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FOURTH-ORDER SQUEEZING IN SUPERPOSEDCOHERENT STATESHari Prakasha;b and Pankaj KumaraaDepartment of Physi
s, University of AllahabadAllahabad-211002, IndiabM.N. Saha Centre of Spa
e Studies, Institute of Interdis
iplinary StudiesUniversity of Allahabad, Allahabad-211002, India(Re
eived April 17, 2002)We study the fourth-order squeezing in the most general 
ase of su-perposition of two 
oherent states by 
onsidering h j (�X�)4 j i whereX� = X1 
os � +X2 sin �; X1 + iX2 = a is annihilation operator, � is real,j i = Z1 j�i + Z2 j�i, j�i and j�i are 
oherent states and Z1; Z2; �; �are 
omplex numbers. We �nd the absolute minimum value 0.050693 foran in�nite 
ombinations with �� � = 1:30848 exp[�i(�=2) + i�℄, Z1=Z2 =exp(��� � ���) with arbitrary values of � + � and �. For this minimumvalue of h j (�X�)4 j i, the expe
tation value of photon number 
an varyfrom the minimum value 0.36084 (for � + � = 0) to in�nity. We notethat the variation of h j (�X�)4 j i near the absolute minimum is less �atwhen the expe
tation value of photon number is larger. Thus the fourth-order squeezing 
an be observed at large intensities also, but settings of theparameters be
ome more demanding.PACS numbers: 42.50.DvA state is said to be squeezed if varian
e of a quadrature amplitude isless than that for va
uum state [1℄ and this is a purely quantum phenomenonwhi
h 
an not be explained on the basis of 
lassi
al probability 
on
ept. Ear-lier, study [2℄ of squeezing was largely in a
ademi
 interest be
ause of thispoint but now its utility in redu
ing noise has been well realized [1, 3℄. Withthe development of te
hniques for making higher order 
orrelation measure-ments in quantum opti
s, the higher order moments of the radiation havealso be
ome interesting. From the point of view of noise redu
tion, higher-order squeezing [4℄ (i.e., redu
tion in expe
tation value of the N -th power(N > 2) of �u
tuations in one of the quadrature amplitude operators, belowthe level asso
iated with the 
oherent state of the radiation or the va
uum(2769)



2770 H. Prakash, P. Kumarstate) may be parti
ularly interesting be
ause of a larger possible fra
tionalredu
tion in the expe
tation value of a higher power of �u
tuation thanthat for the se
ond power studied in se
ond order squeezing. Higher ordersqueezing was earlier studied [5℄ by Buzek, Vidiella-Barran
o and Knightin some spe
ial 
ases of superposition of two 
oherent states, like the even,odd and the Yurke-stoler [6℄ 
oherent states. In this paper we study thefourth order squeezing of the most general hermitian quadrature amplitudeoperator, X� � X1 
os �+X2 sin �, where � is a real angle, X1;2 are the Her-mitian quadrature amplitude operators de�ned by X1 + iX2 = a, and a isthe annihilation operator, in the most general superposition of two 
oherentstates in a single mode of radiation of the form j i = Z1 j�i+Z2 j�i. Here,Z1;2 are 
omplex numbers and j�i ; j�i are the 
oherent states de�ned bya j�i = � j�i ; a j�i = � j�i. The 
omplex numbers Z1; Z2; �; � and thereal � are regarded 
ompletely arbitrary subje
t to the only 
onstraint givenbyh j  i = jZ1j2 + jZ2j2 + 2Re �Z�1Z2 exp��12(j�j2 + j�j2) + ����� = 1 :(1)We show that expe
tation value of fourth power of �X� � X� � h jX� j iin the state j i given [4℄ byh j (�X�)4 j i = h j : (�X�)4 : j i+ 32 h j : (�X�)2 : j i+ 316 ; (2)where an operator put between two 
olons denotes its normal value, has anabsolute minimum value 0.050693 (whi
h is less than the value 0.1875 for the
oherent state ) for an in�nite 
ombinations with Z1=Z2 = exp(��� � ���),� � � = 1:30848 exp[�i(�=2) + i�℄, and with arbitrary values of � + �and �. For this minimum value of the varian
e of X�, the expe
tation valueof photon number in state j i 
an vary from the minimum value 0.36084(for � + � = 0) to in�nity. We �nd that large higher-order squeezing 
anbe observed at large intensities also, but settings of the parameters be
omemore important in this 
ase. Single mode radiation 
oherent state j�i de�nedby a j�i = � j�i is given by [7℄j�i = exp��12 j�j2� 1Xn=0 ��n=pn!� jni = D(�) j0i ; (3)where jni is the o

upation number state and D(�) is the displa
ementoperator given by D(�) = exp(�a+ � ��a). It is easily seen thatD+(�)X� D(�) = X� + �r 
os � + i�i sin � ; (4)
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e expe
tation values of powers of �X�in anystate j i will be same as that in D(�) j i. This observation and the relation[7℄ D(�)D(�) = exp(��� � ���)D(�+ �) (5)suggests that we 
an write the state j i = Z1 j�i+ Z2 j�i asj i = D�12[�+ �℄� j 1i ; j 1i = Z 01 j�i+ Z 02 j��i ; � = 12(�� �) ; (6)where Z 01;2 = Z1;2 exp[�12 (��� � ���)℄. The state j 1i 
an be written interms of superposition of the even and odd 
oherent states de�ned byj�;�i = K�(j�i � j��i); K� = (2[1 � e�2j�j2 ℄ )� 12 (7)in the form j 1i = 
os �2 j�;+i+ sin �2 ei� j�;�i ; (8)where 0 � � � �; �� < � � � . Here we have taken 
oe�
ient of j�;+i asreal without any loss of generality. For the states j�;�i, we havea j�;�i = K�� j�;�i and a2 j�;�i = �2 j�;�i ; (9)where �� = �(1� e�2j�j2) and K = (1� exp(�4 j�j2))�12 .We 
al
ulate h j (�X�)4 j i = h 1j (�X�)4 j 1i using the result given inEq. (2). We note thath 1j : X4� : j 1i= 18fRe[h 1j a4 j 1i e�4i�℄+4Re[h 1j a+a3 j 1i e�2i�℄+3(h 1j a+2a2 j 1i) g) ; (10)h 1j : X3� : j 1i= 14fRe[h 1j a3 j 1i e�3i�℄+3Re[h 1j a+a2 j 1i e�i�℄g;(11)h 1j : X2� : j 1i= 12fRe[h 1j a2 j 1i e�2i�℄ + h 1j a+a j 1ig : (12)If we write � = A exp(i��) and Æ = �� � �, straight forward 
al
ulations leadto the expe
tation of the fourth power of �u
tuation in X�,h j (�X�)4 j i = h 1j (�X�)4 j 1i= 316 + h 1j :X4� : j 1i+ 6(h 1j :X2� : j 1i)(h 1j :X� : j 1i)2�3(h 1j :X� : j 1i)4 � 4 h 1j :X3� : j 1i h 1j :X� : j 1i+32[h 1j :X2� : j 1i � (h 1j :X� : j 1i)2℄ (13)



2772 H. Prakash, P. Kumarand the �nal result ish j (�X�)4 j i= 316 + 18A4(
os 4Æ + 4f 
os 2Æ + 3)�3m4+32 �12A2(f+
os 2Æ) �m2	� 4KmA3 sin�(
os� 
os3 Æ+sin� sin3 Æ e�2A2) + 3A2m2(f + 
os 2Æ) ; (14)f�K2(1+e�4A2�2 
os�e�2A2); m�KA sin�(
os� 
os Æ�sin� sin Æe�2A2):The 
orresponding results for se
ond order squeezing is simpler [8℄ and per-mits �nding minima with �, � and Æ analyti
ally. We 
al
ulate the min-imum value ofh j (�X�)4 j i given above using a 
omputer programming.We get the minimum value 0.050693 of h j (�X�)4 j i at A = 0:65424, �= 0, Æ = �/2 and it is independent of �. The variations of h j (�X�)4 j iwith A, � and Æ near this minima are shown in �gures 1(a), 1(b), and 1(
)respe
tively.
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Fig. 1. (a)The variation of h j (�X�)4 j i (on Y -axis) with A (on X-axis)at � = 0,Æ = �/2. (b)The variation of h j (�X�)4 j i (on Y -axis) with Æ (on X-axis)at A =0.65424, � = 0. (
)The variation of h j (�X�)4 j i (on Y -axis) with � (on X-axis)at A = 0:65424; Æ = �/2.
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on
lude, therefore, that the maxi-mum forth-order squeezing ofX� in the state j i o

urs for an in�nite 
ombi-nations with Z1=Z2 = exp(�������) and ��� = 1:30848 exp[�i(�=2)+i�℄,and with arbitrary values of � + � and �. For this state the average pho-ton number is 0.36084. Sin
e, the a
tion of displa
ement operator D(�) onj i does not a�e
t the expe
tation value of �X� but 
an 
hange photonnumber, it is obvious that this large squeezing 
an o

ur at arbitrarily largeintensities. To illustrate this point we 
onsider the state in the form�� 0� = K 0(jxi+ ��xei
�) ; K 0 = f2[1 + e�x2(1�
os 
) 
os(x2 sin
 )℄g� 12 :(15)This state has the expe
tation value of fourth power of �X�,
 0�� (�X�)4 �� 0� = 316 + 18K 02x4[6 + 4 
os 2� + 
os 4� + 
os(4
 � 4�)+C1f
os(4
 � 4� + C2) + 
os(4� + C2) + 4 
os(
 + 2� +C2)+4 
os(3
 � 2� + C2) + 4 
os(2
 � 2�) + 6 
os(2
 + C2)g℄+3K 06x4M2[2 + 
os 2� + 
os(2
 � 2�) + C1f
os(2
 � 2� + C2)+ 
os(2� + C2) + 2 
os(
 + C2)g℄� 3K 08x4M4 �K 04x4M [4 
os3 �+4 
os3(
 � �) + C1f
os(3
 � 3� + C2) + 
os(3� + C2)+3 
os(2
 � � +C2) + 3 
os(
 + � + C2)g℄ + 32 [12K 02x2[2 + 
os 2�+
os(2
 � 2�) + C1f
os(2
 � 2� + C2) + 
os(2� + C2)+2 
os(
 + C2)g℄�K 04x2M2℄ ; (16)where C1 � e�x2(1�
os 
); C2 � x2 sin
andM � 
os � + 
os(
 � �) +C1f
os(
 � � + C2) + 
os(� + C2)g :We see that this state may have the minimum fourth order moment of X�as 0.050693, if x(1� ei
) = 1:30848ei(��2+�) : (17)This is satis�ed for an in�nite 
ombinations of x, 
 and �. For example 
 =0:0029, � = 
=2 and x = 451:28, the minimum value of the expe
tation ofthe fourth-order �u
tuations is 0.050693. The Variation of h 0j (�X�)4 j 0iwith x for 
 = 0:0029 and � = 
=2 and is shown in Fig. 2(a). As 
omparedto earlier results, the variation is fast. For the same minimum value ofh 0j (�X�)4 j 0i variation with A shown in Fig. 1(a) is mu
h slower thanthe variation with x shown in Fig. 2(a). Both A and x are related to the
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Fig. 2. (a) The variation of h 0j (�X�)4 j 0i (on Y -axis) with x (on X-axis) at 
 =0.0029 and � = 0.00145. (b) The variation of h 0j (�X�)4 j 0i (on Y -axis) with 
(on X-axis) at x = 451:28, � = 0.00145.average photon number. Figure 2(b) shows that the phase angle 
 playsan important role for the maximum fourth-order squeezing. Thus largehigher-order squeezing 
an be produ
ed with high intensity also, but, for itsobservation settings of parameters be
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