV) vs mass number A for di�erent ma
ros
opi
 models:(a) liquid drop of Myers and �wi¡te
ki [10℄, (b) droplet model [11℄, (
) Yukawaplus exponential [18℄ and (d) LSD [19℄. The experimental values are retrieved fromBNL nu
lear data base [28℄.In Fig. 7 there are shown the similar results for LSD (applied as a ma
ro-s
opi
 part of the energy) and Thomas�Fermi (TF) [29℄ both for the 
aseof a shell 
orre
tion extra
ted from Myers�Swiate
ki tables [29℄. The root



Spontaneous Fission and �-De
ay Half-Lives : : : 1811mean square deviation of the (rms-dev) is typed on ea
h sub�gure. Theirvalues whi
h are 
lose to 0.23 MeV suggest that within the same a

ura
y,it is easier to use the LSD model instead of 
al
ulationally 
ompli
ated TFmodel.
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Fig. 7. Q� values (in MeV) vs mass number A for (A) LSD [19℄ + Myers�Swiate
kishell 
orre
tion. and (B) Thomas�Fermi (TF) + Myers�Swiate
ki shell 
orre
tion[29℄. The experimental data are extra
ted from NL nu
lear data base [28℄. Therms deviation (rms-dev) is displayed for ea
h 
ase.In Fig. 8 we show the 
ontours of the logarithm of �-half-lives (se
) as
al
ulated within the LSD and the Möller shell 
orre
tion.
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lusions and dis
ussionFrom our investigations one 
an draw the following 
on
lusions:� The ma
ros
opi
 energy in�uen
es very 
onsiderably the 
al
ulatedspontaneous �ssion half-lives Tsf .� The Q� values (or the � de
ay half-lives) 
al
ulated in di�erent ma
ro-s
opi
 models are nearly the same and model independent up to a smalldi�eren
es (see rms deviation on Fig. 8).� The LSD model seems to be 
omparable in a

ura
y to the Thomas�Fermi ma
ros
opi
 model and 
an be used as a fast and exa
t tool for
al
ulation of the groundstate properties of the nu
leus.� One should still 
ontinue deep studies of the ma
ros
opi
 part of thenu
lear energy in order to 
hoose the most appropriate model for bar-riers determination and the Tsf 
al
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