
Vol. 34 (2003) ACTA PHYSICA POLONICA B No 3
BARRIER DISTRIBUTIONS AND SYSTEMATICSOF FUSION- AND CAPTURE CROSS SECTIONSK. Siwek-Wilzy«ska, I. SkwiraInstitute of Experimental Physis, Warsaw UniversityHo»a 69, 00-681 Warsaw, Polandand J. Wilzy«skiThe Andrzej Soªtan Institute for Nulear Studies05-400 Otwok-�wierk, Poland(Reeived Otober 9, 2002)Dediated to Adam Sobizewski in honour of his 70th birthdayMethods of prediting `apture' ross setions, i.e., ross setions forstiking of two olliding nulei after overoming the interation barrier, arepresented. Close links between the apture exitation funtions and smear-ing of the interation barrier are disussed. By using a new `polynomial �t'method of determining d2(E�)=dE2 values, the barrier distributions havebeen diretly dedued for several preisely measured fusion exitation fun-tions found in the literature, and ompared with results of standard `pointdi�erene' method. Existing data on near-barrier fusion- and apture exi-tation funtions for about 50 medium and heavy nuleus�nuleus systemshave been analyzed using a simple formula obtained assuming Gaussianshape of the barrier distribution. Systematis of the barrier distribution pa-rameters, the mean barrier and width of the distribution, are presented andproposed to be used together with the losed-form `error funtion formula'for prediting unknown apture ross setions in experiments on synthesisof super-heavy elements.PACS numbers: 25.70.Jj 1. IntrodutionSine many years Adam Sobizewski's name assoiates with spetaularseries of disoveries of new super-heavy elements, the proess that onsid-erably extended limits of the periodi table in the transuranium region.Adam Sobizewski predited essential properties of these new exoti nulei(1867)



1868 K. Siwek-Wilzy«ska, I. Skwira, J. Wilzy«skilong time before experimentalists ould present evidene of their formation.However, with the inreasing atomi number of the new elements, experi-mentalists faed more and more di�ulties aused by a dramati derease ofthe prodution ross-setions. In the latest experiments in whih the heav-iest elements of Z = 112�116 were observed, the prodution ross-setionsdiminished to a level of 1 piobarn. It beame a real hallenge for exper-imentalists to detet and identify a single atomi nuleus during weeks ofmeasurements. Therefore it is ruial to be able to predit optimum on-ditions for these experiments, i.e., to determine the best projetile-targetombination and an exat value of the bombarding energy at whih the nar-row exitation funtion of the prodution ross-setion has its maximum.2. Distintion between fusion- and apture ross setionsFormation of a heavy nuleus in its ground state an be viewed (see Ref.[1℄ and referenes therein) as a proess of suessful outome of three stages:(i) the overoming of the interation barrier in a ollision of the projetileand target nulei, and formation of a tightly onneted omposite system(`apture' proess), (ii) evolution of the omposite system from the aptureon�guration to a fully equilibrated ompound nuleus (fusion), and (iii)deexitation of the ompound nuleus by emission of neutrons or other lightpartiles and  rays � thus avoiding prompt �ssion (survival). Therefore,the prodution ross setion for the evaporation-residue nuleus, �ER is givenby the sum of partial-wave ontributions of the produt of the partial aptureross setion �apt(E; l) times the fusion probability Pfus(E; l) and times thesurvival probability Psurv(E; l):�ER(E) = ��2 1Xl=0(2l + 1) � T (E; l) � Pfus(E; l) � Psurv(E; l) ; (1)where � is the wavelength of the olliding system, �2 = ~2=(2�E), andT (E; l) is the probability of overoming the entrane-hannel potential-energy barrier for a given angular momentum. In experiments aimed atprodution of superheavy nulei, the energy range of fusion exitation fun-tions is limited to the lowest near-barrier and sub-barrier energies, whereonly the lowest partial waves ontribute. As the rotational energy of theomposite system is negligible at so low bombarding energies, Eq. (1) anbe fatorized in l-integrated form:�ER(E) = �apt(E) � Pfus(E) � Psurv(E): (2)In ollisions of light and medium-mass systems, the fator Pfus=1 be-ause nearly in all events when the system overomes the interation barrier



Barrier Distributions and Systematis of Fusion- and . . . 1869� it fuses forming a ompound nuleus. However, in ase of very heavynulear systems, the fat of overoming the interation barrier is not suf-�ient to guarantee fusion. It was found that often suh a heavy ompos-ite system may eventually reseparate after a deep inelasti proess alled`quasi-�ssion'. It was suggested in Refs. [2, 3℄ that heavy systems need an`extra-push' energy to pass the way from the apture on�guration to muhmore ompat shape at the saddle point. In realisti dynamial models withinlusion of �utuations, the extra push e�et will translate into a onsider-able derease of fusion probability, the fusion hindrane fator Pfus < 1. Atheory of the hindrane phenomenon, based on the Smoluhowski equation,and estimates of the hindrane fator for reations used for prodution ofsuperheavy elements, have been given in Ref. [1℄. Similar interpretation ofthe hindrane fator in terms of the Langevin dynamis has reently beenpresented in Ref. [4℄. Several phenomenologial models were also proposed,see e.g., [5, 6℄. 3. Capture ross setionsIn this artile we onentrate on analysis of existing very preise dataon fusion reations for medium-weight systems. Sine for these reationsPfus = 1, the fusion data automatially provide information on the aptureross setions �apt. By extrapolation, this information will then be usedfor estimating the apture ross setions in ollisions of the heaviest systemsused to produe superheavy nulei.It is well known that fusion exitation funtions annot be satisfato-rily explained assuming penetration through a well de�ned barrier in one-dimensional potential of a olliding nuleus�nuleus system. In order toreprodue shapes of the fusion exitation funtions, espeially at low, near-threshold energies, it is neessary to assume oexistene of di�erent barri-ers, the e�et that results from the oupling to other-than-relative-distanedegrees of freedom. For example, the oupled hannels alulations, in-volving oupling to various olletive states, naturally predit notieablefusion-barrier distributions.3.1. Fusion barrier distributionsIn 1991 Rowley, Sathler and Stelson [7℄ demonstrated that the fusionbarrier distribution an be dedued from a preisely measured fusion exi-tation funtion by taking the seond derivative of the produt of the rosssetion multiplied by energy, P (E) = d2(�E)dE2 : (3)
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150 160 170 180 190 150 160 170 180 190 200Fig. 1. Modern, preise measurements [8℄ of fusion exitation funtions (top) en-able determination of the `fusion-barrier distributions' (bottom), by alulating thederivative d2(E�fus)=dE2, as proposed in Ref. [7℄. Adapted from Ref. [8℄.Fig. 1 shows two examples of the measured exitation funtions anddedued fusion barrier distributions, taken from a work of Bierman et al. [8℄.In the present artile we do not disuss spei� strutural e�ets relevant foraounting for the oupling to various olletive exited states. These e�etsare very sensitive to the smallest details of the measured exitation funtionsand their interpretation is often ambiguous. We will onentrate on someaverage harateristis of the fusion-barrier distributions that might be usedfor prediting fusion- or apture ross setions in the sub-barrier region.In spite of very high preision of modern measurements of the near-barrier fusion exitation funtions, reliable determination of the barrier dis-tribution by using Eq. (3) is not easy. A typial approah used in most ofpublished papers onsists in using `three-points formula' or `point di�ereneformula' (see e.g. a review artile by Dasgupta et al. [9℄):d2(E�)dE2 = 2� (E�)3 � (E�)2E3 �E2 � (E�)2 � (E�)1E2 �E1 �� 1E3 �E1� ; (4)where (E�)i are evaluated at energies Ei, and the value of d2(E�)=dE2



Barrier Distributions and Systematis of Fusion- and . . . 1871is assigned to an energy (E1 + 2E2 + E3)=4. Results of this proeduredepend very muh on the energy distane between points 1 and 3. As thebarrier distribution is naturally smeared out due to quantum tunneling byits �nite width of FWHM = 2�3 MeV [7℄, the experimentally dedued barrierdistribution should be smoothed over a similar energy range, and thereforethe energy distane �E = E3 � E1 � 2(E2 � E1) is usually hosen to be4�6 MeV.
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Barrier Distributions and Systematis of Fusion- and . . . 18733.2. Fusion and/or apture exitation funtion formulaDisussed above di�ulties in preise determination of the barrier distri-bution and also quite a limited olletion of preisely measured fusion exi-tation funtions, suitable for diret determination of the barrier distribution,led us to a di�erent approah that an be used for a systemati overview ofexisting data and possibility to predit fusion exitation funtions.Negleting struture e�ets in the barrier distributions, suh as thedouble-peak shapes observed e.g. in 16O indued reations, we assume aGaussian shape of the barrier distribution:p(B) = 1wp2� exp��(B �B0)22w2 � ; (6)with the mean barrier B0 and its width w being free parameters to be de-termined individually for eah reation by omparing predited fusion exi-tation funtion with experimental data. By folding the barrier distribution,Eq. (6), with the lassial expression for the fusion ross setion,�fus = �R2B�1� BE� ; (7)we obtain [1℄ the following formula for the energy dependene of the fusionross setion:�fus = �R2B wEp2� �Xp�(1 + erfX) + exp(�X2)� ; (8)where X = E �B0p2w ; (9)and erfX is the Gaussian error integral of the argument X. By RB we denotethe relative distane orresponding to loation of the interation barrier.Along with B0 and w, RB is a parameter to be determined by �tting Eq. (8)to experimental data.In derivation of formula (8), the quantum e�et of sub-barrier tunnellingis not aounted for. However, sine the tunnelling only slightly smearsout the fusion exitation funtion around E = B0, its e�et is simulatedand aounted for in an e�etive value of the width w dedued for a givenreation.The `error funtion formula', Eq. (8), represents a very onvenient para-metrization for fusion- and apture exitation funtions, espeially in therange of near-barrier energies. In ase of apture reations its validity ex-tends even to higher energies. However fusion ross setions, determined



1874 K. Siwek-Wilzy«ska, I. Skwira, J. Wilzy«skiin many experiments by measuring the evaporation-residue ross setion,should not be ompared with preditions of Eq. (8) at higher energies be-ause entrane-hannel angular-momentum limitations, not aounted forby Eq. (8), may redue the fusion ross setion at well-above-the-barrierenergies. 4. Analysis of fusion exitation funtionsIn Fig. 4 we show four examples of measured [8, 10℄ fusion exitationfuntions �tted with formula (8) by using the least �2 method. It is seenthat the fusion exitation funtions an be reprodued very aurately overthe entire near-barrier energy range where the measured ross setions varyby four orders of magnitude. The �tting proedure onstrains the param-eters B0 and w su�iently to determine the overall shape of the barrierdistribution for a given reation.
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Barrier Distributions and Systematis of Fusion- and . . . 1875We have ompared the Gaussian distributions, obtained from �tting for-mula (8) to experimental data, with the barrier distributions that ould bedetermined diretly either with the point-di�erene method or the polyno-mial �t method, see �gures 2 and 3. Quite good agreement with diretlydetermined distributions is observed regarding the overall features, i.e., themean barrier energy, distribution width, and absolute values. A great advan-tage of the proposed method of �tting the exitation funtions with Eq. (8)is that the overall harateristis of the barrier distributions (B0, w) an beobtained even from less preise experimental data that exlude possibilityof reliable determination of the seond derivative d2(E�)=dE2.By using Eq. (8), we have analysed an ample set of published experimen-tal data for about 50 medium and heavy nuleus�nuleus systems [8, 10�25℄.All the hosen exitation funtions have been measured in the near-barrierrange of energies where ross setions are most sensitive to the fusion-barrierdistribution. Our analysis has revealed that the alulated exitation fun-tions only very weakly depend on the variation of the radius parameter RBin Eq. (8). Therefore we �xed a value of r0 = RB=(A1=31 + A1=32 ) = 1:27 fm(that seemed to �t best all the data), and arried out a systemati analysisof the whole set of data by varying only two parameters, B0 and w.5. Systematis of the barrier-distribution parametersIn order to use Eq. (8) for prediting fusion and apture ross setionsfor not yet studied reations, we attempted to systematize values of theparameters B0 and w.In Fig. 5 we present a ompilation of the dedued values of the meanbarrier B0 plotted as a funtion of the parameter z = Z1Z2=(A1=31 + A1=32 ).This dependene is very regular and an be approximated by a seond orderpolynomial funtion,B0 = 0:00136z2 + 0:78z + 4:2 MeV: (10)In addition to B0 values obtained from the analysis of fusion reations, Fig. 5inludes also the mean barriers dedued from apture data for very heavysystems, 48Ca + 208Pb, 58Fe+208Pb and 48Ca+238U, studied by Itkis etal. [25℄. (For these heavy systems, apture ross setions have been deter-mined by measuring the quasi-�ssion ross setions.) It is important to notethat following our expetations, the parametrization established for near-barrier fusion of medium mass systems (full irles in Fig. 5) holds also fordesription of apture ross setions in reations of very heavy systems (opensquares). Consequently, one an use Eq. (10) for reasonable preditions ofthe mean barrier heights for apture proesses in ollisions of the heaviestsystems.
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Barrier Distributions and Systematis of Fusion- and . . . 1877nuleus, Mn, and C1, C2 and Cn are the Coulomb energies of these nulei.In a parametrization of the standard liquid-drop-model [26℄, this di�ereneof the Coulomb energies an be expressed [27℄ as:Cn � C1 � C2 = C0 = 0:7054" (Z1 + Z2)2(A1 +A2)1=3 � Z21A1=31 � Z22A1=32 #MeV: (12)Fig. 6 displays the dedued values of the width parameter w plotted as afuntion of the depth V0 of the nulear part of the fusion potential. Evidently,there is a lose orrelation between these two quantities. One an use thisfat as argument in support of the mentioned above idea of the vibrationalnature of the barrier smearing. Nevertheless, signi�ant dispersion of pointsdisplayed in Fig. 6 shows that not all relevant strutural e�ets are aountedfor in this way.
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1878 K. Siwek-Wilzy«ska, I. Skwira, J. Wilzy«skihowever with the orrelation between w and V0 beause V0-values an beeasier evaluated (in omparison with the adiabati barriers).The observed orrelation between the width of the barrier distribution,w and the depth V0 of the nulear part of the fusion potential an beparametrized as a onstant value for relatively light systems, and a quadratidependene for heavier systems:w = 1:6 MeV for V0 < 85MeV; (13a)w = 1:6 + 0:0011 (V0 � 85)2MeV for V0 � 85MeV: (13b)This dependene is shown in Fig. 6 by solid line.6. Summary and onlusionsWe have studied possible ways of prediting apture ross setions innuleus�nuleus ollisions at near-barrier and sub-barrier energies, a vitalquestion for experiments aimed at prodution of new super-heavy elements.The apture ross setion re�ets the probability of overoming the intera-tion barrier and therefore is sensitive to the barrier height and its distribu-tion. We have demonstrated a new omputational tool for diret determi-nation of the barrier distribution by alulating the Rowley's [7℄ derivatived2(E�)=dE2 from a loal �t of a quadrati funtion to E� values (`polyno-mial �t method'). Results obtained with this method look similar to thoseobtained with traditional `point di�erene' method.From the point of view of preditions of the apture ross setion in sub-barrier region, relevant for experiments on super-heavy elements, deidingrole is played by low-energy tail of the barrier distribution. Therefore weapplied, very suessfully, a simple formula for the apture ross setion,derived under assumption of a Gaussian shape of the barrier distribution.We dedued the barrier distribution parameters, the mean barrier B0 and thedistribution width w, for an ample set of existing data on near-barrier fusion-and apture exitation funtions for about 50 medium and heavy systems.A meaningful information on B0 and w was obtained even for not verypreisely measured exitation funtions, for whih diret determination ofd2(E�)=dE2 was not possible. The low-energy tails of so determined barrierdistributions perfetly agree with pro�les of the distributions determineddiretly (for those preisely measured systems for whih the diret methodould be applied). Of ourse, the `error funtion formula', Eq. (8), ignoresthe nulear struture e�ets usually appearing (with very large error bars)at energies above the mean barrier.We have presented systematis of the barrier-distribution parameters B0and w obtained by �tting fusion- and apture exitation funtions with the`error funtion formula'. The mean barrier B0 turned out to be a smooth
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