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2092 Y. Abe et al.1. Introdu
tionA

ording to the 
ompound nu
leus theory [1℄, residue 
ross se
tions aregiven by the produ
t of fusion probability and survival probability. Thelatter 
an be 
al
ulated by the theory of statisti
al de
ays. They depend ondetailed properties of relevant nu
lei, espe
ially their masses, or their shell
orre
tion energies whi
h essentially determine �ssion barriers, but are un-known and thereby give rise to substantial ambiguities in pra
ti
e. But thetheory is well established. On the other hand, for the former, i.e., for fusionprobability, there is no reliable theoreti
al framework available for massivesystems [2℄ where so-
alled fusion hindran
e is known to exist experimen-tally [3℄. Re
ently the present authors have proposed a two-step model [4℄in order to des
ribe the whole pro
ess from the en
ounter of in
ident ionsup to the formation of the spheri
al 
ompound nu
leus. It 
onsists of two-body 
ollision pro
ess up to the 
onta
t of the in
ident ions after over
omingthe Coulomb barrier under fri
tion in a
tion and of shape evolutions to thespheri
al 
on�guration, starting from amalgamated 
on�gurations made bythe sti
king of the in
ident ions. The latter pro
ess is not ne
essary in usualheavy-ion fusion rea
tions, but is indispensable in massive systems, i.e., forthe synthesis of the superheavy elements (SHE), be
ause the 
onta
t pointis still outside of a 
onditional saddle or a ridgeline, as is shown in Fig. 1,while in usual systems it lo
ates inside the 
onditional saddle point. Sin
ethe amalgamated system is expe
ted to be ex
ited due to heat-up pro
essesduring two-body 
ollisions, subsequent 
olle
tive shape motions of the sys-tem are under a strong dissipation stemming from frequent intera
tions withthe nu
leons at a �nite temperature. Thus, both pro
esses are des
ribed bydissipation-�u
tuation dynami
s, i.e., by Langevin equations [5℄.An important thing that remains is how to 
onne
t them. Naturally, twopro
esses are in su

ession, so results of the �rst step give initial 
onditionsof the se
ond step. In this sense, analyses of results of the �rst step, i.e., ofthe 
onta
t dynami
s in the 
ollisions of the in
ident ions are ne
essary forthe purpose of obtaining initial 
onditions for subsequent shape evolutionsas well as of obtaining a sti
king probability Psti
k. The present 
onne
tionmethod 
an be 
alled to be �statisti
al�, neither adiabati
, nor diabati
 [6℄,be
ause the �rst step results in distributions of physi
al quantities, for ex-ample, in a Gaussian distribution of the radial momentum as will be seenbelow. With them as initial values, shape evolutions of the amalgamatedsystem are solved to give a formation probability of the spheri
al 
ompoundnu
leus Pform. Thus, the fusion probability Pfusion is given by a produ
t ofthe two fa
tors Pfusion(E
:m:) = Psti
k(E
:m:)Pform(E
:m:) : (1)
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Fig. 1. Coulomb barrier, sti
king 
on�guration, and 
onditional saddle are showns
hemati
ally for massive systems, whi
h illustrates a ne
essity of two-step treat-ment for fusion.For a realization of the above theoreti
al framework, we employ the sur-fa
e fri
tion model (SFM) [7℄ for the �rst step of two-body 
ollision pro
essesand the one-body model (OBM) [8℄ of fri
tion, i.e., the one-body wall-and-window formula for the se
ond step of shape evolutions.In the next se
tion, we des
ribe the se
ond step �rst, and then in Se
-tion 3 we des
ribe the �rst step, i.e., so-
alled SFM and dis
uss 
hara
teristi
features of the results. Of 
ourse, SFM 
ould be improved, or re-adjustedso as to be suitable in barrier energy region, be
ause it is proved to be su
-
essful in Deep-Inelasti
 Collisions (DIC), i.e., in mu
h above the Coulombbarrier. But for the moment, we take pre
isely the original version. In Se
-tion 4, the method of 
onne
ting the �rst step to the se
ond step is dis
ussedbrie�y. At last, examples of 
al
ulations of fusion 
ross se
tions are given for48Ca + a
tinides target systems in Se
tion 5.



2094 Y. Abe et al.2. Shape evolution from the 
onta
t to the spheri
al shapeFirstly, we dis
uss shape evolutions starting from the 
onta
t point to-ward the spheri
al shape by over
oming the 
onditional saddle point or to-ward re-separation under a 
onservative driving for
e whi
h is approximatedby an inverted parabola. The Langevin equation, thus, is written as follows:ddt � qp � = � 0 1=mm!2 �� �� qp �+� 0R � ; (2)where m denotes the inertia mass of the motion, ! the 
urvature of thepotential energy surfa
e at the saddle point, and � the so-
alled redu
edfri
tion, i.e., the fri
tion 
 divided by the inertia mass. These parameters
ould be 
al
ulated by LDM and OBM with Two-Center Parameterization(TCP) in 
ase of quantitative dis
ussions and 
omparisons with experiments.R is an inhomogeneous term represents the random for
e asso
iated withthe fri
tion 
, so is assumed to be Gaussian and to satisfy the dissipation-�u
tuation theorem hR(t)i = 0;hR(t)R(t0)i = 2 
 T Æ(t� t0) ; (3)where h i denotes an average over all the possible realizations of the randomfor
e and T spe
i�es the temperature of the heat bath of the nu
leons. Sin
eEq. (2) is an inhomogeneous linear equation, we 
an write down a generalsolution as a fun
tion of initial values q0 and p0. (The origin of the 
oordinateq is taken to be the top of the barrier, and q0 and p0 are taken to be negativeand positive, respe
tively.) Then, a distribution fun
tion of the system inthe phase spa
e is 
al
ulated for any later time t in the following way withthe solutionW (q; p; t; T ; q0; p0) = hÆ (q � hq(t)i) Æ (p� hp(t)i)ifRg; (4)where an average of the fun
tional over R, h ifRg 
an be performed generallyby the path integral method.Then, we obtain an expression for a probability for the system to passover the saddle point by integrating over the whole p-spa
e and over the halfq-spa
e, i.e., over the other side of the saddle point. The probability is nowgiven by an error fun
tionF (t; T ; q0; p0) = 1Z0 dqp2� 1�(t) exp"(q � hq(t)i)22�(t)2 #
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 �� hq(t)ip2�(t)� ;hq(t)i = A(t)q0 +B(t)p0;�(t)2 = hq2i � hq(t)i2 ; (5)where A(t) and B(t) are given by the fun
tion of t with the parameters of
 and !, pre
ise expressions of whi
h are given in Ref. [9℄. The formationprobability is obtained by taking the limit t!1. Thus, the �nal probabilityis given by the error fun
tion with the following argument� hq(t)ip2�(t) ! spx2 + 1 + x2x "rBT � 1px2 + 1 + xrKT # ; (6)where the parameter x denotes �=2!. AndK and B denote the initial kineti
and potential energies, p20=2m andm!2q20=2, respe
tively. Now it is apparentthat in order for the probability to be 1/2 like transmission 
oe�
ient inquantum me
hani
s, the argument of the error fun
tion should be equal tozero, then K1=2 = �px2 + 1 + x�2 B = Be� , where Be� 
an be interpretedas an e�e
tive barrier height required by the dissipative dynami
s. Theformula indi
ates that even in the 
ases with a small saddle point heightB of LDM, the e�e
tive barrier height is mu
h higher, for example, about10 times of it if we take OBM for the fri
tion. Therefore, this provides uswith a simple dynami
al explanation of the fusion hindran
e by an analyti
expression, assuming the s
hemati
 paraboli
 potential whi
h is not so farfrom the reality. Now, we need to �nd the initial values q0 and p0, whi
h isobtained in the next se
tion.3. Conta
t dynami
s of massive systemsAs is usual in heavy-ion 
ollisions, we have to take into a

ount theCoulomb barrier of the entran
e 
hannel. A spe
ial aspe
t in massive sys-tems is that a fri
tion between the in
ident ions is expe
ted to be a
tivearound or even outside the barrier top. This is 
on
eivable from measuredex
itation fun
tions for so-
alled 
apture 
ross se
tion, where limiting or-bital angular momenta for the pro
ess are known to be smaller than grazingangular momenta [10℄. A
tually, SFM shows that the form fa
tor of thefri
tion stret
hes outside the barrier top position in massive systems. InFig. 2, an example of the potential and the fri
tion form fa
tor is given asfun
tions of the relative distan
e, 
al
ulated with SFM, exa
tly with theiroriginal parameter values whi
h were �xed by the analyses of DIC. Sin
e it
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Fig. 2. The radial potential for s-wave and the radial form fa
tor of the fri
tion areshown for 48Ca+244Pu system, 
al
ulated with SFM.is well known that dissipation is always asso
iated with �u
tuation, an as-so
iated �u
tuation to the dissipation is to be introdu
ed, so SFM equationis extended [11℄ as follows:dpdt = �dVdt � Kr� p+ �1 !1 ;dLdt = �K�� �L� 57L0�+ �2 !2 ;hwi wji = 2 Æij Æ(t� t0); i = r or � ; (7)where � denotes the redu
ed mass of the entran
e 
hannel and L0 does thein
ident orbital angular momentum, i.e., the total angular momentum ofthe system. The potential V is the sum of nu
lear VN and the Coulomb VCpotentials. The limiting angular momentum 5=7L0 is a so-
alled rollinglimit a

ording to Bass [12℄. If we in
lude a rolling fri
tion a
ting onthe relative angular velo
ity of the two ions, it be
omes to be the sti
k-ing limit. The dissipation-�u
tuation theorem is as follows: �21 = Kr T (t)and �22 = r2K� T (t). And from the expression of temperature above whi
hhas time t as an argument, the equation des
ribes a heat-up pro
ess duringthe approa
hing phase. Ki(r) with i = r, or � are the radial and the tan-gential fri
tion, respe
tively, and are given as Ki(r) = K0i (dVN=dr)2 withthe strength parameters, where K0i = 4 and 0.01 for i = r and �, in unit of10�23 se
/MeV.As stated in Se
tion 1, our purpose of employing SFM is to know howthe system rea
hes the 
onta
t point q0, so we solve Eq. (7) up to thatpoint to analyze the results whi
h are to be used as initial values for the



Rea
tion Me
hanisms for Synthesis of Superheavy Elements 2097subsequent evolutions. Naturally, we 
an take q0 to be the sum of R1 andR2 where Ri's denote the half density radii of the proje
tile and the targetof the entran
e 
hannel, respe
tively. Of 
ourse, it 
ould be smaller orlarger than that, or even it 
ould have a distribution in general. The modelis applied to 100Mo+100Mo system (Z1 Z2 =1764, Zi = 42 being atomi
numbers of the proje
tile and targets) where the fusion hindran
e startsto be observed experimentally. Fig. 3 shows 
al
ulated sti
king probabilityP J=0sti
k as a fun
tion Elab. As expe
ted, P J=0sti
k in
reases gradually as Elabin
reases above the Coulomb barrier, whi
h indi
ates an possible existen
e ofthe extra-push energy of only a few MeV or less. Interesting are distributionsof the radial momentum at the 
onta
t point whi
h are shown in Fig. 4 forfour di�erent in
ident energies. The distributions all appear to be Gaussian,though the 
enter or the mean value of the momentum de
reases as theenergy in
reases. (Note that the in
oming radial momentum has a negativesign.) At the same time, the width or the varian
e in
reases in 
onsisten
ewith the temperature de�ned with the internal ex
itation energy, i.e., withthe loss of the kineti
 energy. This means that the initial value p0 in Se
tion 2is not a single value, but has a distribution.

Fig. 3. Energy dependen
e of the sti
king probability obtained by SFM is shownfor 100Mo�100Mo system.Thus, the 
al
ulated results are 
asted approximately into the followingform S (p0; E
:m:) = Psti
k (E
:m:) g (p0; �p0; T0) ; (8)where S denotes a probability for the system to have a radial momentump0 at the 
onta
t point for a given in
ident energy E
:m: And the Gaussian
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Fig. 4. Cal
ulated radial momentum distributions are shown for 100Mo-100Mo sys-tem at four di�erent in
ident energies. Note that in
ident radial momenta arenegative by de�nition.distribution fun
tion is de�ned as usualg (p0; �p0; T0) = 1p2��T0 exp"�(p0 � �p0)22�T0 # ; (9)where the mean value of the radial momentum is denoted by �p0 and thetemperature of the heated-up amalgamated system is denoted by T0. The
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Fig. 5. Results obtained by SFM are shown for 48Ca+244Pu; (a) the sti
king prob-ability, (b) the radial momentum distribution in unit of 1021 MeV se
/fm and (
)the orbital angular momentum divided by the dissipation limit. (b) and (
) are anexample with in
ident energy of 5 MeV above the Coulomb barrier.energy 
onservation in average is expressed as follows:E
:m: = U0 �Eshell + "0 +K0 + T0=2�Q ; (10)where Q, U0 and Eshell are the Q-value of the fusion rea
tion, the LDMpotential energy at the 
onta
t point and the shell 
orre
tion energy of



2100 Y. Abe et al.the 
ompound nu
leus, negle
ting that at the 
onta
t point. �0 and K0denote the internal ex
itation energy of the system and the average kineti
energy left, "0 = a0 T 20 and K0 = �p20=2� respe
tively, where a0 denotesthe level density parameter to be 
al
ulated with the formula by Töke andSwiate
ki [13℄ for the 
orresponding nu
lear shape.Next, the model is applied to synthesis of SHE. Fig. 5 shows the resultson 48Ca + 244Pu system, as an example. The top panel shows probabilityfor the system to rea
h the 
onta
t point as a fun
tion of 
enter-of-massin
ident energy relative to the Coulomb barrier top. It is readily seen thatmore than 10 MeV is ne
essary for the probability to rea
h 1/2, whi
h 
ouldbe a part of the extra-push energy. The middle panel shows a Gaussiandistribution of the radial momentum at the 
onta
t point in the same as in100Mo�100Mo system. The 
enter of the distribution, i.e., the average valueis almost equal to zero, whi
h is very di�erent from 100Mo�100Mo system andindi
ates a 
omplete damping of the in
ident energy. Its width is 
onsistentwith a temperature of the system. The bottom panel shows radial distan
e-dependen
es of average orbital angular momenta for the 
ases of in
identangular momenta 10 ~ and 30 ~, respe
tively. It is remarkable that theyapproa
h almost the dissipation limit at the 
onta
t point, whi
h, togetherwith the damping of the radial motion shown above, indi
ates a formationof sti
king 
on�guration with the thermal �u
tuation.4. Conne
tion of the two stepsThe 
onne
tion is a deli
ate problem about amalgamation dynami
s,but the present treatment provides a promising approa
h, whi
h 
ould be
alled �statisti
al method�, and is di�erent from diabati
 or adiabati
 view-point [6℄. A

ording to the results obtained in the previous se
tion, theformation probability is given by a 
onvolution of the probability F and thedistribution gPform (E
:m:) = limt!1 1Z�1 dp0F (t; T ; q0; p0) g (p0; �p0; T0) ; (11)where the temperature T should be determined by a similar relation toEq. (5) around the saddle point, but for 48Ca indu
ed rea
tions, the 
onta
tpoint and the saddle point are 
lose to ea
h other, so they 
ould be takento be the same. Then, the formation probability takes an extremely simpleform Pform (E
:m:) �= 12erf
 "rBT � 1px2 + 1 + xrK0T # : (12)
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tion Me
hanisms for Synthesis of Superheavy Elements 2101Here, we 
an on
e more make the same argument as in Se
tion 2. That is,in order for the formation probability to be equal to 1/2, an average kineti
energy to be left at the 
onta
t point is given as follows:K1=20 = �px2 + 1 + x�2 B : (13)It should be noti
ed here that the extra-push energy should be dis
ussed notonly by the formation probability, nor only by the sti
king probability, butby the fusion probability whi
h is given by Eq. (1), i.e., by their produ
t.In massive systems where K0 is almost equal to zero, we 
an use anasymptoti
 expansion of the error fun
tion for the 
ase of B � T and thenPform (E
:m:) �= 12 1p�rTB e�B=T ; (14)whi
h appears to be similar to Kramers formula for �ssion, having an Arrhe-nius fa
tor and thereby 
ould be 
alled as �inverse Kramers formula� [14℄.But it should be noti
ed that Kramers formula [15℄ is on the transition rate,while the present formula is on the transition probability.5. Examples of fusion 
ross se
tionsand 
omparisons with the experimentsIn order to make more realisti
 
al
ulations, we employ two-dimensionalmodel for shape evolutions in TCP, where not only the 
enter-of mass dis-tan
e but also the mass asymmetry are used as 
olle
tive 
oordinates for qi's.(The other parameters are freezed. The ne
k parameter " is taken to be 0.8,and the fragment deformations are to be zero.) Then, multi-dimensionalLangevin equation is written [16℄ as follows:dqidt = �m�1�ij pj ;dpidt = ��U�qi � 12 ��qi �m�1�jk pj pk � 
ij �m�1�jk pk + gijRj(t) ;gikgjk = 
ij T ; (15)where pi's denote the 
onjugate momenta, and summations over repeated in-di
es are impli
itly assumed. The inertia tensormij is 
al
ulated by Werner-Wheeler approximation [17℄ for ea
h shape, i.e., as a fun
tion of the 
oor-dinates, and thereby the inertia term appears in the r.h.s. of the se
ondequation of Eq. (15). The potential U is the ma
ros
opi
 LDM one withTCP. For �nite total spins, rotational energies should be added, 
al
ulated



2102 Y. Abe et al.with the rigid moment of inertia [18℄. The mi
ros
opi
 shell 
orre
tion en-ergy is negle
ted by 
onsidering that the 
omposite system formed is ratherex
ited already in the approa
hing phase, i.e., in the �rst step. The fri
tiontensor 
ij is 
al
ulated by OBM, and the random for
e fRig is assumed tobe Gaussion, but is 
hosen in 
onsisten
e with the dissipation-�u
tuationtheorem whi
h is expressed in the last equation of Eq. (15).
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Fig. 6. Examples of Langevin traje
tories of shape evolutions in two-dimensionalspa
e of the distan
e R and the mass-asymmetry �. (R0 denotes a radius of thespheri
al 
ompound nu
leus.) The system is 48Ca+238U with zero initial radialmomentum and the temperature 
orresponding to 70 MeV of intrinsi
 ex
itation.In order to obtain the formation probability F (t; T; q0; p0) at t!1 fora given initial momentum p0, we have to 
al
ulate many traje
tories due tothe existen
e of the sto
hasti
 for
e. Fig. 6 shows examples of traje
toriesfor 48Ca+238U on the LDM energy surfa
e, where the initial momentum p0 istaken to be zero at the 
onta
t point and the temperature is 
al
ulated withthe ex
itation energy of 70 MeV taken as an example. It is readily seen thatsome traje
tories go toward the spheri
al shape, while some others go ba
k tore-separation. Repeating the same type of 
al
ulations with various initialmomentum p0, and putting them into Eq.(11), we obtain the formationprobability Pform(E
:m:) for the two-dimensional model, then 
onsequentlythe fusion probability Pfusion(E
:m:). Fig. 7 shows examples of 48Ca+244Pusystem.Then, fusion ex
itation fun
tions are 
al
ulated as usual�fusion = ��2�(2J + 1) P Jfusion ; (16)where � is wave length divided by 2�. In Fig. 8, several examples of ex-
itation fun
tions are shown for 48Ca indu
ed rea
tions, together with theavailable experimental 
ross se
tions. Firstly, the 
al
ulations reprodu
e the
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Fig. 7. Fusion probability 
al
ulated by produ
ts of sti
king probabilities and offormation probabilities is shown for 48Ca+238U system.

Fig. 8. Cal
ulated fusion ex
itation fun
tions for four systems of 48Ca + a
tinidetargets are shown, together with the available experimental data; GSI [19℄ andDubna [20℄.
hara
teristi
 feature of saturation of the 
ross se
tion in higher energieswhi
h is typi
ally seen in 238U target 
ase. Se
ondly, they reprodu
e themeasured ex
itation fun
tions [19,20℄ for three systems systemati
ally with-out any adjustable parameters. Experiments on 252Cf target are stronglydesired in order to verify the present predi
tion also given in the �gure.Combined with the statisti
al theory of de
ay for 
al
ulations of Psurv, we
an 
al
ulate residue 
ross se
tions. Preliminary results are 
ompared withDubna experiments [21℄ and have turned out to be promising. A systemati
study [22℄ is now being made for predi
tions for residue 
ross se
tions for



2104 Y. Abe et al.SHE's, where pre
ise values of the shell 
orre
tion energy are 
ru
ial. Un-fortunately, several theoreti
al predi
tions [23℄ available from the stru
turestudies are di�erent from ea
h others, whi
h gives rise to a rather large dis-persion of the predi
ted 
ross se
tions. More pre
ise predi
tions of the shell
orre
tion energy are eagerly waited for.The authors like to thank B. Giraud, T. Wada, and B. Bouriquet forhelpful dis
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