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BARRIER DISTRIBUTIONS AND SYSTEMATICSOF FUSION- AND CAPTURE CROSS SECTIONSK. Siwek-Wil
zy«ska, I. SkwiraInstitute of Experimental Physi
s, Warsaw UniversityHo»a 69, 00-681 Warsaw, Polandand J. Wil
zy«skiThe Andrzej Soªtan Institute for Nu
lear Studies05-400 Otwo
k-�wierk, Poland(Re
eived O
tober 9, 2002)Dedi
ated to Adam Sobi
zewski in honour of his 70th birthdayMethods of predi
ting `
apture' 
ross se
tions, i.e., 
ross se
tions forsti
king of two 
olliding nu
lei after over
oming the intera
tion barrier, arepresented. Close links between the 
apture ex
itation fun
tions and smear-ing of the intera
tion barrier are dis
ussed. By using a new `polynomial �t'method of determining d2(E�)=dE2 values, the barrier distributions havebeen dire
tly dedu
ed for several pre
isely measured fusion ex
itation fun
-tions found in the literature, and 
ompared with results of standard `pointdi�eren
e' method. Existing data on near-barrier fusion- and 
apture ex
i-tation fun
tions for about 50 medium and heavy nu
leus�nu
leus systemshave been analyzed using a simple formula obtained assuming Gaussianshape of the barrier distribution. Systemati
s of the barrier distribution pa-rameters, the mean barrier and width of the distribution, are presented andproposed to be used together with the 
losed-form `error fun
tion formula'for predi
ting unknown 
apture 
ross se
tions in experiments on synthesisof super-heavy elements.PACS numbers: 25.70.Jj 1. Introdu
tionSin
e many years Adam Sobi
zewski's name asso
iates with spe
ta
ularseries of dis
overies of new super-heavy elements, the pro
ess that 
onsid-erably extended limits of the periodi
 table in the transuranium region.Adam Sobi
zewski predi
ted essential properties of these new exoti
 nu
lei(1867)
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zy«ska, I. Skwira, J. Wil
zy«skilong time before experimentalists 
ould present eviden
e of their formation.However, with the in
reasing atomi
 number of the new elements, experi-mentalists fa
ed more and more di�
ulties 
aused by a dramati
 de
rease ofthe produ
tion 
ross-se
tions. In the latest experiments in whi
h the heav-iest elements of Z = 112�116 were observed, the produ
tion 
ross-se
tionsdiminished to a level of 1 pi
obarn. It be
ame a real 
hallenge for exper-imentalists to dete
t and identify a single atomi
 nu
leus during weeks ofmeasurements. Therefore it is 
ru
ial to be able to predi
t optimum 
on-ditions for these experiments, i.e., to determine the best proje
tile-target
ombination and an exa
t value of the bombarding energy at whi
h the nar-row ex
itation fun
tion of the produ
tion 
ross-se
tion has its maximum.2. Distin
tion between fusion- and 
apture 
ross se
tionsFormation of a heavy nu
leus in its ground state 
an be viewed (see Ref.[1℄ and referen
es therein) as a pro
ess of su

essful out
ome of three stages:(i) the over
oming of the intera
tion barrier in a 
ollision of the proje
tileand target nu
lei, and formation of a tightly 
onne
ted 
omposite system(`
apture' pro
ess), (ii) evolution of the 
omposite system from the 
apture
on�guration to a fully equilibrated 
ompound nu
leus (fusion), and (iii)deex
itation of the 
ompound nu
leus by emission of neutrons or other lightparti
les and 
 rays � thus avoiding prompt �ssion (survival). Therefore,the produ
tion 
ross se
tion for the evaporation-residue nu
leus, �ER is givenby the sum of partial-wave 
ontributions of the produ
t of the partial 
apture
ross se
tion �
apt(E; l) times the fusion probability Pfus(E; l) and times thesurvival probability Psurv(E; l):�ER(E) = ��2 1Xl=0(2l + 1) � T (E; l) � Pfus(E; l) � Psurv(E; l) ; (1)where � is the wavelength of the 
olliding system, �2 = ~2=(2�E), andT (E; l) is the probability of over
oming the entran
e-
hannel potential-energy barrier for a given angular momentum. In experiments aimed atprodu
tion of superheavy nu
lei, the energy range of fusion ex
itation fun
-tions is limited to the lowest near-barrier and sub-barrier energies, whereonly the lowest partial waves 
ontribute. As the rotational energy of the
omposite system is negligible at so low bombarding energies, Eq. (1) 
anbe fa
torized in l-integrated form:�ER(E) = �
apt(E) � Pfus(E) � Psurv(E): (2)In 
ollisions of light and medium-mass systems, the fa
tor Pfus=1 be-
ause nearly in all events when the system over
omes the intera
tion barrier
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s of Fusion- and . . . 1869� it fuses forming a 
ompound nu
leus. However, in 
ase of very heavynu
lear systems, the fa
t of over
oming the intera
tion barrier is not suf-�
ient to guarantee fusion. It was found that often su
h a heavy 
ompos-ite system may eventually reseparate after a deep inelasti
 pro
ess 
alled`quasi-�ssion'. It was suggested in Refs. [2, 3℄ that heavy systems need an`extra-push' energy to pass the way from the 
apture 
on�guration to mu
hmore 
ompa
t shape at the saddle point. In realisti
 dynami
al models within
lusion of �u
tuations, the extra push e�e
t will translate into a 
onsider-able de
rease of fusion probability, the fusion hindran
e fa
tor Pfus < 1. Atheory of the hindran
e phenomenon, based on the Smolu
howski equation,and estimates of the hindran
e fa
tor for rea
tions used for produ
tion ofsuperheavy elements, have been given in Ref. [1℄. Similar interpretation ofthe hindran
e fa
tor in terms of the Langevin dynami
s has re
ently beenpresented in Ref. [4℄. Several phenomenologi
al models were also proposed,see e.g., [5, 6℄. 3. Capture 
ross se
tionsIn this arti
le we 
on
entrate on analysis of existing very pre
ise dataon fusion rea
tions for medium-weight systems. Sin
e for these rea
tionsPfus = 1, the fusion data automati
ally provide information on the 
apture
ross se
tions �
apt. By extrapolation, this information will then be usedfor estimating the 
apture 
ross se
tions in 
ollisions of the heaviest systemsused to produ
e superheavy nu
lei.It is well known that fusion ex
itation fun
tions 
annot be satisfa
to-rily explained assuming penetration through a well de�ned barrier in one-dimensional potential of a 
olliding nu
leus�nu
leus system. In order toreprodu
e shapes of the fusion ex
itation fun
tions, espe
ially at low, near-threshold energies, it is ne
essary to assume 
oexisten
e of di�erent barri-ers, the e�e
t that results from the 
oupling to other-than-relative-distan
edegrees of freedom. For example, the 
oupled 
hannels 
al
ulations, in-volving 
oupling to various 
olle
tive states, naturally predi
t noti
eablefusion-barrier distributions.3.1. Fusion barrier distributionsIn 1991 Rowley, Sat
hler and Stelson [7℄ demonstrated that the fusionbarrier distribution 
an be dedu
ed from a pre
isely measured fusion ex
i-tation fun
tion by taking the se
ond derivative of the produ
t of the 
rossse
tion multiplied by energy, P (E) = d2(�E)dE2 : (3)
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ise measurements [8℄ of fusion ex
itation fun
tions (top) en-able determination of the `fusion-barrier distributions' (bottom), by 
al
ulating thederivative d2(E�fus)=dE2, as proposed in Ref. [7℄. Adapted from Ref. [8℄.Fig. 1 shows two examples of the measured ex
itation fun
tions anddedu
ed fusion barrier distributions, taken from a work of Bierman et al. [8℄.In the present arti
le we do not dis
uss spe
i�
 stru
tural e�e
ts relevant fora

ounting for the 
oupling to various 
olle
tive ex
ited states. These e�e
tsare very sensitive to the smallest details of the measured ex
itation fun
tionsand their interpretation is often ambiguous. We will 
on
entrate on someaverage 
hara
teristi
s of the fusion-barrier distributions that might be usedfor predi
ting fusion- or 
apture 
ross se
tions in the sub-barrier region.In spite of very high pre
ision of modern measurements of the near-barrier fusion ex
itation fun
tions, reliable determination of the barrier dis-tribution by using Eq. (3) is not easy. A typi
al approa
h used in most ofpublished papers 
onsists in using `three-points formula' or `point di�eren
eformula' (see e.g. a review arti
le by Dasgupta et al. [9℄):d2(E�)dE2 = 2� (E�)3 � (E�)2E3 �E2 � (E�)2 � (E�)1E2 �E1 �� 1E3 �E1� ; (4)where (E�)i are evaluated at energies Ei, and the value of d2(E�)=dE2
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s of Fusion- and . . . 1871is assigned to an energy (E1 + 2E2 + E3)=4. Results of this pro
eduredepend very mu
h on the energy distan
e between points 1 and 3. As thebarrier distribution is naturally smeared out due to quantum tunneling byits �nite width of FWHM = 2�3 MeV [7℄, the experimentally dedu
ed barrierdistribution should be smoothed over a similar energy range, and thereforethe energy distan
e �E = E3 � E1 � 2(E2 � E1) is usually 
hosen to be4�6 MeV.
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ECM (MeV)Fig. 2. Fusion ex
itation fun
tions (top) and the dedu
ed barrier distributions (bot-tom) for the 40Ca + 96Zr [10℄ and 34S + 168Er [24℄ rea
tions. The barrier distribu-tions determined with the standard `point di�eren
e method' and the `polynomial�t method' are shown with full and open 
ir
les, respe
tively. The Gaussian barrierdistributions obtained by �tting the `error fun
tion formula', Eq. (8), to the fusionex
itation fun
tions are shown by solid lines (see text).Figure 2 shows two examples of measured fusion ex
itation fun
tionsand dedu
ed barrier distributions. In addition, Fig. 3 presents the dedu
edbarrier distributions for four more rea
tions indu
ed by 16O proje
tiles ondi�erent targets. For 
omparison, we show the same barrier distributionsobtained in an alternative way: Experimental values of E� were lo
ally �ttedto a se
ond order polynomial by using the least square method,E� = a+ bE + 
E2; (5)and thus a value of the 
oe�
ient in the quadrati
 term was used to deter-
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ECM (MeV)Fig. 3. The barrier distributions, d2(E�fus)=dE2, determined with the standard`point di�eren
e method' (full 
ir
les) and the `polynomial �t method' (open 
ir
les)for fusion rea
tions of 16O ions with 144Sm, 154Sm, 184W and 208Pb target nu
lei.The Gaussian-barrier distributions obtained by �tting the `error fun
tion formula',Eq. (8), are shown by solid lines. Data taken from Refs. [19℄ and [17℄.mine a value of d2(E�)=dE2 = 2
. In order to 
ompare the two methods inidenti
al 
onditions, we used in the polynomial �t the same range of experi-mental points �E as in the 3-points method, �E = E3�E1, and moreover,a value of d2(E�)=dE2, determined for a given set of points within the range�E, was assigned to the same position E = E2 as in the equivalent 
al
ula-tion with the 3-points method.It is seen from Figs. 2 and 3 that both methods yield 
omparable distri-butions, although for the same range �E, the polynomial �t method givessomewhat less s
attered results. As it was emphasized by many authors inthe past (see e.g., Ref. [9℄), the dedu
ed barrier distributions depend stronglyon the 
hoi
e of the energy step between sele
ted 
onse
utive points, E1, E2,and E3. Similar dependen
e is observed when the energy range �E is variedin the polynomial �t method. Additional un
ertainty is 
onne
ted with verylarge errors on the right-hand side of the barrier distribution, an e�e
t due to�attening of fusion ex
itation fun
tions at over-the-barrier energies. There-fore, only the low-energy side of the barrier distribution 
an be determinedwith satisfa
tory pre
ision.
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s of Fusion- and . . . 18733.2. Fusion and/or 
apture ex
itation fun
tion formulaDis
ussed above di�
ulties in pre
ise determination of the barrier distri-bution and also quite a limited 
olle
tion of pre
isely measured fusion ex
i-tation fun
tions, suitable for dire
t determination of the barrier distribution,led us to a di�erent approa
h that 
an be used for a systemati
 overview ofexisting data and possibility to predi
t fusion ex
itation fun
tions.Negle
ting stru
ture e�e
ts in the barrier distributions, su
h as thedouble-peak shapes observed e.g. in 16O indu
ed rea
tions, we assume aGaussian shape of the barrier distribution:p(B) = 1wp2� exp��(B �B0)22w2 � ; (6)with the mean barrier B0 and its width w being free parameters to be de-termined individually for ea
h rea
tion by 
omparing predi
ted fusion ex
i-tation fun
tion with experimental data. By folding the barrier distribution,Eq. (6), with the 
lassi
al expression for the fusion 
ross se
tion,�fus = �R2B�1� BE� ; (7)we obtain [1℄ the following formula for the energy dependen
e of the fusion
ross se
tion:�fus = �R2B wEp2� �Xp�(1 + erfX) + exp(�X2)� ; (8)where X = E �B0p2w ; (9)and erfX is the Gaussian error integral of the argument X. By RB we denotethe relative distan
e 
orresponding to lo
ation of the intera
tion barrier.Along with B0 and w, RB is a parameter to be determined by �tting Eq. (8)to experimental data.In derivation of formula (8), the quantum e�e
t of sub-barrier tunnellingis not a

ounted for. However, sin
e the tunnelling only slightly smearsout the fusion ex
itation fun
tion around E = B0, its e�e
t is simulatedand a

ounted for in an e�e
tive value of the width w dedu
ed for a givenrea
tion.The `error fun
tion formula', Eq. (8), represents a very 
onvenient para-metrization for fusion- and 
apture ex
itation fun
tions, espe
ially in therange of near-barrier energies. In 
ase of 
apture rea
tions its validity ex-tends even to higher energies. However fusion 
ross se
tions, determined
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zy«ska, I. Skwira, J. Wil
zy«skiin many experiments by measuring the evaporation-residue 
ross se
tion,should not be 
ompared with predi
tions of Eq. (8) at higher energies be-
ause entran
e-
hannel angular-momentum limitations, not a

ounted forby Eq. (8), may redu
e the fusion 
ross se
tion at well-above-the-barrierenergies. 4. Analysis of fusion ex
itation fun
tionsIn Fig. 4 we show four examples of measured [8, 10℄ fusion ex
itationfun
tions �tted with formula (8) by using the least �2 method. It is seenthat the fusion ex
itation fun
tions 
an be reprodu
ed very a

urately overthe entire near-barrier energy range where the measured 
ross se
tions varyby four orders of magnitude. The �tting pro
edure 
onstrains the param-eters B0 and w su�
iently to determine the overall shape of the barrierdistribution for a given rea
tion.
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isely measured fusion 
ross se
tions (full 
ir
les) in the 40Ca + 90;96Zr[10℄ and 40Ca + 192Os,194Pt [8℄ rea
tions. Solid 
urves have been 
al
ulated withthe `error fun
tion formula', Eq. (8), for shown values of B0 and w parameters(the mean barrier and width of the barrier distribution, respe
tively), obtained byminimizing �2.
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s of Fusion- and . . . 1875We have 
ompared the Gaussian distributions, obtained from �tting for-mula (8) to experimental data, with the barrier distributions that 
ould bedetermined dire
tly either with the point-di�eren
e method or the polyno-mial �t method, see �gures 2 and 3. Quite good agreement with dire
tlydetermined distributions is observed regarding the overall features, i.e., themean barrier energy, distribution width, and absolute values. A great advan-tage of the proposed method of �tting the ex
itation fun
tions with Eq. (8)is that the overall 
hara
teristi
s of the barrier distributions (B0, w) 
an beobtained even from less pre
ise experimental data that ex
lude possibilityof reliable determination of the se
ond derivative d2(E�)=dE2.By using Eq. (8), we have analysed an ample set of published experimen-tal data for about 50 medium and heavy nu
leus�nu
leus systems [8, 10�25℄.All the 
hosen ex
itation fun
tions have been measured in the near-barrierrange of energies where 
ross se
tions are most sensitive to the fusion-barrierdistribution. Our analysis has revealed that the 
al
ulated ex
itation fun
-tions only very weakly depend on the variation of the radius parameter RBin Eq. (8). Therefore we �xed a value of r0 = RB=(A1=31 + A1=32 ) = 1:27 fm(that seemed to �t best all the data), and 
arried out a systemati
 analysisof the whole set of data by varying only two parameters, B0 and w.5. Systemati
s of the barrier-distribution parametersIn order to use Eq. (8) for predi
ting fusion and 
apture 
ross se
tionsfor not yet studied rea
tions, we attempted to systematize values of theparameters B0 and w.In Fig. 5 we present a 
ompilation of the dedu
ed values of the meanbarrier B0 plotted as a fun
tion of the parameter z = Z1Z2=(A1=31 + A1=32 ).This dependen
e is very regular and 
an be approximated by a se
ond orderpolynomial fun
tion,B0 = 0:00136z2 + 0:78z + 4:2 MeV: (10)In addition to B0 values obtained from the analysis of fusion rea
tions, Fig. 5in
ludes also the mean barriers dedu
ed from 
apture data for very heavysystems, 48Ca + 208Pb, 58Fe+208Pb and 48Ca+238U, studied by Itkis etal. [25℄. (For these heavy systems, 
apture 
ross se
tions have been deter-mined by measuring the quasi-�ssion 
ross se
tions.) It is important to notethat following our expe
tations, the parametrization established for near-barrier fusion of medium mass systems (full 
ir
les in Fig. 5) holds also fordes
ription of 
apture 
ross se
tions in rea
tions of very heavy systems (opensquares). Consequently, one 
an use Eq. (10) for reasonable predi
tions ofthe mean barrier heights for 
apture pro
esses in 
ollisions of the heaviestsystems.
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s of the mean barrier B0, determined from analysis of fusion-and 
apture ex
itation fun
tions for about 50 nu
lear systems, found in the litera-ture (Refs. [8, 10�25℄). Results for 
apture rea
tions [25℄ are indi
ated by di�erentsymbols (squares). Solid line represents parametrization given by Eq. (10).Contrary to B0, the width parameter w does not behave so regularly.This is not surprising, regarding possible 
oupling to rotational and vibra-tional states in the fusing nu
lei, the me
hanism that strongly in�uen
ese�e
tive barrier distributions in the 
oupled-
hannels approa
h. Thereforeit is natural that w depends not only on the `global' parameters, su
h asZ and A of the fusing nu
lei, but also on their stru
tural 
hara
teristi
s.Having in mind a simplisti
 pi
ture of two tou
hing nu
lei with vibratingsurfa
es 
ausing the smearing of the barrier height, we expe
t that magni-tude of the smearing depends on the depth of the nu
lear potential V0. (Thevibration of nu
lear surfa
es in the tou
hing 
on�guration 
an be representedas vibration of the radius parameter R0 of an e�e
tive Saxon�Woods-shapednu
lear potential relative to a steady Coulomb potential.) The depth V0 ofthe nu
lear part of the nu
leus�nu
leus fusion potential 
an be 
al
ulated ina model-independent way as:V0 = Qfus + C
n � C1 �C2; (11)where Qfus = (M1 +M2 �M
n)
2 is the fusion Q-value determined by theground-state masses of the 
olliding nu
lei, M1 and M2, and the 
ompound
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s of Fusion- and . . . 1877nu
leus, M
n, and C1, C2 and C
n are the Coulomb energies of these nu
lei.In a parametrization of the standard liquid-drop-model [26℄, this di�eren
eof the Coulomb energies 
an be expressed [27℄ as:C
n � C1 � C2 = C0 = 0:7054" (Z1 + Z2)2(A1 +A2)1=3 � Z21A1=31 � Z22A1=32 #MeV: (12)Fig. 6 displays the dedu
ed values of the width parameter w plotted as afun
tion of the depth V0 of the nu
lear part of the fusion potential. Evidently,there is a 
lose 
orrelation between these two quantities. One 
an use thisfa
t as argument in support of the mentioned above idea of the vibrationalnature of the barrier smearing. Nevertheless, signi�
ant dispersion of pointsdisplayed in Fig. 6 shows that not all relevant stru
tural e�e
ts are a

ountedfor in this way.
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Fig. 6. Systemati
s of the width w of the barrier distribution, determined fromanalysis of fusion- and 
apture ex
itation fun
tions for about 50 nu
lear systems,found in the literature (Refs. [8, 10�25℄). Results for 
apture rea
tions [25℄ areindi
ated by di�erent symbols (squares). Solid line represents parametrizationgiven by Eq. (13). For de�nition of the depth of the fusion potential V0, see text.Another possible dependen
e, namely a 
orrelation between the widthparameter w and the height of the `adiabati
 fusion barrier' [27℄ was ex-amined in Ref. [28℄ and used then for systematizing w-values. We stay
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zy«ska, I. Skwira, J. Wil
zy«skihowever with the 
orrelation between w and V0 be
ause V0-values 
an beeasier evaluated (in 
omparison with the adiabati
 barriers).The observed 
orrelation between the width of the barrier distribution,w and the depth V0 of the nu
lear part of the fusion potential 
an beparametrized as a 
onstant value for relatively light systems, and a quadrati
dependen
e for heavier systems:w = 1:6 MeV for V0 < 85MeV; (13a)w = 1:6 + 0:0011 (V0 � 85)2MeV for V0 � 85MeV: (13b)This dependen
e is shown in Fig. 6 by solid line.6. Summary and 
on
lusionsWe have studied possible ways of predi
ting 
apture 
ross se
tions innu
leus�nu
leus 
ollisions at near-barrier and sub-barrier energies, a vitalquestion for experiments aimed at produ
tion of new super-heavy elements.The 
apture 
ross se
tion re�e
ts the probability of over
oming the intera
-tion barrier and therefore is sensitive to the barrier height and its distribu-tion. We have demonstrated a new 
omputational tool for dire
t determi-nation of the barrier distribution by 
al
ulating the Rowley's [7℄ derivatived2(E�)=dE2 from a lo
al �t of a quadrati
 fun
tion to E� values (`polyno-mial �t method'). Results obtained with this method look similar to thoseobtained with traditional `point di�eren
e' method.From the point of view of predi
tions of the 
apture 
ross se
tion in sub-barrier region, relevant for experiments on super-heavy elements, de
idingrole is played by low-energy tail of the barrier distribution. Therefore weapplied, very su

essfully, a simple formula for the 
apture 
ross se
tion,derived under assumption of a Gaussian shape of the barrier distribution.We dedu
ed the barrier distribution parameters, the mean barrier B0 and thedistribution width w, for an ample set of existing data on near-barrier fusion-and 
apture ex
itation fun
tions for about 50 medium and heavy systems.A meaningful information on B0 and w was obtained even for not verypre
isely measured ex
itation fun
tions, for whi
h dire
t determination ofd2(E�)=dE2 was not possible. The low-energy tails of so determined barrierdistributions perfe
tly agree with pro�les of the distributions determineddire
tly (for those pre
isely measured systems for whi
h the dire
t method
ould be applied). Of 
ourse, the `error fun
tion formula', Eq. (8), ignoresthe nu
lear stru
ture e�e
ts usually appearing (with very large error bars)at energies above the mean barrier.We have presented systemati
s of the barrier-distribution parameters B0and w obtained by �tting fusion- and 
apture ex
itation fun
tions with the`error fun
tion formula'. The mean barrier B0 turned out to be a smooth
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tion of the Coulomb intera
tion parameter z = Z1Z2=(A1=31 + A1=32 ),but the width parameter w 
learly depends on nu
lear stru
ture e�e
ts.We have observed a 
orrelation between w and depth of nu
lear part ofthe nu
leus�nu
leus fusion potential, V0, that may a

ount for some nu
learstru
ture e�e
ts via the ground-state masses of the proje
tile and targetnu
lei. However deviations from smooth relation between w and V0 arelarge, that means that not all relevant stru
tural e�e
ts are a

ounted forin this way.We propose to use the `error fun
tion formula', Eq. (8), with B0 and wparameters taken from the established systemati
s, Eqs. (10) and (13), for
al
ulating and predi
ting unknown 
apture 
ross se
tions in planning newexperiments on produ
tion of super-heavy elements.We would like to thank W.J. �wi¡te
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