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POISSON�LIE STRUCTURESON THE GALILEI GROUPY. BrihayeDepartment of Mathemati
al Physi
s, University of MonsAv. Maistriau, 7000 Mons, BelgiumE. Kowal
zyky and P. Ma±lankazDepartment of Theoreti
al Physi
s II, University of �ód¹Pomorska 149/153, 90-236 �ód¹, Poland(Re
eived September 25, 2002)The 
omplete list of Poisson�Lie stru
tures on the Galilei group a
tingin 4-dimensional spa
e�time is presented.PACS numbers: 02.20.Qs, 02.40.Hw, 02.40.Vh1. Introdu
tionQuantum groups have emerged in physi
s in 
onne
tion with an at-tempt to understand the symmetries underlying exa
t solvability of 
ertainquantum�me
hani
al and statisti
al models; they appeared to be quite pow-erful in this respe
t.Therefore, it is natural to ask whether their range of appli
ability asa mathemati
al tool for des
ribing physi
al symmetries is wider and 
overs,in parti
ular, the most important 
ase of spa
e�time symmetries. The the-ory of Hopf algebras o�ers a variety of stru
tures whi
h 
an be viewed asdeformations of 
lassi
al spa
e�time symmetry groups. For example, a num-ber of deformed Poin
aré groups were 
onsidered [1℄. They possess manyattra
tive features. However, if one is going to take seriously the very idea ofquantum spa
e time symmetries, many 
on
eptual problems arise the solu-tion of whi
h seems to be quite di�
ult. It is rather obvious that one should
on
entrate on deformations of relativisti
 symmetries be
ause it is a highenergy/small distan
e region where the deviations from the predi
tions ofy Supported by �ód¹ University grant.z Supported by the Polish State Committee for S
ienti�
 Resear
h (KBN) grantno. 5P03B05620. (2589)
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lassi
al� theory should o

ur. However, as far as the 
on
eptual problemsare 
on
erned, the nonrelativisti
 region provides a similar 
hallenge. On theother hand it seems that the study of nonrelativisti
 deformed symmetriesis slightly simpler. One is not here fa
ed with some 
ompli
ations typi
alof relativisti
 quantum theory as, for example, the nonexisten
e of parti
lenumber 
onserving nontrivial intera
tions.In the present paper as a �rst step towards the understanding of non-relativisti
 quantum spa
e�time symmetries we 
lassify all nonequivalentPoisson�Lie stru
tures on the Galilei group a
ting in 4-dimensional spa
e�time. The method we use (
f. [2℄) is based on solving dire
tly the 
o-
y
le
ondition; it has been already used for �nding Poisson�Lie stru
tures on theGalilei group of 2-dimensional spa
e�time [3, 4℄.We �nd families of stru
tures whi
h 
annot be related to ea
h other bythe automorphisms of the Galilei group; 
ontrary to the 
ase of the Poin
arégroup [5℄ many of them are not of the 
o-boundary type.The paper is organized as follows. In Se
. 2 we sket
h a general strategywhile the results are presented in Se
. 3. All te
hni
al details are relegatedto a number of appendi
es.Let us 
on
lude the introdu
tion with some details 
on
erning the Galileigroup [6℄.The generi
 element g of the ten-parameter Galilei group G is denoted byg = (t;~a; ~v;R) : (1)We shall denote by T = f(t;~0;~0; I)g ;S = f(0;~a;~0; I)g ;V = f(0;~0; ~v; I)g ;R = f(0;~0;~0; R)g :The subgroups of time translations, spa
e-translations, pure Galilei trans-formations (boosts), rotations, respe
tively.The group law is expressed byg00 = g � g0 = (t;~a; ~v;R)(t0; ~a0; ~v0; R0)= (t0 + t;~a+R~a0 + ~vt0; ~v +Rv0; RR0) : (2)The identity for the group is e = (0;~0;~0; I) (3)and the inverse of the generi
 element is given byg�1 = (t;~a; ~v;R)�1 = (�t;�R�1(~a� t~v);�R�1~v;R�1) : (4)



Poisson�Lie Stru
tures on the Galilei Group 2591The generators H; ~P ; ~K and ~J of the Galilei Lie algebra G are de�ned withthe help of the exponential parametrizationg = e�itHei~a ~P ei~v ~Kei~� ~J (5)and they obey the following 
ommutation rules (only the non vanishing onesare written up) [Ji; Jj ℄ = i"ijkJk ;[Ji;Kj ℄ = i"ijkKk ;[Ji; Pj ℄ = i"ijkPk ;[Ki;H℄ = iPi ; (6)here and in the sequel the summation over repeated indi
es is understood(i; j; k = 1; 2; 3).The automorphism group of G 
onsists of the inner automorphisms to-gether with two outer ones generated by spa
e and time dilations.(t;~a; ~v;R) ! (t; a~a; a~v;R) ;(t;~a; ~v;R) ! (bt;~a; b�1~v;R) : (7)In what follows we shall need the right invariant ve
tor �elds on G. Denotingby X̂ the right invariant ve
tor �eld 
orresponding to the element X of Liealgebra G we haveĤ = �i ��t ;P̂i = i ��ai ;K̂i = i�t ��ai + ��vi� ;Ĵi = �i"ijkaj ��ak � i"ijkvj ��vk � i"ijkRjl ��Rkl : (8)2. Poisson�Lie stru
tures on the Galilei group� the general strategyLet us re
all the notion of Poisson�Lie group [7, 8℄. It is a Lie group~G whi
h has a Poisson stru
ture { , } su
h that the multipli
ation mapm : ~G� ~G! ~G is a Poisson map (of 
ourse ~G� ~G is given the produ
tPoisson stru
ture).
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zyk, P. Ma±lankaPoisson�Lie stru
tures 
an be des
ribed expli
itly as follows. Let ~G bethe Lie algebra of ~G; denote by fXig an arbitrary basis in ~G and let 
kij bethe 
orresponding stru
ture 
onstants. One de�nes a mapping � : ~G! ^2 ~G,�(g) � �ij(g)Xi 
Xj ; �ij(g) = ��ji(g) : (9)Let fXRi g be the realization of ~G in terms of right invariant ve
tor �eldson ~G. The Poisson bra
ket on ~G given byf�; 	g = �ij(XRi �)(XRj 	) (10)de�nes the Poisson�Lie stru
ture on ~G provided the following 
onditions areobeyed(i) Poisson�Lie property (
o-
y
le 
ondition)�(g0g) = �(g0) +Ad(g0)�(g) ; (11)(ii) Ja
obi identity�ilXRl �jk+�klXRl �ij+�jlXRl �ki�
jlp�il�pk�
ilp�kl�pj�
klp�jl�pi=0 : (12)The inverse is also true: any Poisson�Lie stru
ture on ~G 
an be writtenin the above form. The in�nitesimal analogues of Poisson�Lie groups areLie bialgebras. For any X 2 ~G de�neÆ(X) � ddt� �eitX� ���t=0 : (13)Then it 
an be easily shown that Æ : ~G ! ^2 ~G has the following propertieswhi
h are the in�nitesimal 
ounterparts of (i) and (ii):(i') 
o-
y
le 
onditionÆ([X;Y ℄) = [X 
 I + I 
X; Æ(Y )℄ + [Æ(X); I 
 Y + Y 
 I℄ ; (14)(ii') 
o-Ja
obi identity X
:p:(Æ 
 id) Æ Æ(X) = 0 ; (15)where 
:p: means the summation over 
y
li
 permutation of the fa
tors in~G 
 ~G 
 ~G.Every Poisson�Lie stru
ture on ~G de�nes a Lie bialgebra stru
ture on ~G.The inverse is true provided ~G is 
onne
ted and simple 
onne
ted [9℄.



Poisson�Lie Stru
tures on the Galilei Group 2593Two Piosson�Lie stru
tures on ~G will be 
alled equivalent if there existsan automorphism of ~G whi
h is a Poisson map.The main aim of the present paper is to 
lassify, up to equivalen
e, allPoisson�Lie stru
tures on the Galilei group G a
ting in 4-dimensional spa
e�time. We adopt the following, rather straightforward, strategy.First, we write out � in the form�(g) = 	i(g)Ĥ ^ Ĵi + �i(g)Ĥ ^ P̂i + �i(g)Ĥ ^ K̂i + �i(g)"ijkP̂j ^ P̂k+�ij(g)P̂i ^ K̂j +�ij(g)P̂i ^ Ĵj +�i(g)"ijkK̂j ^ K̂k+
ij(g)K̂i ^ Ĵj +�i(g)"ijkĴj ^ Ĵk ; (16)where g � (t;~a; ~v;R) is an arbitrary element of the Galilei group G.Inserting the expansion (16) into the 
o-
y
le 
ondition (11) one obtainsthe following set of fun
tional equations for the 
oe�
ients 	i; �i et
.	(gg0) = 	i(g) +Ril	l(g0) ;�i(gg0) = �i(g) +Ril�l(g0) + "ink(vnt� an)Rkl	l(g0)� tRil�l(g0) ;�i(gg0) = �i(g) +Ril�l(g0)� "inkvnRkl	l(g0) ;�i(gg0) = �i(g) +Ril�l(g0)� 12"imnvmRnl�l(g0)+ 12 [(~v2t� amvm)Æin � vn(vit� ai)℄Rnl	l(g0)+ 12 t"imnvmRnl�l(g0)� 12 tRil"lmn�mn(g0)+ 12 [(tvi � ai)Æmp �RimRnp(tvn � an)℄� (�pm(g0)� 12 t
pm(g0)) + t2Ril�l(g0)+ (t2vpvi � vpait� viapt+ apai)Rpm�m(g0) ;�ij(gg0) = �ij(g) +RimRjn�mn(g0) + vi"jnkvnRkl	l(g0)� viRjl�l(g0)� "jnlvnRipRlk�pk � 2t"ijsRsl�l(g0)+ ["inl(an � vnt)Rjp + "jnlvntRip℄Rlk
pk(g0)+ 2["ijnvn(ap � vpt)Rpm � "njranvrRim℄�m(g0) ;�ij(gg0) = �ij(g) +RipRjk�pk(g0)� viRjl	l(g0)� tRipRjk
pk(g0)+ 2[(aj � tvj)Rim � (al � tvl)RlmÆij ℄�m(g0) ;�i(gg0) = �i(g) +Rin�n(g0)� 12 (viÆpm �RimRnpvn)
pm(g0)+ vivpRpm�m(g0) ;
ij(gg0) = 
ij(g) +RipRjk
pk(g0) + 2(Rimvj �RlmvlÆij)�m(g0) ;�i(gg0) = �(g) +Rim�m(g0) : (17)In spite of their 
ompli
ated stru
ture they 
an be solved in the followingway (
f. [2�4℄). One de
omposes the general element g = (t;~a; ~v;R) into
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zyk, P. Ma±lankathe produ
t of four elements belonging to the subgroups of time and spa
etranslations, boosts and rotations, (see Se
. 1).(t;~a; ~v;R) = (t;~0;~0; I) � (0;~a;~0; I) � (0;~0; ~v; I) � (0;~0;~0; R) : (18)A

ording to the 
ondition (i) one 
an su

essively 
al
ulate �(g) usingthe above de
omposition provided the form of � for all four subgroups isknown. In order to �nd the latter we spe
ialize Eqs. (17) to those subgroups.The resulting equations 
an be easily solved; this is done in Appendix A.However, in obtaining the �nal form of � we apply Eq. (17) with somede�nite order of multipli
ation � for example using(t;~a; ~v;R) = (t;~0;~0; I) � ((0;~a; 0; I)((0; 0; ~v; I)(0;~0;~0; R))) ;so there 
ould be further 
onstraints on parameters entering � following fromasso
iativity. Therefore, we reinsert � into Eq. (11) with arbitrary g and g0to �nd all missed relations between parameters. In this way we produ
e thegeneral solution to Eq. (11) des
ribed in Appendix B (see Eq. (B.1)).There remains to solve (ii) whi
h imposes additional relations between
oe�
ients of �. It is very tedious to try to solve Eq. (12) dire
tly, so weadopt a di�erent method. From our general form of � we 
al
ulate Æ andimpose (ii') whi
h, in this 
ontext, is equivalent to (ii). On the other handit is well known that (ii') 
an be restated as the 
ondition that the dual mapÆ� de�nes Lie algebra stru
ture on G�. Therefore, we �rst 
al
ulate Æ andthe 
ommutators on G� resulting from it and then solve the Ja
obi identities.This is still a 
ompli
ated problem but it 
an be simpli�ed by using boostand translation automorphisms of Galilei group/algebra. On
e this is donethere remains only to use the residual automorphisms to put our solutionsin 
anoni
al position. The more detailed dis
ussion is given in Appendix C.At the end, having the form of � (Eq. (16)) and the form of rightinvariant ve
tor �elds (Eq. (8)), using Eq. (10) and taking into a

ountthat for all families of solutions �i(g) � 0 (see Eq. (B.1) and Se
. 3) one
an easily 
al
ulate the following fundamental Poisson�Lie bra
kets.fRab; R
dg = 0 ;fva; Rb
g = "bjlRl

aj ;faa; Rb
g = "bjlRl
(�aj + t
aj) ;ft; Rb
g = �"bjlRl
	j ;ft; vag = �a � "ajlvl	j ;fva; vbg = �2"abj�j + "bjlvl
aj � "ajlvl
bj ;faa; vbg = ��ab + "bjlvl�aj � 2t"abj�j + t"bjlvl
aj � "ajlal
bj ;
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tures on the Galilei Group 2595faa; abg = �2"abj�j � t�ab + t�ba � 2t2"abj�j + "bjlal�aj�"ajlal�bj + t"bjlal
aj � t"ajlal
bj ;ft; aag = �"inaan	i + �a + �a : (19)3. Poisson�Lie stru
tures on the Galilei group � the resultsBy applying the pro
edure outlined above we solve the relevant Ja
obiidentities for dual algebra (making use of boost and translation automor-phisms) and we arrive at the following families of Poisson�Lie stru
tures(for all 
ases ~n = 0).I ~�-arbitrary, � 6= 0; ~
 = 0; ~� = 0; � = 0; ~� = 0; � = 0; � = 0; �ij = 0;�ij = 0; !ij = 0free parameters: ~�; � 6= 0II ~� 6= 0; � = 0; ~
 = 0; ~�=F~�;~�=L~�; ��arbitrary, ~�=0; �=0; �=0; �ij =0;!ij = W ( ~�2Æij � �i�j); �ij = B(�i�j � 13 ~�2Æij) + 2Wv"ijk�kfree parameters: F;L; �;W 6= 0; BIII ~� = 0; � = 0; ~
 = 0; ~� = F~�;~� = L~�; �= 0; ~� = 0; � = 0; � = 0; �ij = 0;!ij = W (Æij � �i�j); �ij = B(�i�j � 13Æij) + C"ijk�kfree parameters: F 6= 0; L;B;C;W 6= 0; ~�; jj~�jj = 1IV ~�=0; �=0; ~
=0; ~�=0; ~�=L~�; �=0; ~�=X~�; ��arbitrary, �=0; �ij =0;!ij = W (Æij � �i�j); �ij = B(�i�j � 13Æij) + C"ijk�kfree parameters: L;X; �;W 6= 0; B;C; ~�; jj~�jj = 1V ~� 6= 0; � = 0; ~
 = 0; ~� = F~�;~� = L~�; ��arbitrary, ~� = 0; � = 0; � = 0;�ij = 0; !ij = 0; �ij = B(�i�j � 13 ~�2Æij)free parameters: ~� 6= 0; F; L; �;BVI ~�= 0; � = 0; ~
 = 0; ~�= 0; � = 0; ~� = 0; ��arbitrary, �= 0; �ij = 0; !ij = 0;~� and �ij� arbitrary ex
ept that "ab
�ab�
 = 0free parameters: ~�; �ab; �VII ~� = 0; � = 0; ~
 = 0; �i = F"imn�mn; ~� = 0; � = 0; ~� = 0; � = 0;� = 0; �ij = 0; !ij = 0; �ij� arbitrary ex
ept that "imn�mn 6= 0free parameters: F 6= 0; �mnVIII ~� = 0; � = 0; ~
 = 0; �i 6= F"imn�mn and ~� 6= 0; ~� = L~�; � = 0; ~� = 0;� = 0; � = 0; �ij = 0; !ij = 0; �ij� arbitraryfree parameters: ~� 6= 0; L; �ij
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zyk, P. Ma±lankaIX ~� = 0; � = 0; ~
 = 0; ~��arbitrary; ~� = 0; � 6= 0; ~� = 0; � = 0; � = 0;�ij = 0; !ij = 0; �ij�arbitraryfree parameters: ~�; � 6= 0; �ijX ~� = 0; � = 0; ~
 = 0; ~� = v; ~��arbitrary; � = 0; ~� 6= 0; ��arbitrary;� = 0; �ij = 0; !ij = 0; �ij�arbitrary ex
ept that "ab
�ab�
 = 0free parameters: ~�; ~� 6= 0; �; �ijXI ~� = 0; � = 0; ~
 = 0; ~� = 0; ~� = L~�; � = 0; ~� = 0; ��arbitrary;� = �13S; �ij = S(�i�j � 13Æij); !ij = 0; �ij = B(�i�j � 13Æij)free parameters: S 6= 0; L;B; �; ~�; jj~�jj = 1XII ~� = 0; � = 0; ~
 = 0; ~� = 0; ~� = 0; � = 0; ~� = 0; ��arbitrary;� = �13S; �ij = S(�i�j� 13Æij); !ij = 0; �ij = B(�i�j� 13Æij)+C"ijk�kfree parameters: S 6= 0; B;C 6= 0; �; ~�; jj~�jj = 1XIII ~� = 0; � = 0; ~
 = 0; ~� = 0; ~� = 0; � 6= 0; ~� = 0; � = 0;� = �13S; �ij = S(�i�j� 13Æij); !ij = 0; �ij = B(�i�j� 13Æij)+C"ijk�kfree parameters: S 6= 0; � = 0; B;C; ~�; jj~�jj = 1XIV ~� = 0; � = 0; ~
 = 0; ~� = 0; ~� = L~�; � = 0; ~� = X~�; ��arbitrary;� = �13S; �ij = S(�i�j � 13Æij); !ij = 0; �ij = B(�i�j � 13Æij)free parameters: S 6= 0;X 6= 0; L; �;B; ~�; jj~�jj = 1XV ~� = 0; � = 0; ~
 = 0; ~� = F~�;~� = 0; � 6= 0; ~� = 0; � = 0;� = �13S; �ij = S(�i�j� 13Æij); !ij = 0; �ij = B(�i�j� 13Æij)+C"ijk�kfree parameters: S 6= 0; F 6= 0; � 6= 0; B;C; ~�; jj~�jj = 1XVI ~� = 0; � = 0; ~
 = 0; ~� = F~�;~� = 0; � = 0; ~� = 0; � = 0;� = �13S; �ij = S(�i�j� 13Æij); !ij = 0; �ij = B(�i�j� 13Æij)+C"ijk�kfree parameters: S 6= 0; F 6= 0; B;C; ~�; jj~�jj = 1XVII ~� = 0; � = 0; ~
 = 0; ~� = F~�;~� = L~�; � = 0; ~� = 0; � = 0;� = �13S; �ij = S(�i�j � 13Æij); !ij = 0; �ij = B(�i�j � 13Æij)free parameters: S 6= 0; F 6= 0; B; L; ~�; jj~�jj = 1XVIII ~� = 0; � = 0; ~
 6= 0; ~� = 0; ~� = L~
; � = 0; ~� = X~
; � = 0;� = �13~
2�; �ij = �"ijk
k + �(
i
j � 13Æij~
2); !ij = 0; �ij = Æ0�
iwj,~w-arbitrary ex
ept that ~w~
 = 0free parameters: X;L; �; ~w.Let us note that all Poisson�Lie stru
tures with � = 0; � = 0 and � = 0are 
o-boundary and the 
orresponding r�matrix reads
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tures on the Galilei Group 2597r = i�kH ^ Pk + i
kH ^Kk + i�kH ^ Jk+ i"ijk�kPi ^ Pj + i(�ij � �Æij)Pi ^ Jj+ i�ijPi ^Kj � i(2!ij � !nnÆij)Ji ^Kj+ i"ijk�kKi ^Kj : (20)Now there remains only to 
lassify the orbits under the a
tion of resid-ual automorphisms 
orresponding to the rotations and s
aling and put ourstru
ture in the 
anoni
al form. This is a straightforward although very te-dious task. The result 
an be summarized as follows. There are 69 familiesof inequivalent Poisson�Lie stru
tures whi
h have been grouped for 
onve-nien
e into eight groups. Ea
h group is des
ribed by the appropriate tableswhi
h are given below. They provide the main result of our paper.Let us note that for all groups ~n = 0. In the last 
olumn (labeled by #)we indi
ate the number of essential parameters.(I) � = 0; �ij = 0; !ij = 0; �ij = 0; ~
 = 0 ; TABLE IN ~� � ~� ~� � ~� � #1 (0; 0; �) 1 0 0 0 0 0 1� � 02 (0,0,1) 0 (0,0,1) (0,0,L) � 0 0 23 (0,0,1) 0 0 (0,0,�1) � 0 0 14 (0,0,1) 0 0 0 1 0 0 05 (0,0,1) 0 0 0 0 0 0 06 0 0 (0,0,1) (0,0,�1) 0 0 0 07 0 0 (0,0,1) 0 0 0 0 08 0 0 (0,0,1) 0 1 0 0 09 0 0 0 �1 = 0 0 (0,0,1) � 2�22 + �23 = 110 0 0 0 (0,0,1) 0 0 �1 011 0 0 0 (0,0,1) 0 0 0 012 0 0 0 0 0 (0,0,1) � 113 0 0 0 0 0 0 �1 014 0 0 0 0 0 0 0 0
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zyk, P. Ma±lanka(II) � = 0; ~
 = 0; � = 0; �ij = 0; !ij = W (Æij � Æi3Æj3) ;�ij = B(Æi3Æj3 � 13Æij) + C"ij3 ; TABLE IIN ~� ~� ~� � ~� � B C W #15 (0,0,1) (0,0,F ) (0,0,L) � 0 0 B 2v 1 416 (0,0,1) (0,0,F ) (0,0,L) � 0 0 1 0 0 317 0 (0,0,�1) (0,0,L) 0 0 0 B C 1 318 0 ~� 0 1 0 0 0 1 0 319 0 0 (0,0,L) 0 (0,0,X) � 2B2+6C2=3 1 420 0 0 (0,0,�1) 0 (0,0,X) � 0 0 1 221 0 0 0 0 (0,0,X) � 0 0 1 2
(III) ~� = 0; � = 0; ~
 = 0; � = �13 ; �ij = (Æi3Æj3 � 13Æij); !ij = 0 ;�ij = B(Æi3Æj3 � 13Æij) + C"ij3 ; TABLE IIIN ~� ~� � ~� � B C #22 (0,0,1) (0,0,L) 0 0 0 B 0 223 (0,0,1) 0 � 6= 0 0 0 B 0 224 (0,0,1) 0 � 0 0 B C 6= 0 325 0 (0,0,L) 0 (0,0,�1) � B 0 326 0 (0,0,L) 0 0 �1 B 0 227 0 (0,0,L) 0 0 0 1 0 128 0 (0,0,L) 0 0 0 0 0 129 0 0 1 0 0 B C 230 0 0 0 0 � 2B2+6C2=3 2C 6=0
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tures on the Galilei Group 2599(IV) ~� = 0; � = 0; ~� = 0; � = 0; ; � = 0; � = �13 ; !ij = 0 ;�ij = Æ0�Æi3wj; w3 = 0; �ij = �"ij3 + �(Æi3Æj3 � 13Æij) ; TABLE IVN ~
 ~� ~� #31 (0,0,1) (0,0,L) (0,0,�1) 132 (0,0,1) (0,0,L) 0 1(V) ~� = 0; � = 0; ~
 = 0; � = 0; � = 0; �ij = 0; !ij = 0; tr� = 0;3Pij �2ij = 1; �ij = diag(�11; �22; �33) ;(Va) �11 6= �22 6= �33 ; TABLE VaN ~� ~� ~� � #33 0 jj~�jj = 1 0 � 434 0 ~� jj~�jj = 1 � 735 jj~�jj = 1 ~� = L~� 0 0 4(Vb) �11 = �22 6= �33 ; TABLE VbN ~� ~� ~� � #36 0 �1 = 0 0 � 2�22 + �23 = 137 0 ~� �1 = 0 � 5�22 + �23 = 138 �1 = 0 ~� = L~� 0 0 2�22 + �23 = 1(VI) ~� = 0; � = 0; ~
 = 0; � = 0; � = 0; �ij = 0; !ij = 0; tr� = 0 ;3Pij �2ij = 1; �32 = ��23 6= 0; �12 = �21; �13 = �32 ;



2600 Y. Brihaye, E. Kowal
zyk, P. Ma±lanka(VIa) �22 6= �33 ; TABLE VIaN ~� ~� ~� � #39 0 �1 = 0 0 � 6�22 + �23 = 140 0 ~� �1 = 0 � 9�22 + �23 = 141 jj~�jj = 1 ~� = L~� 0 0 7�22 + �23 = 1(VIb) �22 = �33 ; TABLE VIbN ~� ~� ~� � #42 0 �1 = �2 = 0 0 � 4�2 = �143 0 ~� �1 = �2 = 0 � 7�3 = �144 (F ,0,1) ~� = L~� 0 0 5(VII) ~� = 0; � = 0; ~
 = 0; ~� = 0; ~� = 0; � = 0; �ij = 0; !ij = 0 ;tr� = 0; 3Pij �2ij = 1 ;(VIIa) �11 6= �22 6= �33; �13 = ��31; �23 = ��32; �12 = ��21 ;TABLE VIIaN ~� � � #45 0 0 �1; 0 446 ~� 1 0 7
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tures on the Galilei Group 2601(VIIb) �11 = �22 6= �33; �13 = ��31 6= 0; �23 = �32 = 0; �12 = ��21 ;TABLE VIIb� � � #47 0 0 �1; 0 248 ~� 1 0 5(VII
) �11 = �22; �13 = �31 = �23 = �32 = 0; �12 = ��21 ;TABLE VII
N ~� � � #49 0 0 �1; 0 150 (0; �2; �3) 1 0 3(VIII) ~� = 0; � = 0; ~
 = 0; ~� = (0; 0; 1); ~� = 0; � = 0; ~� = 0; � = 0 ;� = 0; �ij = 0; !ij = 0; tr� = 0; 3Pij �2ij = 1; �12 = ��21 = 1=F ;(VIIIa) �11 6= �22; �13 = �31; �23 = �32 ;(VIIIb) �11 = �22; �13 = �31 = 0; �23 = �32 :Now, inserting appropriate values of parameters (listed above) toEq. (B.1)and using Eq. (19) one 
an easily 
al
ulate the fundamental Poisson bra
ketsfor all nonequivalent stru
tures.4. SummaryWe have obtained all Lie�Poisson stru
tures on the Galilei group a
tingin 4-dimensional spa
e�time and 
lassi�ed them up to the equivalen
e im-plied by group automorphisms. The resulting set of stru
tures appears tobe quite ri
h; in parti
ular, it in
ludes many non�
o-boundary stru
tures,to be 
ontrasted with the Poin
are group 
ase [5℄. In spite of that, part ofthem 
an be surely obtained from those on Poin
are group by a 
ontra
tionpro
edure.The next step to be done is to quantize the Lie�Poisson stru
tures. Ingeneral, the 
onsistent quantization is not an easy task. However, the pre-liminary study already done by us shows, that most of the 
ases des
ribedhere are quantization friendly.



2602 Y. Brihaye, E. Kowal
zyk, P. Ma±lankaThe problem of �nding the behavior of the 
o-boundary Poisson stru
-tures of the Poin
aré group under 
ontra
tion to the Galilei group is underinvestigation. Appendix AThe 
o-
y
le 
ondition for subgroupsLet us spe
ify the Eqs. (17) for the subgroups of rotations, boosts, spa
eand time translations. They read, respe
tively,	i(RR0) = 	i(R) +Ril	l(R0) ;�i(RR0) = �i(R) +Ril�l(R0) ;�i(RR0) = �l(R) +Ril�l(R0) ;�i(RR0) = �i(R) +Ril�l(R0) ;�ij(RR0) = �ij(R) +RimRjl�ml(R0) ;�ij(RR0) = �ij(R) +RimRjl�ml(R0) ;�i(RR0) = �i(R) +Rim�m(R0) ;
ij(RR0) = 
ij(R) +RimRjl
ml(R0) ;�i(RR0) = �i(R) +Ril�l(R0) : (A.1)	i(~v + ~v0) = 	i(~v) + 	i(~v0) ;�i(~v + ~v0) = �i(~v) + �i(~v0) ;�i(~v + ~v0) = �i(~v) + �i(~v0)� "inkvn	k(~v0) ;�i(~v + ~v0) = �i(~v) + �i(~v0)� 12 "imnvm�n(~v0) ;�ij(~v + ~v0) = �ij(~v) + "jnkvn	k(~v0)vi � �j(~v0)vi � "jnkvn�ik(~v0) ;�ij(~v + ~v0) = �ij(~v) +�ij(~v0)� vi	j(~v0) ;�i(~v + ~v0) = �i(~v) +�i(~v0)� 12 (vi
mm(~v0)� vp
pi(~v0)) +�m(~v0)vmvi ;
ij(~v + ~v0) = 
ij(~v) +
ij(~v0) + 2�i(~v0)vj � 2�m(~v0)vmÆij ;�i(~v + ~v0) = �i(~v) +�i(~v0) : (A.2)	i(~a+ ~a0) = 	i(~a) + 	i(~a0) ;�i(~a+ ~a0) = �i(~a) + �i(~a0)� "inkan	k(~a0) ;�i(~a+ ~a0) = �i(~a) + �i(~a0) ;�i(~a+ ~a0) = �i(~a) + �i(~a0) +�m(~a0)amai � 12 (aiÆlm � alÆim)�lm(~a0) ;�ij(~a+ ~a0) = �ij(~a) + �ij(~a0) + "inkan
jk(~a0) ;�ij(~a+ ~a0) = �ij(~a) +�ij(~a0) + 2(�i(~a0)aj ��l(~a0)alÆij) ;
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tures on the Galilei Group 2603�i(~a+ ~a0) = �i(a) +�i(a) ;
ij(~a+ ~a0) = 
ij(~a) +
ij(~a0) ;�i(~a+ ~a0) = �i(~a) +�i(~a0) : (A.3)	i(t+ t0) = 	i(t) + 	i(t0) ;�i(t+ t0) = �i(t) + �i(t0)� t�i(t0) ;�i(t+ t0) = �i(t) + �i(t0) ;�i(t+ t0) = �i(t) + �i(t0)� 12 t"imn�mn(t0) + t2�i(t0) ;�ij(t+ t0) = �ij(t) + �ij(t0)� 2t"ijl�l(t0) ;�ij(t+ t0) = �ij(t) +�ij(t0)� t
ij(t0) ;�i(t+ t0) = �i(t) +�i(t0) ;
ij(t+ t0) = 
ij(t) +
ij(t0) ;�i(t+ t0) = �i(t) +�i(t0) : (A.4)Note that all Eqs. (A.1) have the same stru
tureTi1:::ik(RR0) = Ti1:::ik(R) +Ri1j1 : : : RikjkTj1:::jk(R0) : (A.5)They 
an be solved by integrating overR0 with respe
 toHaar measure on SO(3)Ti1:::ik(R) = (Ri1j1 : : : Rikjk � Æi1:::j1 : : : Æikjk)
j1:::jk : (A.6)This result agrees with the general theorem stating that all semi-simpleLie groups are 
oboundaries. On the other hand it follows immediatelyfrom Eqs. (A.2)�(A.4) that all fun
tions entering there are polynomials inthe relevant parameters. This allows us to write out expli
itly the generalsolutions.	i(~v) = 0 ;�i(~v) = 0 ;�i(~v) = aijvj ;�i(~v) = bijvj�ij(~v) = 
ijkvk � 12 (Æikajl + Æjialk � aljÆki + 12 "jkl"inmanm)vkvl ;�ij(~v) = (12 Æjk"inmanm � "ijnakn)vk ;�i(~v) = dikvk + �14ejik � 18 (ejÆik + ekÆij)� vjvk ;
ij(~v) = (eijk + 12 (ekÆji � eiÆjk))vk ;�i(v) = 0 ; (A.7)where eijk = ekji; eiik = 0;



2604 Y. Brihaye, E. Kowal
zyk, P. Ma±lanka	i(~a) = 0 ;�i(~a) = fijaj ;�i(~a) = gijaj ;�i(~a) = hijaj + 14(hjik � 12 (hjÆik + hkÆij))ajak ;�ij(~a) = kijkak�ij(~a) = (hijk + 12 (hkÆij � hiÆjk))ak ;�i(~a) = lijaj ;
ij(~a) = 0 ;�i(~a) = 0 ; (A.8)where hijk = hkji; hiik = 0;	(t) = pit ;�i(t) = rit� 12 sit2 ;�i(t) = sit ;�i(t) = uit� 14"imnxmnt2 + 13wit3 ;�ij(t) = xijt� "ijkwkt2�ij(t) = yijt� 12 zijt2 ;�i(t) = wit ;
ij(t) = zijt ;�i(t) = mit : (A.9)Appendix BThe general solution to the 
o
y
le 
onditionA

ording to the pro
edure outlined in Se
. 2 we use the 
o
y
le 
ondition(i) together with the de
omposition (18) and the expressions written out inAppendix A to produ
e the Ansatz for �(g). Inserting it ba
k into (17) we�nd the general solution for � of the form.	i(g) = (Rij � Æij)�j ;�i(g) = (Rij � Æij)�j + �(ai � vit)� 
jRijt+ "ijk�lRjl(ak � vkt) ;�i(g) = (Rij � Æij)
j + �vi + "ijk�lRjlvk ;�i(g) = (Rij � Æij)�j + (�� 12 �nn)(ai � vit) + 12 �"ijkajvk+12 "ijk�lRjlvk � 12 �jRij(akvk � ~v2t)
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tures on the Galilei Group 2605+12 �jRkjvk(ai � vit) + �jRijt2 � 12 "ijk
lRjlvkt�12 "jkl�klRijt� !jlRijRklakt+ �vi + !lkRnkRilvnt2+12 �ijRijRkl(ak � vkt) + nkRmk(aiam + 2vmvit)�nl(akRklvi + aiRklvk)t ;�ij(g) = (RikRjl � ÆikÆjl)�kl + Æij�t� 12 Æij�~v2+"jkl�nRlnvkvi � 
kRjkvi � 2"ijk�lRklt�"jkl�nsRinRlsvk + �"ijkvk + !nn"ijkak+2!ns("iklRjsRlnak � "ijlRksRlnvkt)+2nl(Rjlvk �RmlvmÆik)"kinan � 2nkvsvmRmk"sijt ;�ij(g) = (RikRjl � ÆikÆjl)�kl � �"ijkvk � �kRjkvi�2!lkRikRjlt+ !nnÆijt+2nk(Rikaj �RmkamÆij �Rikvjt+RmkvmÆijt) ;�i(g) = (Rij � Æij)�j + !jlRijRklvk + nkRmkvmvi ;
ij(g) = 2(RikRjl � ÆikÆjl)!lk + 2nk(Rikvj �RmkvmÆij) ;�i(g) = (Rij � Æij)nj : (B.1)Appendix CJa
obi identitiesUsing the general form of � des
ribed in Appendix B we �nd fromEq. (13):Æ(H) = 
iH ^ Pi + 12 (�kj � �jk)Pj ^ Pk + (2"ijk�k � �Æij)Pi ^Kj+(2!ji � !nnÆji)Pi ^ Jj ;Æ(Ps) = (�Æis + "iks�k)H ^ Pi + "ijk(�Æis � 12 �nnÆis + 12 �si)Pj ^ Pk+(2"lis!lj � "jis!nn)Pi ^Kj+2(niÆsj � nsÆij)Pi ^ Jj ;Æ(Ks) = (�Æis + "iks�k)H ^ Pi + (�"sjk � 12 (�kÆjs � �jÆks))Pj ^ Pk+(�"ijs � "kjs�ik � 
jÆis)Pi ^Kj�(�"ijs + �jÆis)Pi ^ Jj + "ijk!isKj ^Kk+2(njÆsk � nsÆjk)Kj ^ Jk ;Æ(Js) = "sij�jH ^ Ji + "sij�jH ^ Pi + "ijs
jH ^Ki+(�jÆks � �kÆjs)Pj ^ Pk + ("sik�kj + "sjk�ik)Pi ^Kj+("sik�kj + "sjk�ik)Pi ^ Jj + (�iÆks � �kÆjs)Kj ^Kk+2("sik!jk + "sjk!ki)Ki ^ Jj + 2nkJk ^ Js : (C.1)



2606 Y. Brihaye, E. Kowal
zyk, P. Ma±lankaLet ~Xi denote the basis in G� de�ned by < ~Xi;Xj >= Æij . Then Æ imposesthe following 
ommutator stru
ture in G�.[ ~H; ~Jk℄ = "ikl�l ~Ji ;[ ~H; ~Pk℄ = 
k ~H + (�Æik + "ikl�l) ~Pi + "ikl�l ~Ji ;[ ~H; ~Kk℄ = (�Æik + "ikl�l) ~Ki + "ikl
l ~Ji ;[ ~Kk; ~Jl℄ = 2(nkÆli � niÆkl) ~Ki + 2("ikn!ln + "iln!nk) ~Ji ;[ ~Pl; ~Pm℄ = (�lm � �ml) ~H + 2"klm[�Æki + 12 (�ik � �nnÆik)℄ ~Pi+2[�"ilm + 12 (�lÆim � �mÆli)℄ ~Ki + 2(�lÆim � �mÆik) ~Ji ;[ ~Pk; ~Kl℄ = (2�n"nkl � �Ækl) ~H + (2"nki!nl � !nn"lki) ~Pi+(�"kli � "lin�kn � Æki
l) ~Ki + ("ikn�nl + "iln�kn) ~Ji ;[ ~Pk; ~Jl℄ = (2!ik � !nnÆlk) ~H + 2(nkÆli � niÆkl) ~Pi�(�"kli + �lÆki) ~Ki + ("ikn�nl + "iln�kn) ~Ji ;[ ~Km; ~Kn℄ = 2"kmn!ki ~Ki + 2(�mÆni � �nÆmi) ~Ji ;[ ~Jk; ~Jl℄ = 2(nkÆli � nlÆki) ~Ji : (C.2)Now we have to solve the Ja
obi identities for the stru
ture des
ribed in(C.2). This is still a 
ompli
ated task so we apply a mixed pro
edure 
on-sisting in solving part of Ja
obi identities dire
tly and applying the groupof automorphisms to simplify the remaining ones.Therefore, we �rst give the a
tion of the automorphism group on theparameters of Æ. Let us start with inner automorphisms. They read~�k = ~�i 
0k = 
k � �vk + "kilvi�l ;�0 = � �0k = �k � vvk � 12 "kil�iv� ;~�0 = ~� �0k = �k � !knvn � vk(vnnn) ;�0 = � �0 = �� 13�nvn ;� 0 = � !0ij = !ij + vinj + (vnnn)Æij ;~n0 = ~n �0ia = �ia + �"ialvl + �avi � 13�nvnÆai ;�0ab = �ab + va
b + "bnmvn�mva � 12 "abk�nkvn� �"abnvn � 12 "alm�blvm � 12 "blm�alvm� 13(vn
n + "lnm�nlvm)Æab ; (C.3)for boosts, ~n0 = ~n; ~�0 = �; �0 = � ;� 0 = �; ~�0 = ~�; �0 = � ;
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tures on the Galilei Group 2607�0i = �i � �ai � "ink�nak ;
0k = 
k � 2"knmamnn ;�0k = �k � 12 �nkan � �ak � ~a2nk � (niai)nk ;�0 = �� 43aknk�0ab = �ab + 23(aknk)Æab � 2naab ;�0ab = �ab � "abn!nkak + "amk!mbak+ "bmk!maak + 23"mnk!mnakÆab ;!0ab = !ab ; (C.4)for spa
e translations and~n0 = ~n; ~� = �; �0 = �; ~
0 = ~
 ;� 0 = �; ~�0 = ~�; �0 = �; !0ij = !ij ;~�0 = ~�+ t~
 ; �0i = �i � 12 t"imn�nm + t2�i ;�0 = �+ 13 t!nn ; �0ab = �ab + 2t!ba � 23 t!nnÆab ;�0ab = �ab + 2t"abk�k ;for time translations, respe
tively.Under the rotations the parameters transform as tensors of appropriaterank.Besides, there are two outer automorphisms, whi
h 
orrespond to res
al-ing of spa
e and time unit, (~a! a~a; t! bt). They readn0 = ~n; �0 = 1b ~�; �0 = 1b� ;~
 = 1a
; ~� = 1ab ~�; ~� = 1a2~� ;� 0 = 1ab�; ~� = b2a2 ~�; �0 = b2a2 � ;�0 = 1a�; �0ab = 1a�ab; �0ab = ba2�ab ;!0ab = ba!ab : (C.5)We shall not enter into all details. Let us rather give a sket
h of the pro
e-dure.By solving the Ja
obi identities for the subalgebra generated by ~H; ~Jl; ~Knwe �nd the following six families of 
onstraints on parameters ~n; �; ~�; !ij ; ~
,and ~�.



2608 Y. Brihaye, E. Kowal
zyk, P. Ma±lanka(a) ~n = 0; ~��arbitrary, � 6= 0; ~
�arbitrary, ~� = 0; !ij = 0 ;(b) ~n = 0; ~� 6= 0; � = 0; ~
�arbitrary, ~� = �~�+W (~�� ~
); !ij= W ( ~�2Æij � �i�j);W 6= 0 ;(
) ~n = 0; ~� = 0; � = 0; ~��arbitrary, !ij = W (Æij � �i�j) + V "ijk�k;jj~�jj = 1;~
 = � 
~� if jW j+ jV j 6= 0 ;arbitrary if W = V = 0 ;(d) ~n = 0; ~� 6= 0; � = 0; !ij = WÆij ; ~
 = 1W (~�� ~�);W 6= 0; ~��arbitrary,(e) ~n = 0; ~� 6= 0; � = 0; !ij = 0; ~�jj~�;~
?~� ;(f) ~n = 0; ~� = 0; � = 0; !ij = WÆij ; ~
 = 0; ~��arbitrary .Now we have to solve the remaining Ja
obi identities. First of all letus note that there are ambiguities in determining the matri
es �ij and �ij.Namely, both 
an be rede�ned by adding arbitrary multiples of the unitmatrix. In order to remove this ambiguity we put tr� = tr� = 0. Now weuse the automorphisms generated by boosts, spa
e and time translations tosimplify the Ja
obi identities. For example in the 
ases (a),(d) and (e) wemay use the boost to put ~
 = 0 from the very beginning. On the other handin the 
ase (b) by solving the Ja
obi identity for ~H; ~Pi; ~Pk we �nd ~
~� = 0and again the boost 
an be used to put ~
 = 0. Pro
eeding in this way weobtain the eighteen families of solutions des
ribed in Se
. 3.The authors thank Prof. P. Kosi«ski and Prof. S. Giller for many helpfuldis
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