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NEUTRON SUPERFLUIDITY AND THE COOLINGOF NEUTRON STARS�E. Vigezzia, F. Barran
ob, R.A. Brogliaa;
;dand P.M. Pizzo
heroa;
aINFN, Sezione di Milano, Milano, ItalybDepartamento de Fisi
a Apli
ada III, Es
uela Superior de IngenieriosSevilla, Spain
Dipartimento di Fisi
a, Università degli Studi di Milano, ItalydThe Niels Bohr Institute, University of Copenhagen, Copenhagen, Denmark(Re
eived De
ember 16, 2002)We present a mean �eld quantum 
al
ulation of the super�uidity in theinner 
rust of neutron stars, taking into a

ount the inhomogeneous 
har-a
ter of the system, in whi
h a latti
e of neutron-ri
h nu
lei 
oexists witha gas of unbound neutrons. We 
ompare the resulting thermal propertiesof the star with those obtained negle
ting the nu
lear impurities.PACS numbers: 21.60�n, 26.60.+
, 97.60.Jd1. Introdu
tionNeutron stars are frequently referred to as unique laboratories for study-ing the properties of 
old dense matter. Indeed, their radial pro�le presentsdensities ranging from zero to several times the value for standard symmetri
nu
lear matter (�0 = 0:16 neutron fm�3, 
orresponding to 2:4� 1014g 
m�3).In parti
ular, observations of the thermal (not pulsed) emission from the sur-fa
e of a neutron star 
an both give information about the state of matterinside the star and provide 
onstraints on its global stru
ture. The poten-tial of this approa
h is 
losely related to the growing database of observedneutron star surfa
e temperatures.Neutron stars 
an be s
hemati
ally des
ribed as 
onsisting of four re-gions: the 
ore (� > �
 with �
 of the order of nu
lear matter density,typi
ally �
 � 0:6�0), 
omposed of uniform dense neutron matter; the inner
rust (�d < � < �
 with �d = 4 � 1011 g 
m�3, the neutron drip density)� Presented at the XXXVII Zakopane S
hool of Physi
s �Trends in Nu
lear Physi
s�,Zakopane, Poland, September 3�10, 2002.(2185)



2186 E. Vigezzi et al.made of a Coulomb latti
e of neutron-ri
h nu
lei permeated by a gas ofunbound degenerate fermions, namely ele
trons and neutrons dripped outof the nu
lei; the outer 
rust (�s < � < �d with �s ' 106 g 
m�3), wherethe latti
e of nu
lei is permeated by relativisti
 degenerate ele
trons; and,extending up to the surfa
e of the star, the skin (0 < � < �s), where theele
trons permeating the nu
lear latti
e are non-degenerate. The thin skinhas a small heat 
apa
ity, so that the surfa
e temperature responds almostinstantaneously to temperature variations at the interfa
e �s.Re
ent studies have shown that the high-density 
ore is likely to 
ool veryrapidly by di�erent neutrino emission pro
esses. Therefore, a temperatureinversion is formed between the 
ore and the 
rust: heat �ows from the
rust to the 
ore. Before the 
rust's heat reservoir is 
onsumed, the surfa
etemperature is of the order of 106 K or more, and the thermal emission
an be observed in the X-ray or UV bands. When the 
ooling wave rea
hesthe surfa
e, its temperature plummets abruptly to values below 5 � 105 K,whi
h are likely to be unobservably low. The di�usion time, that is the timetw between the formation of the neutron star and the drop of its surfa
etemperature, is expe
ted to depend on the physi
al 
onditions in the 
oreand along the 
rust. It has been argued that the details of the 
oolingme
hanism of the 
ore and the fra
tion of the 
ore undergoing it have littlee�e
t on the di�usion time, so that tw 
an be related to the radius and themass of the star, thus 
onstraining its stru
ture and then
e the underlyingequation of state of dense matter [1℄. However, the relationship one obtainsbetween tw, R and M depends in a 
ru
ial way on the physi
al propertiesof the 
rust, namely its thi
kness, thermal 
ondu
tivity and spe
i�
 heat.A

ording to 
al
ulations performed with various two-body intera
tions,neutron matter is expe
ted to be super�uid at the densities relevant for theinner 
rust. This 
an a�e
t the thermal properties of the 
rust in an im-portant way, sin
e the spe
i�
 heat depends exponentially on the pairinggap. For a quantitative study, one must take into a

ount the spatial inho-mogeneity inside any given elementary 
ell of the Coulomb latti
e, where a�nite nu
leus 
oexists with the gas of unbound neutrons. This is done in thepresent work, where we shall 
al
ulate the pairing gap and the spe
i�
 heatof the system, performing detailed mean-�eld quantum 
al
ulations whi
htake the interplay of bound and unbound orbitals into a

ount. We shallthen estimate the 
ooling times of neutron stars, 
omparing our results withthose obtained assuming homogeneous neutron matter, that is, negle
tingthe presen
e of the nu
leus at the 
enter of the 
ell.
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ellOne of the most detailed studies of the stru
ture of the inner 
rust ofneutron stars is the Hartree�Fo
k 
al
ulation of Negele and Vautherin [2℄,who determined the numbers of protons and neutrons whi
h are energeti
allyfavored at the di�erent densities. Their studies 
an be taken as a goodstarting point to study the super�uidity in the inner 
rust. Following thework of Ref. [2℄, we have subdivided the inner 
rust in ten zones, whi
h
orrespond to di�erent values of the baryon density �, going from the deepestzone, Nzone = 1, 
orresponding to � = 1.3 � 1014 g 
m�3 (or 0.09 neutronfm�3), to Nzone=10, 
orresponding to 4:7�1011 g 
m�3 (or 3 � 10�4 neutronfm�3). Asso
iated to ea
h zone, there is a typi
al value for the radius RWS ofthe Wigner�Seitz 
ell, namely the elementary 
ell of the Coulomb latti
e; thevalue of RWS de
reases going from the surfa
e towards the 
ore. In ea
h 
ell,part of the neutrons are bound to the nu
leus pla
ed at the 
enter of the 
ell,while the remaining neutrons o

upy orbitals at positive energies and theirwavefun
tions extend throughout the 
ell. The radial wavefun
tions �nlj(R)in a given 
ell are obtained by solving the S
hrödinger equation asso
iatedwith a spheri
ally symmetri
 Saxon�Woods potential V (R), parametrizedin su
h a way as to reprodu
e the density pro�les 
al
ulated in Ref. [2℄. Wediagonalize the 1S0 
omponent of a two-body intera
tion in the (generalized)BCS approximation, in a basis 
omposed of pairs of neutrons 
oupled tozero angular momentum and moving in states with n and n0 number ofnodes, taking into a

ount the interplay of bound and unbound orbitals[1, 4℄. In this way one obtains the pairing gap �nn0lj . We shall presentresults obtained with two intera
tions: an e�e
tive potential, namely, theGogny for
e, and a realisti
 intera
tion, namely, the Argonne v14 [5℄. Thepresent study should be 
onsidered as a �rst step towards a more 
ompleteinvestigation, whi
h should take into a

ount also the indu
ed intera
tionarising from polarization e�e
ts in the medium (
f. e.g. [6℄).It will be 
onvenient to 
ompare our results with those obtained in uni-form neutron matter, where, for a given density � or a given Fermi momen-tum kF(�) = (3�2�)1=3, the pairing gap �unif(k) depends only on momen-tum. In Fig. 1 we show the gap �F � �unif(k = kF) 
al
ulated in neutronmatter, as a fun
tion of kF, for the two intera
tions we have adopted. To benoted that here and in the following we do not introdu
e an e�e
tive massm�, but we use its bare value. This is in keeping with the fa
t that theratio m�=m in neutron matter is 
lose to one at the densities relevant forthe inner 
rust of neutron stars.
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Fig. 1. Pairing gap at the Fermi energy, �F, 
al
ulated in neutron matter as afun
tion of Fermi momentum, for the Gogny potential (solid line) and the Argonnepotential (dashed line).We �rst show some results obtained for a 
ell (Nzone = 3) lying deepinside the inner 
rust, 
orresponding to a Fermi energy EF = 13:5 MeV. Thediagonal elements of the state-dependent pairing gap �nnlj 
al
ulated withthe two intera
tions are shown in Fig. 2 as a fun
tion of the single-parti
leenergies, with and without the nu
leus at the 
enter of the Wigner�Seitz
ell. It is seen that, in the presen
e of the nu
leus, the pairing gap for levels
lose to the Fermi energy is lower by a few hundred keV.
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Fig. 2. Left: diagonal matrix elements of the state-dependent pairing gap �nnlj ,
al
ulated using the Gogny intera
tion, as a fun
tion of the single parti
le energieswith (solid 
urve) and without (dashed 
urve) the nu
leus at the 
enter of theWigner�Seitz 
ell. The gaps are averaged over an interval of 5 MeV. Right: thesame, for the Argonne intera
tion.



Neutron Super�uidity and the Cooling of Neutron Stars 2189This 
an be understood qualitatively by a lo
al approximation to thequantum results, given by the following integral over the 
ell:�nnlj � Z d3R�2nlj(R)�unif [kF(R)℄ ; (1)where �unif [kF(R)℄ denotes the gap 
al
ulated in neutron matter (
f. Fig. 1)at a Fermi momentum equal to the lo
al Fermi momentum at the point R inthe 
ell: kF(R) = "nlj �V (R). The wavefun
tion of orbitals nlj 
lose to theFermi energy are distributed rather uniformly throughout the Wigner�Seitz
ell. Inside the nu
leus the lo
al Fermi momentum is higher than outside,so that the 
ontribution of this region to the integral (1) is suppressed, thee�e
t being stronger with the Argonne intera
tion than with the Gognyintera
tion. Quantitatively, however, one must take into a

ount importantproximity e�e
ts, whi
h are present in the quantum 
al
ulations [3, 4℄.For large 
ells (Nzone > 3), the main e�e
t of the nu
leus, 
ompared tothe homogeneous 
ase, is the fa
t that the neutron Fermi energy is lowerin the presen
e of the nu
leus, be
ause part of the neutrons lie in boundorbitals. This 
hange in Fermi energy is espe
ially important at very lowdensities (large values of Nzone ).The spe
i�
 heat of the neutrons in the inner 
rust, CV;n is one of thebasi
 quantities whi
h 
ontrol the thermal behaviour of a neutron star afterthe early neutrino emission, whi
h is expe
ted to lower the temperature ofthe 
rust down to about T = 0:1 MeV. The spe
i�
 heat depends exponen-tially on the pairing gap, i.e. Cv / exp(��=T ) [7℄. It is shown in Fig. 3for the various zones of the inner 
rust. Its overall behaviour re�e
ts thebell-shape dependen
e of the pairing gap in neutron matter as a fun
tion ofdensity, or Fermi momentum, shown in Fig. 1. The gap rea
hes its maximumaround kF � 0:9 fm�1, a density whi
h roughly 
orresponds to Nzone = 3,where the spe
i�
 heat is minimum (
f. Fig. 3). Approa
hing the surfa
eof the star (for Nzone > 3), the spe
i�
 heat in
reases, be
ause the Fermienergy be
omes smaller and the pairing gap de
reases (in the present 
al-
ulation the phase transition to a normal system takes pla
e for Nzone = 9,or � = 7� 1011 g 
m�3). The e�e
t of the nu
leus is parti
ularly strong inthe inner regions, essentially be
ause the radius of the Wigner�Seitz 
ell issmaller there, and the nu
leus o

upies a larger fra
tion of its volume.3. Cal
ulation of 
ooling timesThe quantity 
ontrolling the di�usion of heat is neither the thermal 
on-du
tivity nor the total spe
i�
 heat alone, but it is rather their ratio, thethermal di�usivity D = �=CV , whi
h appears in the heat equation. In the
ase of the inner 
rust, the thermal 
ondu
tivity � is mostly due to ele
trons
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Fig. 3. Left: neutron spe
i�
 heat for the various zones, 
al
ulated at T = 0:1using the Gogny intera
tion, with (solid 
urves) and without (dashed 
urves) thenu
leus at the 
enter of the asso
iated Wigner�Seitz 
ells. Right: the same, for theArgonne intera
tion.and therefore it is not a�e
ted by the super�uid properties of the neutrons.We take for � the values reported in [1℄. As for the total spe
i�
 heat of mat-ter CV , the 
ontributions from the Coulomb latti
e and the nu
lear protonsare negligible when 
ompared to those from the neutrons and the ele
trons.We thus have CV = CV;n + CV;e, where the neutron 
ontribution is thatobtained before for the Wigner�Seitz 
ells, while the 
ontribution of therelativisti
 degenerate ele
trons is 
al
ulated with the standard expression.In the inner regions (Nzone � 6), where CV;n is strongly suppressed by thesuper�uidity (
f. Fig. 3), the total spe
i�
 heat is dominated by CV;e, whi
hinstead is not a�e
ted by the details of neutron super�uidity. This masksthe e�e
ts due to the presen
e of the nu
lear latti
e, obtained in the pre-
eding se
tion. For the outer regions, instead, CV;n plays a more importantrole and the e�e
t of the nu
lear latti
e on the thermal di�usivity is appre-
iable, as 
an be seen from Fig. 4, where we show D for both non-uniform(with nu
lear latti
e) and uniform (without nu
lei) inner 
rust matter atT = 0:1 MeV. For both intera
tions, the di�usivity is about two orders ofmagnitude smaller in the region �d < � < 7 �d than in the denser parts ofthe inner 
rust for both non-uniform (solid line) and uniform (dashed line)neutron matter. Similar results are obtained for temperatures T = 80 keVand T = 120 keV. Note that the 
ooling time will depend mostly on the low-density parts of the inner 
rust, sin
e there the thermal signal will di�usevery slowly. From numeri
al simulations, these parts are found to 
ool veryqui
kly to temperatures around T � 0:1 MeV, due to early neutrino pro-
esses. This explains why we have 
onsidered as physi
ally relevant to ouranalysis the temperature range around T � 0:1 MeV. Our �rst 
on
lusion isthat the bottlene
k for the di�usion of heat from the 
ore to the surfa
e isrepresented by the low-density regions of the inner 
rust.
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Fig. 4. Thermal di�usivity for inner 
rust matter 
al
ulated at T = 0:1 MeV.The solid line represents the 
ase of non-uniform neutron matter with nu
learimpurities, while the dashed line is the standard uniform neutron matter. Thesymbols represent the zones where the 
al
ulation has a
tually been performed.We shall now estimate the time for heat di�usion along the inner 
rust,following an initial rapid 
ooling of the 
ore. In order to do this, one shouldsolve the 
omplete heat equation with the proper temperature and densitypro�les of the matter en
ountered by the 
ooling wave whi
h propagatesa
ross the 
rust from the 
old 
ore out to the surfa
e. Several sophisti
ated
omputer 
odes have been developed to that goal, but here we only needa simple yet reasonable estimate in order to assess whether the e�e
t ofnu
lear impurities is a
tually relevant to the observations of neutron starsor not. We refer to Ref. [3℄ for details about the random-walk approa
hused, and just quote the main results. The di�usion time a
ross an inner
rust of thi
kness R
rust is tdi� = 
(1=D)�dR2
rust, where 
 is a numeri
alfa
tor of order one, and (1=D)�d represents an average value of 1=D (thethermal �resistan
e�) over the whole inner 
rust, from �
 down to �d. Thisis the quantity a�e
ted by the presen
e of nu
lear impurities, while it doesnot depend on the EOS of dense matter, i.e. on the thi
kness of the 
rustor the mass and radius of the neutron star. When multiplied by the propervalue of 
 and by the square of the inner 
rust thi
kness, it yields dire
tlythe di�usion time a
ross the 
rust itself.In Table I we give results 
orresponding to the two pairing intera
tionsand to a range of physi
ally relevant temperatures. In addition to the val-ues of (1=D)�d for non-uniform and uniform neutron matter, we give theirper
entage di�eren
e; this will also represent the per
entage di�eren
e indi�usion times, Ætdi� = tdi�(n:u:)=tdi�(u:) � 1, whi
h is the physi
al quan-tity we are interested in. From Table I we 
an draw some important general
on
lusions:



2192 E. Vigezzi et al. TABLE IThe values of (1=D)�d for non-uniform (n.u.) and uniform (u.) neutron matter.The 
olumns Ætdi� are the per
entage di�eren
es between the non-uniform anduniform 
ases, namely Ætdi� = tdi�(n:u:)=tdi�(u:)� 1.T Gogny Argonne(keV) n.u. u. Ætdi� n.u. u. Ætdi�80 0.145 0.096 +51% 0.154 0.062 +148%90 0.155 0.141 +10% 0.192 0.096 +100%100 0.190 0.192 �1% 0.204 0.140 +46%110 0.226 0.248 �9% 0.206 0.192 +7%120 0.264 0.307 �14% 0.250 0.252 �1%(i) the e�e
ts of the nu
lear latti
e on the di�usion times are altogetherquite signi�
ant and therefore 
annot be negle
ted. In parti
ular, withtypi
al 
ooling times of the order of 10 years [1℄, our 
al
ulations yieldtime di�eren
es between non-uniform and uniform 
ases up to severalyears, whi
h are well above observational un
ertainties and 
omparablein magnitude to the 
ooling times themselves;(ii) as typi
al for pairing-related phenomena, the results are quite sensitiveto the matter temperature. The general trend is that the per
entagedi�eren
e in di�usion time Ætdi� between non-uniform and uniformmatter is a de
reasing fun
tion of temperature. Obviously, a detailed
ooling 
al
ulation, that goes beyond our simple estimate, is requiredin order to evaluate the a
tual di�usion times in realisti
 models;(iii) the dire
tion and magnitude of the e�e
t due to the nu
lear latti
edepend on the pairing intera
tion used. The Gogny intera
tion yieldsvalues for Ætdi� that go from positive to negative with temperaturein
reasing in the range 80 < T < 120 keV. The Argonne potential,instead, yields values for Ætdi� that are mostly positive in the sametemperature range and are signi�
antly larger than their Gogny 
oun-terparts.Therefore, the need for further studies, that pin down the 
orre
t nu
leon�nu
leon (renormalized) intera
tion needed to 
al
ulate the pairing propertiesof the inner 
rust of neutron stars, appears evident also from the astrophys-i
al point of view.
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